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Preface

This is the original preface from 1990.

To specify, design, implement, read, understand, document, appreciate, criticize, test,
qualify, debug, maintain, adapt, port or improve programs, we need to master the notations
which serve to express their final form: programming languages.

Despite the availability of precise, sometimes painstakingly detailed descriptions, the
intricacies of general-purpose programming languages often confound experts as well as
novices. Over the years, however, computer scientists have developed a number of
mathematical modeling techniques which provide much insight into programming
languages, and, as a consequence, into programming. This book is an effort to make some
of that work accessible to, and applicable by, a broader audience than the usual readership
of theoretical computer science publications.

The book is directed at two categories of readers. Practicing software engineers will
enjoy it, | hope, if they wish to learn more about the theoretical basis of their discipline. It
Is also meant as a textbook for courses on programming language semantics or theoretical
computer science at the advanced undergraduate or beginning graduate level.

This volume started out as lecture notes for a two-part university course entitled
““Advanced Topics in Programming Languages’’. It covers the material of the first part,
which | devoted to a theoretical study of programming languages. (The second part, which
would undoubtedly deserve a text of its own, discussed features of modern programming
languages: modularity, genericity, concurrency, support for functional, logic and object-
oriented programming.)



Prerequisites

There are few formal prerequisites for this book. To appreciate it, you should have a taste
for the practical problems of program construction, and not be too averse to mathematical
reasoning.

Many software engineers, when hearing the word *‘formal’’, understand
“formidable’’. If this book only succeeds in convincing some of them that the
mathematical basis of programming is simple, useful, and even pleasurable, it will have
fulfilled part of its aims. None of the mathematics it uses is hard; all necessary concepts
are defined in the text (mostly in chapter 2), and all rely on elementary set theory.

In spite of the lack of formal requirements, it will not hurt if you are familiar on the
practical side with compiling techniques, and on the theoretical side with the essential
results of computation theory.

Topics

| have included the following topics under the heading *‘theory of programming
languages’’:

e Syntax, with particular emphasis on the elegant concept of abstract syntax.

*  Formal semantics, especially the two now most widely used approaches: the
denotational and axiomatic methods.

*  The complementarity between the two main approaches to semantics, showing
axiomatic and denotational descriptions as two sides of the same coin.

Two other subjects were obvious candidates for inclusion: the theory of abstract data
types, and the formal study of concurrency. In spite of their relevance and interest, they
were kept out of this presentation to keep its size manageable.

Structure

The book is organized as follows.

Chapter 1 discusses the notion of formal definition; it advocates the need for such
definitions, but does not fail to mention their limitations. It emphasizes the differences
between programming languages and mathematical notations and, more generally,
between language and metalanguage, a source of frequent misunderstandings.

Chapter 2 introduces the necessary mathematical background for the discussions that
follow: relations, partial and total functions, finite functions. All the concepts involved are
simple and any software engineer or undergraduate student should be able to master them
quickly.

Chapter 3 is devoted to the notion of abstract syntax, used subsequently as basis for
all programming language specifications. It introduces a notation for abstract grammars
and abstract syntactic expressions, discusses applications of abstract syntax to software



tools and language design, and gives a mathematical interpretation of abstract syntax
notations.

Chapter 4 gives a first introduction to formal semantics, serving three purposes: first,
by using a very simple programming language (but one with side-effects, input and output,
not a purely applicative language such as lambda calculus), it familiarizes the reader with
the very notion of mathematical specification — a non-obvious idea for many programmers
and computer science students. Second, it contrasts the various approaches to formal
semantics on a simple example. Lastly, it introduces, along with the denotational and
axiomatic approaches refined in the next chapters, three that are not described any further
(attribute grammars, translational, and operational).

Chapter 5 introduces the theory of lambda calculus, useful both as a tool for dealing
with higher-order functions in denotational semantics and as example of applicative
language. Two issues with close correspondents in programming languages, substitution
and typing, are discussed in some detail.

Chapter 6, the first of three chapters devoted to denotational semantics, presents the
complete description of a simple but representative programming language.

Chapter 7 shows how to cover more language features in the same framework:
records, pointers, input and output, block structure, routines. It also sketches the extension
to classes and multiple inheritance in object-oriented programming.

Chapter 8 explains the mathematical concepts needed to justify recursive definitions.
Readers familiar with earlier publications on denotational semantics will find the approach
somewhat unorthodox. The aim is to present a simpler view of fixpoint theory. The
discussion relies entirely on simple properties of sets and partial functions; it does not need
special “*bottom’” elements, complete partial orders, lattices etc. (The end of the chapter
does give, as supplementary material, the connection with the more common
presentations.)

Chapter 9 is a presentation of axiomatic semantics, covering both Hoare’s theory and
Dijkstra’s weakest preconditions, and extending to records, arrays and recursive routines.
The last section presents the notion of assertion-based program construction, discussing
systematic strategies for designing loop algorithms.

Chapter 10 on consistent definitions brings final unity to the semantic scene by
showing how the rules of axiomatic semantics may be proved as theorems in the
denotational theory. The techniques of chapter 8, using partial functions rather than special
elements, pay off here in terms of mathematical simplicity.

Notation

Particular attention has been devoted to the notations. One reason is that the study of
abstract syntax and semantics is essentially a game played with formalisms, requiring care
in the design and use of notations. Another is the constant risk of confusion between
language and metalanguage; this problem is particularly serious with computer science



students, many of whom nowadays know more about computer languages than about
elementary mathematics.

When discussing issues of notation, the text often emphasizes analogies with related
Issues in the design of programming languages. It is not hard to recognize the general flavor
of the notations retained: they have been strongly influenced by the syntax of the Algol
line of languages, and its continuation in Pascal, Ada and Eiffel. It is a tribute to the best
programming language designs that their notations so readily transpose to non-
programming notations.

A word of advice to both instructors and independent readers is in order. It may at
first seem reasonable to accept approximate notations whenever “‘the basic idea is right’’.
But this is not an appropriate attitude in such a field, where so much depends on fine formal
nuances. Rigor in thinking and rigor in writing help each other. Readers are encouraged to
use a well-defined set of notations when practicing the material, and instructors to be strict
in enforcing consistency.

Use as a textbook

The material covered is too extensive for a one-quarter course. With senior or beginning
graduate students, the instructor may wish to cover chapters 1 to 4, the first section of 5
(lambda notation, without any attempt at explaining the theory), 6, selected specifications
of individual programming language features in 7, the basic concepts of 8 (recursion
theory), most of 9, and the gist of 10 which in all cases provides the ideal conclusion to the
course. With more advanced students the instructor may wish to cover 1 to 3 in the first
two weeks, treat 4 (review of specification techniques at an elementary level) as reading
assignment, and devote the rest of the course to chapters 5 to 10.

All chapters (except the first) have an exercise section. Some exercises (in particular
those of Chapter 2) are designed to help the reader practice essential mathematical skills,
useful in the sequel; others (especially in chapter 7 and 9) require the reader to attempt the
formal specification of programming language concepts not treated in the main text.

Several exercises (in chapters 4, 5 and 6) are programming assignments, the aim being
to compute formal properties of programs. They can serve as a basis for term projects.
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Basic concepts

The formal descriptions presented in this book are mathematical theories used to model
and analyze the essential properties of programming languages and programs.

This chapter explains why it is useful to write such descriptions, what components
they contain, and what precautions you must take to avoid possible confusions between
the languages being modeled and the notations used to model them.

1.1 WHY FORMAL DESCRIPTIONS (AND WHY NOT)?

Formal descriptions serve several purposes:

* Help in understanding languages.

» Support for language standardization.

» Guidelines for language design.

* Aid in writing compilers and language systems.

» Support for program verification and software reliability.
* Model for software specification.

The following discussion considers these benefits in turn, then examines some of the
arguments against formal specifications.
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1.1.1 Help in understanding languages and language issues

Apart from any other benefits, the mere act of writing a forma specification provides
insight into the elements being specified. Mathematica methods prompt you to raise
guestions that might remain unvoiced in a more informal approach; in the process, you
understand the subject of the specification better.

This applies to formal specifications of software systems (discussed below), but also
to formal specifications of programming languages. A good mathematical model of a
programming language issue (such as data types, block structure, parallel processes,
recursion etc.) gives powerful insights into that issue. Programmers who are familiar with
formal specifications techniques have a better understanding of programming languages.

1.1.2 Support for language standar dization

One of the most vexing problems facing programmers is portability: how can we write
programs that can run on various operating environments (computers, operating systems,
window managers, configurations) without undue adaptation work?

The key to portability is standardization of hardware APIs (Application Programming
Interfaces), operating systems APIs, user interface APIs and tools, programming practices,
and of course programming languages. Standardization in this last area does not suffice to
solve the portability problem, but it is clearly crucial.

In practice, however, even the few languages that have been the object of a serious
standardization effort (such as Fortran, Cobol, C, Pascal, Ada and Eiffel) are not free
from portability problems. This is because the actual description of a full-size, realistic
programming language involves a myriad of fine points that are difficult to cover
satisfactorily in a document written in a natural language. A formal specification can help
solve this problem; again, mathematical techniques are particularly effective whenever
circumstances demand precision and absence of ambiguity.

It would not be reasonable to require that formal specifications replace natural
language descriptions of programming languages.! Natural language has a unique place
for communication between humans, and any language standard should have for routine
use a version in “plain English” (or another human language). Forma and informal
versions play complementary roles, whenever ambiguities or conflicting interpretations
come up in a natural language document, the formal specification may serve as the
document of last resort.

This complementarity has another important aspect. The insights you gain through a
formal specification effort will amost aways enable you to produce better natural
language descriptions. In this way a formal specification can be an excellent starting

1 A case in which formal specifications turned out to have a negative practical effect was the
origina report on Algol 68, which used a clever but difficult new formalism. Although the language
designers never intended it that way, many people thought they had to master the formalism to
understand the language, which was enough to put them off.
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point for writing or improving a non-formal language manual. The approach can be
beneficial even if applied to a language subset only: if you are finding it particularly hard
to explain some features of a language, it may be a good idea to try to specify them
formally, using some of the techniques of this book, before you proceed with the writing
of your informal description.

1.1.3 Guiddines for language design

Once its structure and format have been fixed, a language will affect the dailly work of
many people over many years. Language design thus deserves considerable care. This
observation is relevant not only to the developers of full-scale programming languages,
but to most software designers, who must often devise user interfaces for the systems they
build; such interfaces are small languages. Whether they realize it or not, most
programmers are language designers.

Language design is not a science, and the quality of the result is mostly determined
by the designer’s talent and experience. As with any design discipline, however, be it
architecture or mechanical engineering, certain general principles apply.

Simplicity of specification is one such guideline: concepts that are hard to model
mathematically often turn out, once transposed to language features, as hard to teach, hard
to implement, or both. Although it must be balanced with other requirements — there is
no absolute criterion in language design — mathematical simplicity usually pays off.

1.1.4 Help in writing compilers and language systems

In spite of significant progress made in recent years and the growing availability of tools,
especialy for the “front-end” of compilers (scanning and parsing), the construction of a
well-engineered compiler remains a major effort.

Formal descriptions can provide a solid basis on which to design compilers and,
more generaly, language systems — where the expression *language systems’ covers not
only compilers but also the other tools that support the use of high-level languages on
computers, such as interpreters, run-time systems, program checkers and debuggers. You
may view the formal description of a language as the specification of an abstract language
system for that language; in the same spirit, you may understand the results of some of
the language description methods, notably denotational semantics (chapters 6 to 8) as
high-level descriptions of abstract compilers for the languages being studied.

1.1.5 Support for program verification and software reliability

Among the fundamental issues of software engineering are the correctness and robustness
of programs. To ensure and verify these qualities, researchers have devoted considerable
effort to the development of techniques for proving program correctness. The essential
idea is to associate with the program a mathematical transformation, and to use
mathematical proof techniques to check that this transformation achieves the program’s
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stated purpose.
Proving the correctness of programs involves three kinds of problems: of programs.

* You must state precisely the purpose of each program or program element. This
is the problem of softwar e specification.

* You must develop the right kind of mathematical theories to reason about
programs and prove properties of their behavior.

* Since the detailed proof of any realistic system is a tedious and error-prone
process, efficient tools are needed to support this process.

Formal descriptions of programming languages are essential for achieving the second
goal, since they provide the mathematical basis for reasoning about programs written in
these languages.

1.1.6 Models for software specifications

Formal specifications of programming languages also have an indirect but important
bearing on the first of the preceding three goals, software specification.

The issue of software specification is central to the quest for program correctness:
how can we describe the purpose of a software product precisely and unambiguously,
without commitment to a particular implementation (in other words, without
over specification)?

The formal descriptions studied in this book have a more limited ambition:
specifying programming languages, not arbitrary software systems. But it turns out that
the methods used for the first of these goals yield powerful insights into the second.
Many of the basic issues and techniques are the same, and research efforts in these two
areas have indeed been closely connected.

Many of the techniques studied in this book apply to both fields. Examples are the
use of abstract syntax to describe the structure of a language or system (chapter 3) and
axiomatic specification techniques (chapter 9).

1.1.7 Limitations of formal specifications

By no means should this discussion be construed to imply that formal specifications are a
panacea against all the evils of programming.

The essential argument against formal specifications is their difficulty. Formal
specifications, it is said, are hard to learn, hard to write, hard to read.

In spite of significant advances made over the past few years towards making formal
notations more understandable and practical, formal specification continues to require a
certain level of mathematical ability and a substantial effort. These investments should be
weighed against the advantages mentioned above.

Another argument that one used to hear against formal specifications was that they
only applied to toy examples, and failed to describe full-size, redlistic languages. To a
large extent, this argument has been proved wrong by the appearance of complete
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descriptions of existing languages, such as Algol 60, Pascal, PL/I, Modula 2, Ada. Some
features of programming languages are still hard to model in a satisfactory way (examples
include concurrency, floating-point arithmetic, complex data structures), but it may be said
that the technology has now reached a point where it is applicable to practical languages.
This book does not formally describe any realistic language in its entirety; but it
introduces the basic techniques for doing so, and contains a number of references to
published descriptions.

In summary, formal specifications of programming languages, like anything else,
should be used properly. Where they fit, they can be of great help. (As a supplementary
comment, technically quite irrelevant: they are also enjoyable to write and play with.)

1.2 SYNTAX AND SEMANTICS

The introduction to this chapter mentioned that the object of our study comprises the
essential properties of programming languages and programs. The emphasis on
“essential” features restricts the discussion to properties that characterize programs and
programming languages independently of particular implementations.

A basic concept is the distinction between the syntactic properties of a language,
characterizing the structure of well-formed programs in that language, and its semantic
properties, characterizing the effect of programs and the vaues they produce.
Programming language syntax is by now a well-known subject; the study of semantics
remains a more challenging venture.

Most of this book is devoted to semantics. Its study of semantics, however, is
“syntax-directed” in the same way modern compilers are, using syntax as a robust
foundation on which to build various semantic constructions. It is essential, then, to
follow the proper discipline when laying out the principles of syntax description. This is
the subject of chapter 3.

1.3 PROGRAMS VS. MATHEMATICS

Any language may be characterized by syntactic and semantic properties. This applies to
mathematical notations as well as to programming languages. It is indeed fruitful to
define formally the syntax and semantics of purely mathematical languages, such as the
“lambda calculus” which will be studied in chapter 5 — athough everyday mathematical
practice does not need such formal analysis of its notations.
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Yet there is something specia about programming languages: most of them are
imperative. This feature makes formal descriptions both more necessary and more
difficult; to avoid many potential confusions, we must consider it carefully before
proceeding with formal descriptions.

1.3.1 Imperative features

The imperative (or operational) style of programming is characterized by the presence of
constructs describing commands issued to a machine. In the case of a high-level
programming language this machine is not the actual physical hardware but a virtual
machine providing access to this hardware through the compiler and operating system. An
imperative construct expresses orders to be carried out by such a machine.

The construct that makes programming languages most prominently imperative is the
instruction. In commonly used languages, programs are sequences of instructions, each
describing a set of actions to be performed.

Terminology note: instruction, statement.

Programming language discussions often call commands “statements’. But this
is a misnomer: in ordinary English, a statement is the expression of some fact or
idea — a description, not a prescription. For the imperative constructs of
programming languages, instruction is more appropriate, and is the word used in
this book.

Using “statement” for “command” could be particularly confusing in the
discussion of axiomatic semantics (chapter 9), whose assertions may be described
as statements (in the ordinary sense of the term) about instructions.

Besides instructions, common languages include two other kinds of highly imperative
constructs: explicit sequencing and assignment.

» Programs use explicit control structures to specify precisely the order in which
their instructions must be executed.

» The assignment instruction x := e is a command: it does not assert a property,
but orders the machine to change something in its internal state — the value
associated with variable x. Assignment is the simplest of the instructions that
work by side effect on the program state.

The central role of these two notions is specific to programming. In particular, there is no
notion of side effect in ordinary mathematics: if | write x = e, | am asserting the equality
of two objects, but | am not attempting to change x, e, or anything else. The very notion
of variable in the programming sense (an object whose value may be changed at will) is
foreign to ordinary mathematics.
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1.3.2 Referential transparency

At the root of differences between mathematical notations and programs, you will find an
important notion: referential transparency. This is the property, enjoyed by mathematical
notation, of substitutivity of equals for equals: it holds if, whenever a = b, any property
obtained from a true property by substituting b for a throughout is still true. For
example, if both of the following arithmetic properties are true:

X =2

X+y>5
then referential transparency makes it possible to infer
2+y>5

Standard mathematical notation is referentially transparent. Although seldom made
explicit, this property plays a fundamental part in mathematical reasoning. Manipulations
of formulae in algebra, arithmetic and logic, for example, constantly rely on it.

Programming languages, however, violate referential transparency if they permit side
effects. Consider for example the following Pascal routine:

function f (x: integer): integer;
begin

y=y+1

fi=y+Xx
end

Although called a “function” in programming terminology, f is not a function in the
mathematical sense of the term, that is to say a mathematical object defining a certain
value for any set of arguments in some domain. For f does not just produce a result
computed from its arguments, but changes the state of the program as well, by modifying
y (assumed here to be a global integer variable) each time it is called.

As a consequence, expressions that rely on this “function” will not be referentially
transparent. Assume that y =z =0 at some point, where z is a variable of the calling
program. Then f (z) = 1 in the sense that the call f (z) will return value 1. Referential
transparency would then imply equality between the two expressions

f@+10@
1+1f(2

But this is not the case: since every call to f increments y, the first expression yields 3,
whereas the second yields 2.

Aliasing may also cause violations of referential transparency. Aliasing occurs whenever
a given object becomes accessible through more than one name. Argument passing by
reference is one of the mechanisms that cause aliasing: in Pascal, for example, if you
have declared the argument of f as
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var X: integer

(implying that the subprogram has direct access to the actual argument of a call), then for
a cal executed when both y and z have value zero f (y) and f (z) will yield different
results; the first call returns 2 and the second returns 1.

One may contend, of course, that functions performing side effects on global variables or
aliasing between a global variable and a subprogram argument are just bad programming
practice. But the problem in fact arises as soon as a language supports variables and
assignment: for if more than one assignment is permitted on the same variable x, | cannot
use the fact that x = a at some point of the program’s execution to infer a property of x
from a property of a at any other point. Aliasing and side effects on global variables
only magnify the issue.

Even such apparently innocuous constructs as input functions, for example the C
getint, evidence the same problems: the two expressions

2 * getint ()
getint () + getint ()

are usually different; the first denotes twice the value of the next integer to be read from a
given input file, whereas the second denotes the sum of the next two integers read from
that file. Function getint produces a side effect since it modifies the global state of the
computation, which includes the current read position on input files.

Imperative constructs, then, jeopardize many of the fundamental techniques for reasoning
about mathematical objects. Much of the work on the theory of programming languages
may be seen as an attempt to explain the “referentially opague” features of programming
languages in terms of well-defined mathematical constructs — to give them a modicum of
mathematical respectability.

For example, denotational semantics provides (in chapter 6) a model of instruction
sequencing based on the mathematical notion of function composition; the effect of
assignment is described in axiomatic semantics (chapter 9) through the mathematical
notion of substitution.

By providing these descriptions of programming language features in terms of
standard mathematical concepts, programming language theory enables us to manipulate
programs and reason about them using precise and rigorous techniques, similar to those
used for example in manipulating arithmetic formulae. This exercise requires the
referential transparency of mathematics.

1.3.3 Non-imperative programming languages

The preceding discussion has taken it for granted that programming languages must be
polluted by side effects, assignments, explicit sequencing and other referentially repugnant
properties. But not everybody believes that such evil is necessary.
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For the reasons mentioned above, and a few others, there has been a whole
movement in favor of mathematically cleaner programming languages, free of referentially
opaque features. Such languages are called functional or applicative; most of them rely
on function application (hence the names), rather than assignment, as the fundamental
technique for computing values.

Lisp, as early as 1959, had elements of a functional language, although it retained
some imperative features. John Backus made a strong case for functional languages in the
late seventies with a language design he called FP. One of the first fully implemented
functional languages was Miranda; most recent efforts in the functional language
community revolve around the languages ML and Haskell. Related developments include
dataflow languages, such as Lucid, and logic languages such as Prolog. References on
these languages may be found in the bibliographical notes to this chapter.

Programming in such languages is indeed much closer to traditional mathematics.
Miranda programming, for example, has been dubbed *denotational programming” since
the notation and spirit are remarkably close to the forma description techniques
introduced in chapter 6.

If programming was commonly done in such languages, the need for formal
descriptions would perhaps be less pressing than at present. In the current state of
computer technology, however, these languages are not ready for widespread practical
usage, if only for efficiency reasons. More fundamentally, one may doubt whether they
will ever become common, as they tend to neglect a difficult but unavoidable feature of
programming — an essential difference between software engineering and pure
mathematics: the need to adapt the formulation of problem solutions so that they can be
run efficiently on physical hardware.

It is interesting in this respect to study the actual usage of Lisp and Prolog.
Programs written in these languages to perform actua applications (as opposed to
textbook examples) seem to make frequent use of imperative features. PROG, SETQ,
RPLACA in Lisp (these three examples correspond to explicit sequencing, assignment and
side effects on data structures); the “cut” mechanism (non-regular sequencing) in Prolog.
Although this phenomenon would need further investigation, we may suspect that today’s
performance limitations are not the sole cause of imperative constructs, and that
imperative reasoning is here to stay.

Whether or not one believes that functional and logic languages will become more
widely applicable in the future does not change the short-term perspective: almost all
programming done today is of an imperative nature. To understand what lies at its
foundation requires a mathematical analysis relying on unimpeachable, referentially
transparent notations.

1.4 LANGUAGE AND METALANGUAGE

Theories of programming languages purport to explain programming languages in purely
mathematical terms. As has just been seen, key conceptual differences exist between
mathematics and programming languages; this might seem to remove any potential
confusion between these two worlds. But this is not the case, and strict rules are in fact
essential to avert serious pitfalls.
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1.4.1 To describe or be described

The danger arises from a feature that most programming languages — imperative as most
of them are — share with mathematics. both are based on rather formal notations. So
when you formally describe some programming language concepts you are applying a
certain set of notations to the description of other notations. Consider for example a
conditional instruction, for example in the Ada or Eiffel form

if x>ythenx:=x+ lesex:=x—1

Chapters 6 and 9 will show two different methods for specifying the semantics of such
instructions. Given the above construct, expressed in a programming language notation,
the resulting specifications define its syntax and semantics in terms of some other
notations.

If you are not careful this situation may be confusing, and even dangerous.
Whenever we encounter or use a notation, it should be immediately obvious which world
this notation belongs to: is it an element of the language being described, for example
Java or Eiffel? Or is it part of the formalism used for syntactic or semantic descriptions?

From now on the word language will only apply to the programming languages
under forma study; any formalism used for these descriptions will be caled a
metalanguage.

1.4.2 Circularity

A consequence of the potential confusions between language and metalanguage is the risk
of circular descriptions.

To define a programming language, that is to say a particular notation, we use a
metalanguage — another notation. So we may legitimately ask how the definition is to be
defined. This is is a serious epistemological issue, with no easy solution. But we can at
least attempt to avoid defining the obviously flawed case of circular definitions, where a
concept is indirectly defined in terms of itself. To this end, we should ensure that the
language and the metalanguage belong to significantly different conceptual levels.

These observations restrict the usefulness of such methods as “operational” or
“trandational” semantics (chapter 4), which in essence express the semantic properties of
a program by other programs. In contrast, the two approaches studied in depth in chapter
6 and the following chapters, “denotational” and “axiomatic”’, stay away from such
incestuous practices by expressing the semantics of programs using mathematical objects:

* In denotational semantics, objects from set theory — sets and functions.

» In axiomatic semantics, objects from logic: axioms and inference rules. (It should
be noted, however, that the predicates used in the axiomatic method involve
program objects, for instance the values of program variables, requiring further
theoretical clarification.)



§1.4.2 LANGUAGE AND METALANGUAGE 11

Chapter 8 will address the general problem of circularity in detail, showing that certain
kinds of recursive definition, suspiciously close on the surface to circular ones, can in fact
enjoy perfectly legitimate interpretations.

1.4.3 Similarity in notations

A practical reason to be picky about the distinction between language and metalanguage
is that natural similarities of notation may cause some very real misunderstandings, which
threaten to annul any benefits obtained from formal specification techniques.

The issue would not arise if metalinguistic notations were inherently different from
programming notations. But in spite of the obvious differences between mathematics and
programming languages, formal specification metalanguages do tend to use many of the
notations originally introduced for programming purposes.

As a simple example, it is often useful, in a metalinguistic specification, to define a
function (that is to say, a mathematical object, belonging to a metalanguage) through case
analysis, by writing something like

f(p) = expr, (p) if pisof type 1,
f (p) = expr, (p) if pis of type 2,

f(p) = expr (p) if pisof typen.

where the argument may be of n different kinds and expr, gives the value of the function
in the i-th case. It is nice to be able to write such a function definition with a
metal anguage notation of the form

f(p) =
case p of

type 1 : expr, (p) |
type 2 : expr, (p) |
.

typen : expr (p)
end

Although this notation for “case expressions’ is directly borrowed from programming
languages, it makes perfect sense mathematically (chapter 3 gives its formal definition).
But if the metalanguage uses such kinds of expression, it is essentia to avoid any
confusion with the “case instructions” that may exist in the language being described:
Eiffel, Pascal and Ada, for example, have such constructs, with a syntax similar to the
one above. (The Eiffel keyword is inspect.)
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The metalanguage used in the following chapters, called Metanot, indeed uses such
case expressions and other constructs inspired by programming languages. You must
remember that these are mathematical notations, not to be confused with their
programming look-alikes.

It is a credit to the designers of the best programming languages that so many of the
notations they designed have turned out to be useful for formal specifications as well.
This also says a lot about what programming languages really are, independently of any
connection with automatic computers. elaborate notations for thinking, modeling and
problem solving.

The method used in this book to describe the semantics of programs should help
avoid confusions. Whenever it needs to refer to some program fragment, say the Pascal
instruction

case p of
1 3 5: x:=a+ 1;

2,4,6:x=a—1
end

the presentation will not manipulate the fragment in this standard programming language
notation; it uses instead a quite different formalism, abstract syntax, introduced in
chapter 3 and embedded in the Metanot metalanguage.

1.5 BIBLIOGRAPHICAL NOTES

For a good genera introduction to the study of programming languages, you may refer to
[Ghezzi 1987].

Formal specifications of programming languages are just an example of formal
software specification; much work has been done in recent years on the formal
specification of general software systems. Of particular interest are the Z and VDM
method. Successive variants of Z are described in [Abrial 1980] and [Spivey 1985]. VDM
was explicitly designed for both language and software specification; [Bjgrner 1982]
emphasizes the first aspect, and [Jones 1986], emphasizes the second. Many people agree
that that the most advanced approach to formal specification is the B method, language
and “atelier” (workbench), described in Abrial’s magnum opus, the B Book [Abrial
1996].

If you wish to learn more about software specification, [Berg 1982] is a survey and
[Gehani 1985] is a collection of important articles. An illustrated discussion of the
usefulness and scope of formal specifications may be found in [Meyer 1985a].

Language design methods based on forma semantic principles have been advocated
by Tennent in an article [Tennent 1976] and a book [Tennent 1981]. The design of the
Euclid language [Lampson 1977] [Guttag 1978] is a notable example where a formal
gpecification was used as a tool in the design process, as opposed to a posteriori
specifications of existing languages.
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Much attention has been devoted to languages which reduce the conceptual gap
between programming and mathematics, the three principal approaches are functional
(also called applicative) languages, dataflow languages and logic languages. The first
widely used functional language was Lisp [McCarthy 1960] (see [Steele 1984] for a more
up-to-date description); in practice, however, Lisp usage is often quite imperative. High-
level approaches to functional programming are advocated in [Backus 1978] and [Turner
1983, 1985]. A popular functional language is Haskell, on which you will find a wealth
of resources at www. haskell.org. The dataflow language Lucid is presented in detail in
[Ashcroft 1985]. The best-known logic language is Prolog, described in [Colmerauer
1983].

Finally it is appropriate to mention here some other introductory books addressing
some of the topics of the present one. [Manna 1974] is a classic, particularly invaluable
for the study of program schemata and denotational semantics. [Livercy 1978] (in
French) is also an excellent overview, emphasizing many of the same topics as Manna. At
a more elementary level, [Pagan 1981] provides an introduction to programming language
semantics, with special focus on the method of W-grammars, not covered in the present
text. Surveys emphasizing specific methods will be mentioned in the bibliographical
notes to subsequent chapters.
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Mathematical background

Mathematicians are like Frenchmen: whatever you say
to them they trandate into their own language and
forthwith it is something entirely different...

Goethe

This chapter introduces the essential mathematical concepts needed for the rest of the
presentation, and some of the basic conventions used in this book to express formal
specifications.

These are mostly conventions borrowed from standard mathematics, augmented by
some notations specifically designed for the modeling of programming language concepts.
Since it is convenient to have a name, the resulting metalanguage will be called M etanot.

2.1 CONVENTIONS AND NOTATIONS

2.1.1 Typographical and naming conventions

Any notation that belongs to either a programming language or the Metanot metalanguage
will be in italics, with some keywords in boldface.

Names of sets (for example syntactic domains, as introduced in the next chapter) will
normally start with an upper-case letter, for example Sate; names of members of these
sets are in lower-case, for example initial_state. Function names will also be in lower
case (although functions are formally defined as sets below).

When set names are words borrowed from ordinary English, they will as a rule be in
the singular; that is, when a set of “states’ is needed (chapters 4, 6, 7, 10), it will be
called Sate rather than Sates; this is in part because it is appropriate to introduce a
member of this set, say s, by writing

s: Sate

which reads naturally as “sis a Sate”.


https://bertrandmeyer.com/ITPL
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2.1.2 Meta-comments

In a formal definition expressed in Metanot, any sequence of characters beginning with
two dashes (--) and extending to the end of the line is a comment, which is not part of the
definition (this is another notation borrowed from programming languages, in this case
Ada and Eiffdl).

Comments may need to refer to identifiers (from Metanot or from programming
languages) that, as indicated above, are written in italics. The names used as identifiers
may be words of everyday language. To avoid any confusion, plain comment text is in
roman font, as in the following (somewhat extreme) example:

-- The value of value is equal to the value of equal
value = equal

2.1.3 Definition vs. equality

The equal sign = is commonly used with two different meanings. Consider the following
mathematical statement:

Let a, b, ¢ be real numbers. Let D =b2-4ac. If D =0, then
the second-degree polynomial ax2 + bx + ¢ hastwo equal roots.

The two equal signs in this extract play quite different roles. The first denotes a definition:
it introduces a new object, D, in terms of previously introduced ones. The second is a
relational operator, applied to two operands D and O, and yielding a result that may be
true or false depending on the value of D.

In precise forma specifications, we cannot tolerate such possible confusions, and
need distinct symbols for distinct operators. In Metanot the equality symbol = will serve
exclusively as relational operator (the second case). For “is defined as’, Metanot will
follow a widely established convention by using the symbol 2 . With this notation, the
above mathematical statement, properly rewritten, becomes

Let a, b, c bereal numbers, Let D 4 b2-4ac. If D =0, then
the second-degree polynomial ax? + bx + ¢ has two equal roots.

The definition symbol 2 is the appropriate one for function definitions, such as the
definition of f (p), using a case expression, in 1.4.3. Since we will define many
functions in the rest of this book, 2 will be a common sight.
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If you ever hesitate on whether to use = or 2 in a particular case, the following
guidelines should provide an immediate answer:

» If you may replace the symbol by some other relational operator (such as < on
numbers, the “and” operator A on booleans, or the subset operator [1 which will
be introduced shortly), and still yield a formula that makes sense — perhaps a
wrong formula, but one that means something! —, then you need the relational
operator =; otherwise you should use the definition operator 2 . For example, the
first equal sign above serves to define D, so replacing it by > or < would be
absurd; but the second expresses a condition that could be replaced with D >0
and still yield a meaningful sentence.

 |If reversing the order of the two operands yields a meaningless sentence, then you
have a definition, not an equality. This applies to the first operator in our
example, since if we change it to read “Let b2 - 4ac = D" it stops making any
sense.

e Expressions such as “if..”, “such that...” and the like cal for the relationa
operator =; immediately after “Let x...”, you want the definition operator 2 .

The distinction between the = and 2 operators is not unlike that between equality and
assignment in programming languages. The Algol-Pascal-Ada-Eiffel line of languages
reserves = for equality and uses := for assignment; this is closer to standard mathematical
practice than the Fortran-C-C++-Java convention of writing = for assignment and having
some specia symbol (.EQ. or ==) for equality. The designers of PL/I thought they
would satisfy everybody by using = in both cases and succeeded at least in providing
generations of instructors with ready-made quizzes (guess what the instruction A= B=C
does).

Although such decisions only affect the “concrete syntax” of a language (contrasted

in the next chapter with the deeper properties captured by *abstract syntax”), they
contribute significantly to its elegance, or lack thereof.

2.1.4 Auxiliary variables in expressions

We can make a complex expression more readable by introducing local names to denote
subexpressions. In Metanot, the notation given ... then ... end alows this. Following
given are the definitions of one or more loca names introduced as abbreviations for
subexpressions; following the then is some expression e that may involve the local
names. The value of the expression as a whole is the value of e, determined after
substitution of the sub-expressions for each of the corresponding local names. For
example, the expression
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given
D & b2-4xaxcC;

denom & 2x a
then _
-b +VD

denom
end

is an expression denoting exactly the same thing as

-b ++/b%—4xax c

2% a

The 2 symbol is the appropriate one in the given clause, which says “let ... be defined
as..”.

The given ... construct is a mere notational device that adds nothing to the intrinsic
power of the metalanguage. The “local names’ are not variables in the sense in which
this word is used in programming; a “definition” such as x & x + 1 would be just as
meaningless in a given ... clause as it is in mathematics. More generaly, if the clause
contains a definition

X & e

then expression e may only involve independently defined objects, or objects introduced
by a previous definition of the same clause. This is the principle of non-creativity of
definitions: a definition introduces new names for existing objects or properties; it does
not introduce new objects or properties. Chapter 8, devoted to recursion, will examine the
non-creativity principle in more detail, and revea that you may actualy use certain kinds
of recursive definitions (definitions in which e seems to involve x) without violating the
principle. Until then we have to be quite strict, limiting what may appear in the right-
hand side of a definition to:

» Waell-known mathematical objects, such as integers.

 Items introduced as the left-hand side of previous definitions observing the same
rules.

The extensions of chapter 8 do not actually changes these rules; they simply alow, for
convenience, certain kinds of definition that seem to be recursive, but can easily be
reformulated in non-recursive terms.
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2.2 PROPOSITIONAL AND PREDICATE CALCULUS

Metanot uses standard boolean operators. If a and b have boolean values (true or false),
then:

e aA breadas“a andb”, istrueif and only if both a and b are true.
e aV breedas“a orb”,isfaseif and only if both a and b are false.
e ma readas“nota”,istrueif and only if a isfase.

* Boolean implication uses the symbol => ; the implication a => b, read as “a
implies b, isdefined as—~ a V b. In other words, a => b is true except if a
istrue and b false. Note in particular that a => b is true whenever a is false.

This property that false implies anything takes some getting used to when you start the study of
logic, but it makes sense: “a implies b” means that if a istrue, b is true as well; the only way
to defeat this property (make it false) is to have a true and b fase. If a is fase the whole
thing is true. For example, it is true that

“If | am the pope, two plus two equals 5”

because the only way you could invalidate this property would be to show that all these years |
have been hiding my secret life for all these years | am indeed the pope, and (the easier part of
the proof) that two plus two is not equal to 5. But since (persona disclosure) | am in fact not
the pope, you can't invalidate this property, and it is indeed true, even though the right-hand
side of the implication (2 + 2 = 5) is not. Thisiswhy we definea => b as- a Vv b: trueiif
a isfaseor b istrue

Instead of the —> symbol, most logic texts denote implication by the symbol [ . But
most people other than logicians are more comfortable with => , which doesn’t cause
any particular problem. In addition, [0 is also the symbol for the “superset” relation
between sets, whereas implication has a natural interpretation — especially in theories
developed in this book, such as denotational semantics — as a subset relation, so it could
in fact be quite confusing.

We will also need the quantifiers of predicate calculus: V (For all) and 3 (There exists).
If E isaset and P is a boolean-valued property (true or false), then:

e Vx:E « P (x) means “All members of E, if any, satisfy P".
« d x:E « P (X) means “There exists at least one member of E that satisfies P".
These definitions of the quantifiers are informal. Here are more precise ones:

e« Vx:E . P (X isfaseif and only if there is a member x of E such that P (x)
Is false.

e dx:E « P (X) istrueif and only if there is a member x of E such that P (x) is
true.

As an important consequence, any V expression for which the set E is empty is true —
regardless of what the property P is. In this case, any 3 expression is false.
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The notations introduced above for quantified expressions reflects an important
constraint, enforced by Metanot to avoid certain theoretical difficulties. The dummy
identifier, X in the above examples, is always constrained to range over a specific set, here
E. In other words: you cannot express a property of the form “All x satisfy P” or
“Some x satisfies P’; you must be more precise and express that all members x of a
clearly specified set E, or some x in this set, satisfy P.

2.3 SETS

Elementary set theory provides much of the basis for formal semantic specifications. This
section introduces the basic concepts and notations.

2.3.1 Basic sets

The specifications will use a few predefined sets.

The set of integers (positive, zero or negative) is written Z. The subset of Z
containing only natural (non-negative) integers is written N. R denotes the set of real
numbers.

The set of boolean values is written B; this is a set with only two members, true and
false.

The set of character strings is written S; character strings are written in double
quotes, asin "A CHARACTER STRING".

2.3.2 Defining sets

You may define a finite set by enumerating its members in braces, asin

B 2 {true, false}

As a special case, {} isthe empty set, more commonly written O.

A set definition of the above form is known as a definition by extension. Another
way of defining a set (finite or infinite) is by comprehension, that is to say, by a
characteristic property. For example, we may define the set of even integers as

Even 8 {n: Z | dk:Z.n =2xk}

As with quantifiers, we always restrict the domain of the dummy variable (here n) to a
set assumed to be well-defined, such as a basic set (Z in the case of Even) or a set that
we have previously defined by extension or comprehension. This means that when we
apply definition by comprehension it’'s always to define subsets of known sets.



§2.3.2 SETS 21

Metanot borrows from Pascal and other programming languages (Ada, Eiffe) its
notation for subsets of Z that are contiguous intervals. for a, b in Z, a..b is the set of
integers (if any) between a and b included. Formally:

a.b 8 {i:Z ] a<i Aic<hb}

As implied by this definition, a..b is an empty set if b < a.

For any set E, P (E) denotes the powerset of E, that is to say the set whose members
are al subsets of E. For example, P (Z) is the set of al sets of integers; any interval
a.. b as defined above belongs to that set.

2.3.3 Operators on sets and subsets

If E is aset and x is some mathematical object, x may or may not belong to E, also
stated as “x is a member of E”. The boolean expression

X UOE

has value true if and only if x is a member of E. For example, it is true that —2 [0 Z, but
not that —2 ON. The notation x [J E is a synonym for = (x DE).

We may say “E contains x” to mean the same as “x is a member of E” (formaly,
x Oe).

The only information that a set E carries about a certain object x is whether or not
X is a member of E. In particular, *““how many times’ x appears in E and the “order” of
E’s members are both meaningless notions. The situation is different with sequences, as
will be seen below.

If A and B are two subsets of a given set E, then their union and intersection are
defined respectively as

A0OBA{x:E | xOA Vv x OB}

An B2 {x:E|xOA A x OB}

The members of A [0 B include any object that is a member of A or a member of B (or
both); those of A n B include every object that is a member of both A and B.

We will also need the generalization to infinite unions and intersections. If a subset
E. of acertain set E is given for every i [N, then we can define

[JE 2 {x:E |3iON.xOE}
iN

N E
iN !

1>

{x:E | Vi ON.x OE}
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The first of these sets contains every object that is a member of at least one of the E ;
the second contains every object that is a member of every E,.

The operator [, subset, takes two subsets as arguments and yields a boolean value.
It may be defined by

A0OB2{Vx:A.x OB}

that isto say, A [0 B (read: “A isasubset of B”) is true if and only if every member of
A is aso amember of B. Itsvariant [, proper subset, is defined as

AOBA(MAOB) A (Ix:B.-xDA)

that is to say, all members of A are also members of B, but at least one member B is not
amember of A. (With O the two sets may be equal, but not with [J .)

In line with the conventions introduced above, the operators 0, n, O and O
may not be applied to pairs of arbitrary set operands: in each case, both operands A and
B must be subsets of a common set E.

A set may be finite or infinite. The expression finite E is true if and only if set A is
a finite set; for example, finite B is true but finite Z is fase. If E is finite, then card E
(the cardina of E) is the number of its members; for example, card B is 2.

2.4 SEQUENCES, PAIRS, CARTESIAN PRODUCT

Let X be a set. A sequence over X is an ordered list of members of X. We will write
sequences in angle brackets, as in

<monday, tuesday, wednesday, thursday, friday, saturday, sunday, monday>

In particular, <> is the empty sequence. The terms “sequence” and “list” will be used
interchangeably.

The value appearing at the i-th position in the sequence for some i is called the i-th
element of the sequence.?

Sequences, unlike sets, are ordered: the sequence <a, b> is distinct from the
sequence <b, a>. As the above example indicates, the same object can appear more than
once, <a, a> isdistinct from <a>.

The set of finite sequences over X is written X* . The next chapter introduces a few
operators on segquences.

1 To avoid confusions, this book is careful in its use of a few words often employed
interchangeably when less precision is required: a set has members and a sequence has elements; the
word object is more general and applies to any well defined mathematical entity such as a set, a
relation, a function or a member of some set. The next chapter will add the concept of the specimens
of a syntactic type.
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A generalization of the notion of sequence is the tuple.? Let X, X,, .. .X_ be sets
(N = 0) and X be their union. A tuple built from the Xi is a member of X* — a sequence of elements in
X — of length N, such that the i -th element of the sequence belongs to Xi (L<1i £n). For example,
possible tuples built from N, Sand N are

<3, "Text", 2>
<7, "Other text", 0>

The set of all tuples built from given sets is called the cartesian product of these sets
and written

X, % Xy % .x X

n

A tuple with two elements is called a pair. Being sequences, tuples and pairs are ordered:
the pair <a, b> is not the same as the pair <b, a>.

If we use the same set X for al the X, the resulting tuples are just sequences. In
other words, there is a one-to-one correspondence between X* and the set

0 X'
i:N

where X0 is {<>} (the set with one element, the empty sequence), X1 is X, and X!*1 is
X x X! (fori = 1).

2.5 RELATIONS

Relations describe associations between objects. As used in this book, the word
“relation” is a shorthand for “binary relation”; more general multiary relations (used for
example for relational databases) will not be needed.

2.5.1 Definition

Consider two sets X and Y. A relation r between X and Y is a set of pairs
{<a1, b1>, <a, b> ---1}

where every a is a member of X and every b, is a member of Y. X'is called the source
set of r and Y its target set. The following figure illustrates the finite relation

finrel 8 {<x;, ¥, <X, ¥, <Xg, ¥, <Xy Vo> <Xy, Y3}

2 Although some people pronounce the “u” of “tuple” as in “ruble”, it seems that the correct
model is “rubble”.
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Figure 2.1: A rélation

This way of viewing relations as sets may be new for you, since you may think of a
relation as a property that links objects, such as the relation “is the mother of” between
people, which links certain pairs of objects: Jill is the mother of Jane, Jane is the mother
of John and so on. But it is not difficult to go from one viewpoint to the other: simply
consider the pairs of elements linked by the relation, such as the pairs <jill, jane> and
<jane, john>. Now consider the set Is mother_of of all such pairs,

Is mother_of & {<jill, jane>, <jane, john>, ...}

that is to say, the set of all <mother, child> pairs in our set of persons; it completely
determines the relation, in the sense that m is the mother of ¢ if and only if the pair <m,
c> is a member of the set Is mother_of. So for us that's what a relation is: a set of pairs.

The definition of relation finrel was by extension. You may also define a relation by
comprehension, as with the following relation between integers:

pm double & {<m,n>: Zx N | (m=2% n) V (m=-2* n)}

Relation pm_double is so named because the first element of each pair is “plus or minus
the double” of the second. Elements include <0, 0>, <6, 3>, <6, 3> and so on. Unlike
finrel, relation pm_double is an infinite relation.

The set of binary relations between X and Y is written X — Y and defined as
X YAPX XY


meyer
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In words: X — Y is the set whose members are all subsets of X x Y, that is to say all
sets of pairs whose first element isin X and whose second element isin Y.

2.5.2 Domain and range

The domain and range of a relation r, written dom r and ran r, are the sets of objects
that appear as first and second elements, respectively, of at least one pair that is a member
of r:

domr &2 {x:X|d y:Y.<xy> 0Or}
ranr A {y:Y | dx:X.<x, y>0r}

The domain of a relation is a subset of its source set and its range is a subset of its target
set. For the above two relations:

dom finrel = {x,, X5, X,}
ran finrel  ={y,, v, Y}
dom pm_double = Even -- The set Even was defined on page 20

ran pm double =N

2.5.3 Inverse and image

-1

Let r be ardation in X — Y. Its inverse, written r —, is another relation, a member of

Y — X, defined as follows:
rt A {<y,x>Yx X | <xy>0r}

In other words, r 1 contains a pair <y, x> if and only if r contains the pair <x, y>. In the
first example above, finrel ™ is

{9V X2 Yo X2 Y X2 Y X2 Y X}

The inverse of relation pm _double is abs half; you can easily see what it is.

Let A be a subset of X, that isto say A OOP (X). The image of A through r is the
subset of Y containing the objects related by r to at least one member of A. This image
will be written r ¢ A9; its precise definition is:

ré¢A) 8 {y:Y | 3 xtA.<x y>0r}
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Taking the above relations as examples:

finrel ¢{x;, X,, Xx3}) = {y,, ¥,}

pm double ¢{1, -1, 6, -6, O, 14}) = {0, 3, 7}
-- Here 1 and —1 are not in the domain of the relation
-- and so do not contribute to the image. Both 6 and —6
-- contribute the same object, —3.

abs half ¢N) = Even

The following figure illustrates the first of these examples.

X Y

Figure 2.2: Image of a subset by a relation

Exercise 2.6 includes important properties of the image operator, which will be
useful in the proof of consistency between axiomatic and denotational semantics (chapter
10).


meyer
Stamp


§2.6 FUNCTIONS 27
2.6 FUNCTIONS

2.6.1 Definition

In general, given arelation r and an object x [0 X, there may be zero, one or more objects
y OY such that the pair <x, y> belongs to r (there may even be infinitely many such vy).
In relation finrel, for example, x, has two “buddies”, x, has one and x,, has none.

A relation such that there is at most one such y for every x is said to be functional.
Relation finrel is not functional; it would be if we removed <x,y,> and <x,y,>.
Relation pm double is functional, but its inverse abs half is not (since, among other
violations, it associates both —6 and 6 to the value 3).

The following notation will denote the set of functional relations between X and Y
(the reason for using this particular symbol will be explained shortly):

X+HY

The set of functional relations is a subset of X — Y. We may define it precisely as
XY A&
{r: XeY | Vx:X.
given
Image of x & r ¢{x})
then

finite Image of x A (card Image of x < 1)
end}

A functional relation is called a function. A function is an interesting kind of relation
since we have the guarantee that, for any member of its domain, it will give us just
exactly one member of the range. For example the relation is_child _of mother, which
holds between two persons if only if the second is the mother of the first, is a function.

2.6.2 Partial and total functions

If fisafunction (f OX + Y) and x is a member of X, there may be zero or one y such
that the pair <x, y> belongs to f. If there is one, that is to say if

x Odom f,

then you may refer toy asf (x). A function f 0X + Y defined for al x [ X, in other
words such that

dom f = X

is said to be atotal function. The set of total functions from X to Y will be written
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X ->Y

An equivalent definition is to say that a function is total if and only if its domain is equal
to its source set. (In the genera case, as we have seen, the domain is a subset of the
source Set.)

A function that is not total — in other words, some members of its source set are
not in its domain — is said to be partial. Note that whenever the discussion uses the
word “function” without further qualification, it refers to both total and partial functions.
The bar across the arrow in the symbol - serves as a reminder that f may be partial, in
which case f (X) is not defined for some members x of X.

2.6.3 Finite functions

Because in practice computers deal with finite information — such as the content of their
memory — we will often encounter functions guaranteed to have a finite domain. They
are called finite functions. (Some authors prefer the term “finite mapping”.) The set of
finite functions from X to Y will be written X + Y, defined as

X4HY B {f:X+H Y | finitedom f}

To summarize the three conventions just seen:

e - isthe symbol used for sets of total functions. If f is a total function you may
use f (x) without fear of writing something be meaningless, writing something
meaningless, since this always denotes a value for any x of the source set.

* + indicates possibly partial functions; the bar reminds you to exercise care in
using such a function, since f (x) is only defined for x 0 dom f.

e i indicates finite functions, the double bar reminding you that they can be even
“more” partia, since f (x) only makes sense for a finite set of possible x.

Finite functions are particularly important for the modeling of programming concepts
because they are the only functions that can be entirely represented in the memory of a
computer: if a function has an infinite domain, there is no way you can ever hope to see
the result of a complete computation of the function.

2.6.4 Defining functions by extension

One way to define a finite function is to indicate the value it takes for every possible
argument in its domain. This is similar to defining a finite set by extension (page 20).
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Figure 2.3: Two functions

To define a finite function by extension, we will simply list its constituent pairs. The
preceding figure shows two functions both in {a, b, c, d, € + N; we may define them
as

f, 8 {<a 1> <b, 2>, <c, 3>, <d, 4>}

f2 é {<b1 2>1 <Cy 4>; <e1 4>}

The order in which you list the <argument, result> pairs doesn't matter, but all the
arguments must be different if the definition is to yield a function rather than just a
relation.

2.6.5 Defining functions by expressions

We saw (page 20) that it is possible to define a set not only by extension — by listing all
its members — but also by comprehension, through a characteristic property of its
members. This was aso applicable to relations. Definitions by comprehension is
particularly interesting for functions. This is the well-known technique of defining a
function by an expression involving its formal arguments; to obtain the function’s value
for any actual argument values, it then suffices to substitute these values for the formal
arguments in the expression. A typical example is
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[2.1]
square. R - R

square (X) & xx X

This definition means that to get the value of square (a) for any real number a, you
substitute a for x on the right-hand side of the 2 sign, getting a* a. In contrast with
definition by extension, such a definition by comprehension applies to infinite as well as
finite functions.

The formal basis for this technique is known as lambda calculus; we will study it in
detail in chapter 5. For the time being, definitions of the above form [2.1] will be
considered clear enough. To make it absolutely obvious what the source and target sets
and the domain of any function are, every function definition will consist of the following
two or three steps. First you must give the source and target sets of the function under
one of the forms

f: X > VY -- For atotal function
f:X b Y -- For a possibly partial function
f: XY -- For afinite function

Then (in the second and third cases only) you must specify the domain:

dom f & {xOX | ... Some boolean-valued expression on x ...}

These two indications (one for a total function) constitute the function’s signature.

Finally, you must in all cases specify the value that the function yields for an
arbitrary member of its domain, as was done above for square:

f(x) & ... SomevaueinY ...

using the “is defined as” symbol. For clarity it is aimost always desirable, in this last
part of the definition, to repeat the sets to which the arguments belong, as in

f(x:X) & ... Somevalueiny ...

which imitates argument type declarations in the routine headings of programming
languages (such as Pascal, Ada, Eiffel).

Be careful not to confuse

f:X>Y

which gives the signature of f, declaring f to be some total function from X to Y, with

S&A XY
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which defines S as the set of all total functions from X to Y.

2.7 OPERATIONS ON FUNCTIONS

Several operations will prove useful on functions. we may define the intersection,
“overriding union” and composition of two functions, the restriction of a function to a
subset of its source set, the quotient of a set by a predicate (a function with a boolean
result). We must also study what becomes of the notions of inverse and image, originaly
defined for relations, when we apply them to functions.

2.7.1 Intersection

We have seen that functions are a special kind of relations, themselves a special case of
sets. Since functions are sets, we may define the intersection of two functions, itself a
function; it is the set of [argument, result] pairs that belong to both functions.

For example, the intersection f, n f, of the two functions defined earlier is the
function pictured next, whose domain has only one member:

h & {<b, 2>}

Figure 2.4: Function intersection
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Here is the precise definition of function intersection in the general case:
Letf,g: X+ Y;
Leth 2 f n g; then:
e dom h ={x:dom f ndom g | f (x) =g (X)}
*h(X=1f(X =g (X forx Odom h

That is to say: h is the function that yields the common value of f and g wherever the
two functions “agree” (yield the same value).

2.7.2 Overriding union

After intersection, it is natural to turn our attention to the union of functions. Here,
however, we must be a bit more careful: although the union of two functions is aways
defined as a set (since the functions themselves are sets, of which we can take the union),
that set is not necessarily a function.

The problem arises wherever the two functions are both defined but disagree.

For example, f, and f, as defined above have conflicting values for the argument c,
so that f, O f, is not a function. (The values for b do not cause a problem since the two
functions coincide on that element.)

In the general case, f [ g is arelation, but not aways a function.

We could define a [0 operation on functions by restricting it to pairs of functions
that agree on any common argument value, but that operation would not be very useful.
Instead, we may define a union operation that is applicable to any pair of functions, and
always yields a function, by making it non-commutative; in other words, it will not treat
its operands symmetrically.

That non-commutative operation is the overriding union, for which Metanot uses
the symbol [ . The convention in the functional expression f [j g isthat g overrides
f wherever they disagree. As areminder of this convention, the bar in the symbol [
makes the union “lean” towards the second operand.

The operator " [y " is defined more precisely as follows for f, g in X + Y. Caling
h 8f0Q ¢

then:
dom h =dom f OO dom g;

h(xX)=f(x)if x Odom f and x [J dom g;
h(x) =g (x)if x Odom g.
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Figure 2.5: Overriding union

As an illustration of overriding union, consider again our two example functions. As
shown on the figure above:

f, O f,={<a 1> <b, 2>, <c, 4>, <d, 4>, <g, 4>}

2.7.3 Restriction

Another important operator on functions is restriction. The restriction of a function f to a
subset A of its source set, written f \ A, is the same function as f, but with its domain
restricted to A.

Taking one of the earlier functions as an example again:
f.\{a b, & = {<a 1>, <b, 2>}

The precise definition of restriction is as follows:
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Letf: X+ Y.
Let A: P (X) (in other words, A is a subset of X).
Thenh & f \ A, the restriction of f to A, is the function
h:A+-Y
such that
dom h =A n dom f
andh (a) =f (a) fora dom h

Remembering that functions, being relations, are sets of pairs, we may aso define
f \ A more concisely as

fn (AxY)

Using this technique we could define restriction for arbitrary relations, not just functions.
But in this book we only need it for functions.

2.7.4 Composition

Composition is another operation defined for relations but used only for functions in this
book. The following figure illustrates function composition:

Figure 2.6: Function composition
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For any two functions f and g of signatures

f: X5 Y
gY b Z

their composition, written f ; g (a notation borrowed from VDM), is the function
h: X - Z

such that
dom h = {x:dom f | f (x) Odom g}

and, wherever h is defined, then
h(x) =g (f ()

Rather than f ; g, the more common notation for composition is g o f. The semicolon
suggests (in accordance with its use in ordinary written language) that f and g are applied
in the order in which they are listed.

This use of the semicolon may be seen as an homage to the concrete syntax of the
Algol family of languages. as will be seen in the next chapters, composition is the
mathematical equivalent of statement sequencing. No confusion will result since
programs extracts, when embodied in a Metanot description, are always written with
abstract, not concrete syntax.

2.7.5 Infix operators as functions

One more convention will be useful for handling functions. In common mathematical (and
programming) practice, many binary functions — functions of two arguments — use a
so-caled infix notation, with an operator between the two arguments rather than in front,
asin a + b rather than plus (a, b). Examples of such infix operators are +, —, =, /, or
the just introduced composition operator ";".

It is often convenient to be able to talk about the functions associated with these
operators without having to introduce specia names and definitions (as in “let plus be the
function such that, for any a and b, plus (a, b) 2a +b™).

The Metanot convention is borrowed from the Eiffel and Ada programming
languages. If § is an infix binary operator, you may refer to the associated function
through the notation

infix "8"
which you may also abbreviate to just "8" in expressions involving the function.

Applications of the function to actual arguments a and b will use the usual infix notation:
ash.
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For example, the function
infix "+': Nx N - N

is the addition on natural numbers, and for any sets X, Y, Z:
infix ;" (X5 Y)x (Y5 Z) - (Xb 2)

is function composition over X, Y, Z. As the definition indicates, infix ";" is a function of
two arguments, one a function from X to Y and the other a function from Y to Z; its
result is a function from X to Z.

Defined in this way, function composition is a typical example of a functional, or
function that admits other functions as arguments or results. Functionals are discussed
further below.

2.7.6 Predicates and the quotient operator

A predicate on a set X is atotal function
pred: X - B

from X to the set B of boolean values (true and false).

There is a natural connection between predicates on X and subsets of X. If A isa
subset of X, then we may associate with A the predicate

characteristicA:X - B

such that

characteristic, (X) = trueif x A, and

characteristic, (X) = falseif x I A.

Function characteristic, is called the characteristic function of the subset A; it's the
predicate that yields true for arguments within A, and false outside. The following figure
illustrates it.

Conversely, if pred is a predicate on X, we may define the quotient of X by pred,
written X / pred, as the subset of X containing only the objects that satisfy pred:

X/pred & {x: X | pred (x)}

For example, if X is a set of persons and female (x) is true if and only if x is a female,
then X / female is the set of female members of X.
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Figure 2.8: Characteristic function

The notions of characteristic function and predicate are inverse of each other, in the
sense that for any subset A of X (that is, A: P (X)):

X /characteristicA =A

and for any predicate pred on X (that is, pred : X — B):

characteristic, Jpred = pred

2.7.7 Inverse and image

The inverse and image operators, introduced earlier (page 25) for relations, apply to the
special case of functions. If f is a function of signature X - Y and A is a subset of X,
then:

* f (A)isasubset of Y.
« fLisaredation (a member of Y — X). It is not necessarily a function.
Exercise 2.6 covers several properties of images of subsets through functions.

2.8 FUNCTIONALS

A functional, also called a higher-order function, is a function that admits functions
among its arguments, results, or both. The previous section already introduced several
important examples, such as the composition operator, a function that takes two functions
f and g and yields as a result another function, their composition f ; g.
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The word “functional” as used in this book will only apply to total higher-order
functions.3

It is important to familiarize yourself with the use of functionals, which play a major
role in denotational semantics. Exercises 2.1 to 2.4 will help you master them.

2.8.1 Dispatching and parallel application

The discussion of recursion in chapter 8 uses two typical functionals, “dispatching” and
“parallel application”. They are generic, meaning that you can apply them to arbitrary
sets U, V, X and Y (dispatching doesn’'t need V). We will express both of them through
infix operators: infix "&" for dispatching and infix "#" for parallel application.

XxY

fw) =x
gu) =y
h(u) = <x, y>

Figure 2.9: Dispatching

Dispatching, illustrated by the figure above, is the functional of signature
infix "&": (U + X) x (U+H Y) - (U (X xY)
such that for any functions

f:U+H X
guU -+ Y

3 Do not confuse “a functional”, used here as a noun, with the adjective “functional” as used to
characterize a relation (page 27).
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f & g is the function
h:U + X x Y
dom h =dom f n dom g
h(u 2 <f(u) g(u>

As shown on the preceding figure, f & g “dispatches’” an argument u to X through f
and at the same timeto Y through g.

UxV XxY
2 ~
N A
NV S~
h=f#g -
V \ Y
B
S0 ~

Figure 2.10: Parallel application

Parallel application, illustrated by the figure above, is the functional of signature
infix"#: (U & V) x (X+H Y) - (Ux V) - XxY)
such that for any functions

f:U -+ X
gV - Y

f # g is the function
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h:U x V4 X x Y
dom h =dom f x dom g

h(u v) & <f(u),g(v)>

As shown on the figure, f # g appliesf and g “in parallel” to an argument from U and
an argument from V, yielding a pair in X x Y.

Dispatching and parallel applications allow us to apply two functions together, either
to the same argument or to two separate ones.

2.8.2 Currying

Another important functional is curry (named after the mathematician H.B. Curry, one of
the major contributors to combinatory logic). This functional transforms any two-argument
function into a one-argument function. For a number of discussions, it is convenient to
consider that all functions take exactly one argument. So what if we are given a two-
argument function? The trick is to consider it as a one-argument function, whose result is
itself a function of one argument.

This will extend to more than two arguments. we may view a three-argument function as a
one-argument function returning a one argument function, itself taking a one-argument function
as argument.

Here's how the transformation from two-argument to one-argument functions works.
Considering total functions only, we define curry as follows. For any sets X, Y, Z, if f is
a total function of signature

X x Y - Z

then curry (f) is atotal function g of signature
gX - (Y - 2

such that forany x: X andy:Y
g =1y

If this is the first time you see currying you may find this a bit strange, but it's really very
simple. curry (f), caled g above, redly represents the same function as f — in the sense
that it eventually yields the same value — but initially restricts its attention to only one
argument. So whereas the result of applying f to two arguments x andy isavaluez: Z,
the result of applying g to one argument x is till a (total) function from Y to Z, whose
result, for any vy, is precisaly f (x, y), that isto say z.

Currying achieves partial evaluation of a function: in our example g (x) is like f
evaluated on one argument, x, and hence (since f takes two arguments) still needing one
argument to yield a final value. That's why g, its curried version, is still a function.
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The operator curry is itself atotal function — what we have called a functional since
it manipulates functions. Its signature is

cury: (X x YY) - 2 - X - (Y - 2)

Exercise 2.4 explores properties of the curry functional and its generalization to
arguments that are not necessarily total. You are particularly encouraged to do exercise
2.5, which applies currying to programming language processing tools such as compilers
and interpreters.

2.9 STRUCTURAL INDUCTION

The last mathematical technique at which we need to take a look serves to define sets of
complex objects and to prove properties of such objects. Known as structural induction,
it is particularly useful for defining the concrete structure of languages.

2.9.1 An example: S-expressionsin Lisp

The S-expressions of Lisp (serving as the basis for data and program structures in that
language) provide a typical example of objects obtained by structural induction.

Here is a possible definition of S-expressions. It assumes a separately specified
notion of atom; to keep the discussion simple, atoms will be identifiers built as sequences
of letters and digits, beginning with a letter. (Actual Lisp atoms aso include more
possibilities, such as numbers) We may then define an S-expression by structural
induction as being one of the following:

* An atom.

 Of theform (s, . s,), wheres, and s, are S-expressions.
The intuitive meaning of such a definition is clear: S-expressions cover atoms such as
atoml, and more complex expressions written with parentheses and a dot, such as

(atoml . atom?2)
((atoml . atom2) . ((atom3 . (atom4 . atomb) . atom6) . (atom7 . atom8) . atom9))

2.9.2 General form of definitions by structural induction

More generaly, a definition by structural induction defines a certain set S as being made
of members that are either:

A« Members of one or more predefined sets (such as the set of atoms above), which
we will call the base sets.

B < Deduced from previous elements of S through one or more well defined
mechanisms (such as the above form with parentheses and a dot).
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Such a definition has a clear mathematical interpretation: it means defining the set S as
the union of an infinite family of sets

salls
i:N

where we may define the S by induction of the ordinary, familiar kind, using integers:
* S, isthe union of the base sets (the set of all objects obtainable under A).

« Each S, isthe set of al objects obtainable from one or more members of SJ , for
one or more j 1.. i, through the mechanisms introduced under B.

In the S-expression example, S is the set of atoms; S, is the set of objects of the form
(@ . b), where a and b are atoms; S, is the set of objects of the form (a . b), where a
and b are either atoms or in S,; and so on.

Some objects may be in S for more than one i (actudly, in the S-expression
example, every S is a subset of S_, for positive i); this is fine since S is defined as the
union of al S, so that it does not matter that a member of S may belong to several S.

Viewed in this way, structural induction is a straightforward application of the usual
induction on integers, applied here to define inductively the sequence of sets S.

2.9.3 Proofs by structural induction

Sets defined by structural induction lend themselves to proofs organized aong the same
line. To prove by structural induction that all members of S satisfy a certain property p,
you may successively prove that:

A+ All members of the base sets satisfy p. (Base step.)
B « If aset of objects in various S] satisfy p, any object built from them by any of
the construction mechanisms that define S _, also satisfies p. (Induction step.)

The validity of this technique follows immediately from the validity of proofs by ordinary
integer induction: a proof by structural induction ssimply amounts to proving by integer
induction the property

p(@i:N) & “All elementsof S satisfy p”

As an example, let us prove by structural induction that every S-expression has an equal
number of opening and closing parentheses. The proof contains two parts:

A+ An atom has no parentheses, and so satisfies the property.
B+ Consider two S-expressions e, and e,, each satisfying the property. Let p, and p,
be their respective numbers of opening parentheses; by assumption, these are also

their numbers of closing parentheses. The construction mechanism given yields
only one new S-expression from e, and e,
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n &, .e,)
Counting parentheses in n, we find p, + p,+ 1 left parentheses, and the same

number of right parentheses. O

Definitions by structural induction are a simple case of recursive definitions, whose
significance and mathematical properties will be explored in a much more general context
in chapter 8. Structural induction proofs will aso find a generalization there through the
notion of stable predicate. Justifying structural induction within the more general theory
is the subject of exercise 8.4.

2.10 BIBLIOGRAPHICAL NOTES

Many of the notations introduced in this chapter have their equivalents in the work on the
VDM denotational specification method [Bjgrner 1982] [Jones 1986]. Some come from an
early version of Z [Abrial 1980].

The article by John Backus on functional programming [Backus 1978] describes
high-level functiona operators not unlike some of those used in this chapter and in the
exercises below. However Backus language, FP, includes only a fixed set of higher-level
functional operators, new ones may not be defined in the language proper, but in a
supporting notation called FFP. Languages that do permit definition of functions of an
arbitrary level are Miranda [Turner 1985] and Haskell [Haskell Web].

EXERCISES

You may use lambda notation (chapter 5) to simplify some of the answers, but it is not
indispensable.

Exercises 2.1 to 2.4 use R, the set of real numbers, and some also need the set R* of
non-zero real numbers.

2.1 Properties of simple functions

Consider the following functions on real numbers :

square, the square function

inverse, the inverse function (inverse (x) 2 1/X)

"ot Uk MMM (addition, subtraction, multiplication, division)
Id (the identity function)

addl, such that addl (x) & x+1for al xinR.
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1 What are the signatures of these functions?
2 What function is inverse ; inverse?
3 What function is"+" ; square?

2.2 Dispatching

For arbitrary sets U, X, Y, the “dispatching” functional infix "&" was introduced in 2.8.1.

Take U, X and Y to be all R". Prove the following (referring to the functions of the
previous exercise):

1 (square& Id);"/"=1d\ R’
2 (sguare & inverse) ; "x" = Id
3 addl; square = (square & ((Id & Id) ; "+")) ; "+" ; addl

2.3 Parallel application

For arbitrary sets U, V, X, Y, the “parallel application” functiona infix "#' was
introduced in 2.8.1. Let projl and proj2, be defined as the two projections from
U x V

projl (<u, v>)

8 u
proj2 (<u, v>) 2 v

1 What are the signatures of functions proj1 and proj2?
2 Take U, V, Xand Ytobeal R. Prove the following:

2.1 "/" = (ld #inverse) ; "* "

2.2 "x" ;sguare = (sguare # square) ; "x "

2.3 "/"; sguare = (square # sguare) ; /"

2.4 "+";square = (((square # square) ; "+") & ("x";(ld& Id); "+")); "+"
3 Express the following properties in the style of the equalities 2.1 to 2.4, that is to say

without any reference to members of R, using only the functions and functionals defined
so far.
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31 (a—-b)* (@a+b)=a%?-b2fordlabinR
3.2 bx (a/lb)=afordlainR,binR’
33 a* (@a+by=a?+ax b

3.4 fiscommutative
(where f is atotal function of signature R x R — R).

2.4 Iterate, apply and curry

All the functions considered in this exercise are total except in question 5.
Let A, X, Y, Z be arbitrary sets. For any function

f:A - A

and any non-negative integer n, define iterate (f, n) to be the n-th iterate of f, in other
words the function h such that

h=f;f;f...;f (ntimes)
Also, define apply to be the function such that, for any member a of A,
apply (f, a) 2 f(a).

In other words, apply takes two arguments, the first of which is a function. Its result is the
application of its first argument to its second.

Finally, curry is the function defined on page 40, which takes any two-argument function
as argument and yields a one-argument function as result. Its signature (if it is applied to
sets X, Yand 2) is

1 What are the signatures of iterate and apply?

2 Show that if the set A is given, it is possible to choose sets X, Y, Z so that
curry (apply) is avalid expression, denoting a function. What then is the signature of this
function? What is the function itself?

3 Show that if the set A is given, it is possible to choose sets X, Y, Z so that
curry (iterate) is a valid expression, denoting a function. What then is the signature of
this function? Explain informally what this function “does”.

4 For each of the following functional expressions, give set assignments for A, X, Y, Z
such that the expression has a value. Then give that value (or, in the case the value is a
function, explain what that function is, for example “the square root function on R”, or
“the functionf : N — N such that, forany n: N, f (n) =n + 2)".
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4.1 curry (") (1)

4.2 curry ("+"

4.3 curry (iterate) (addl) (1)

4.4 (curry ("+") # Id); iterate
5 As defined on page 40, the functional curry applies to arguments that are total
functions. Extend the definition so that its arguments and result are possibly partial

functions. (Hint: the new definition must specify precisely the domain of the functiona’s
result, and of its result’s result, as was done for "#' and "&" in 2.8.1.)

2.5 Compilers and interpreters

Let M be a smple computer whose machine programs are assumed to compute functions
of signature

| - O

where | is the set of possible inputs and O the set of possible outputs. Machine programs
for M may thus be viewed as implementations of functions from | to O.

Let L be a high-level language; let COMP be a compiler for L, generating M machine
code and INT be an interpreter for L running on M.

Let fcomp and fint be the functions performed by COMP and INT, respectively.
1 What are the signatures of fcomp and fint?
2 Express a mathematical relationship between fcomp and fint? (Hint: look at curry.)

2.6 Properties of images

Let X, Y and Z be arbitrary sets, r and s relationsin X -~ Y, t areaioninyY - Z, f
and g functions in X - Y with digoint domains, A and A’ subsets of X, B and B’
subsets of Y. Prove the following properties of the image operation r ¢ A9 introduced

page 25:

1 r¢ADOA)=T (A)OT (A)

2 f B AB')=f (BYnf ¢B")
3 (s;t) CA) =t €s (A))

4 (rOs)fAY=r (A) O s (A)

5 rns)¢A) Or €AY n s(A)

6 (ADA) = (r (A) O r (A"))



EXERCISES 47
7 (FVA)EAY=f(A nA")
8 (fFQ g)tA)=f(A) O g (A)

9 (fO g) ¢B)=f ¢B) O g (B
10 (f\A) ¢B)=f ¢B) n A

(Hint: to prove that two functions are equal, you must prove that they have the same
domains and yield the same value for any member of that domain. Note that not all
relations appearing above are functions.)

11 Dropping the hypothesis that f and g have digoint domains, update properties 8 and
9 accordingly.

2.7 Expressing properties of relations and functions

The aim of this exercise is to learn to characterize various properties of relations and
functions by higher-level functiona predicates.

The generic identity function Id, written Id [X] if the set X to which it applies must be
made explicit, is such that I1d (x) = x for any x : X.

1 Provethat areationr OX — Y isfunctiond if and only if rt:r O Id [Y].

The next question uses the notion of total relation. A relationr X — Y is said to be
total if and only if

Vx:Xedy:Y.<xy>0Or

In other words, r is total if and only if it associates at least one member of the target set
with every member of the source set. (This is compatible with the definition of *total”
when applied to functions.)

2 Provethat arélationr : X — Y istota if and only if Id [X] O r; r=L,

The next questions require that you express formally various properties of relations and
functions in the same style as in questions 1 and 2, that is to say using relational
operators such as composition (*;") and inverse, with no explicit references to members of
the source or target sets (such as x and y above).

3 Expressthat r is a surjective (or “onto”) relation, that is to say such that
Vy:Y.dx:X.<xy>0Or

4 Expressthat r is an injective relation, that is to say such that
Vxl, Xyt Xy Yy Yoo (<X, y>0r A<x, y>Ur) = (x; =X,)

5 Expressthat r is a one-to-one function (injective, surjective, total).
6 A rdaionr OX — X issad to be
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* Reflexive iff Vx: X« <x, x>0r

 Irreflexive iff Vx: Xe<x, x>0t

e Symmetric iff Vx,y: Xe(<x, y>0r) = (<y,x>0r)

o Asymmetric  iff Vx,y: X« (<x,y>0r) = (<y,x>[0r)

e Antisymmetric iff V' x,y: X« (<x,y>0Or A <y,x>0r) => (X =Y)
 Transitive iff Vx,y,z: X« (<x,y>0r A <y,z>0r) => (<x,z>0r)

Express each of these properties in the above style.
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Syntax

Syntax describes the structure of well-formed programs.

This chapter shows how to specify the syntax of a programming language, beginning
with the important distinction between *abstract” and *concrete” syntax. The rest of the
book mostly relies on abstract syntax, which gives a high-level view of program structure,
free of representation concerns.

3.1 THE NEED FOR ABSTRACT SYNTAX

3.1.1 Concrete syntax

The customary method of specifying the syntax of programming languages is known as
the Backus-Naur Form or BNF. Using BNF, you may describe the syntax of a language
by a grammar consisting of a set of productions; each production describes the form of
a certain class of language elements such as instructions, expressions, routines etc.

For example, the following production, in standard BNF notation, defines the syntax
of conditional instructions in some programming language:

<conditional> ::= if <boolean_expression> then <instruction>
else <instruction> end

This production describes how to form a conditional instruction in this language: write the
keyword if, followed by some boolean_expression, followed by the keyword then and so
on.
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Names of syntactic constructs such as <conditional>, <boolean expression> and
<instruction> are written in angle brackets. A construct appearing on the left-hand side of
at least one production in the grammar is called a non-terminal construct. (If it appears in
more than one production, they give alternative forms for constructs of the class) A
construct that does not appear on the left-hand side of any production is called a termina
construct and is assumed to be defined separately; an example may be a construct
<identifier> representing identifiers. Keywords such as then stand for themselves and are
also considered terminal constructs.

3.1.2 Limitations of BNF

BNF and its variants (in particular the diagrammatic form introduced by Niklaus Wirth
for the definition of the Pascal language) provide an elegant and universally accepted
syntax description mechanism. They are not, however, the best basis for deeper studies of
programming languages. What a BNF specification really describes is the external
appearance of programs as they are seen by programmers, not their structure. BNF
productions include irrelevant details such as keywords and other external syntactic
conventions. The above production, for example, would be invalid for a C-like syntax of
the form

if (<boolean_expression>) <instruction>;
else <instruction>;

even though the two forms of conditional instruction denote the same structure.

To describe the deep structure of programs (rather than their external form), abstract
syntax descriptions are preferable. The abstract syntax specifies the components of each
language construct, leaving out the representation details.

For example, the abstract syntax description of conditional instructions will simply
state that a conditional instruction has three components. two instructions and a boolean
expression. Other properties of conditional instructions are concrete icing on the abstract
cake — sometimes called “syntactic sugar”. They affect the way people write and read
programs but are less appropriate for formal manipulations of the programs' structure.

The use of abstract rather than concrete syntax as a basis for studies of
programming languages is representative of an important trend in software
engineering: the move towards a higher-level view of software objects,
emphasizing deep structure rather than surface properties. Concepts such as
abstract data types are another example of this trend.

The next section introduces a simple notation for describing the abstract syntax of
languages.
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3.2 ABSTRACT GRAMMARS

3.2.1 Definitions

An abstract syntax description of a language will be called an " abstract grammar” for that
language. The word *“grammar”, without qualifier, will denote the abstract grammar.

A Metanot abstract grammar consists of the following ingredients:

» A finite set of names of constructs. By convention, construct names begin with
an upper-case letter, as in Instruction or Variable.

» A finite set of productions, each associated with a construct.

Each construct describes the structure of a set of objects, called the specimens of the
construct. For example a specific Pascal conditional instruction is a specimen of construct
Conditional from the Pascal grammar. The construct is the syntactic type of its
specimens; for example, the syntactic type of a conditional instruction is Conditional.

The language defined by a grammar is the set of specimens of all the grammar’s
constructs. These will be called the “ specimens of the language”.

A production has the form
T 2 right-hand-side

where T is a construct and the possible forms of right-hand-side are given below. Such a
production is said to define T; it uses the 2 sign since it is a definition rather than the
assertion of an equality.

A construct may be defined by at most one production. (In contrast, BNF constructs
may appear as left-hand side of several productions.) If there is such a production, the
construct is non-terminal ; otherwise it is aterminal construct.

There are three kinds of production, called aggregate, choice and list, distinguished
by their right-hand sides. This means that there are four kinds of constructs. terminal,
aggregate, choice and list.

We may view a construct as a set: the set of al language objects of a certain form,
for example all Pascal conditiona instructions, all C variables etc. As a consequence,
construct names start with a capital letter. The mathematical nature of constructs will be
made more precise in 3.9.

One of the constructs is usually singled out as the top construct of the grammar.
This construct represents the objects of highest level in the language: programs in Pascal,
packages in Ada, classes in Eiffel, program units in Fortran, compilable files in C.

The following sections describe the three kinds of production.
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3.2.2 Aggregate productions

An aggregate production defines a construct whose specimens are made of a fixed number
of components. For example, you may define an abstract construct representing
conditional instructions through the following Metanot aggregate production:

Conditional 2
thenbranch: Instruction
elsebranch: Instruction
test: Boolean expression

This production defines the construct on the left-hand side, Conditional , as an aggregate
construct. Every component is preceded by a tag indicating its role in the structure. You
may use semicolons to separate successive components; as in Eiffel, the semicolon is
optional, and we will omit it when (as here) successive components appear on different
lines. The above production states that a conditional instruction has three components:
two instructions and a boolean expression, distinguished by the tags thenbranch,
elsebranch and test.

When two or more components have the same construct, you may group their
declarations for conciseness; for example, we may redefine Conditional as:

Conditional 2
thenbranch, elsebranch: Instruction
test: Boolean expression

The components order of appearance in a production is irrelevant. This is one of the
differences between abstract and concrete syntax.

The definition of a construct in terms of a single other one will be considered as a
special case of aggregate production, as in

Variable & name: |dentifier

Aggregate construct definitions closely resemble definitions of record types in
programming languages that support this notion (Algol W, Pascal, Ada, C, object-oriented
languages etc.). The idea is the same: describing composite elements in terms of their
components. This analogy is carried further in the “attribute grammar” method of
semantic description in chapter 4. (The mathematical interpretations are indeed the same;
see3.9.1and 7.2)

3.2.3 Choice productions

A choice production defines a construct through a set of alternatives. The possibilities for
instructions in a certain language might be defined by the production
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Instruction & Skip | Assignment | Compound | Conditional | Loop

listing the various kinds of instructions in that language. The production states that a
specimen of Instruction is a specimen of one of the constructs on the right-hand side.

3.2.4 List productions

You may define a construct as having specimens made of a sequence of zero, one or more
specimens of another, fixed construct. List productions serve this need; for example, to
define Pascal’s or C's compound instructions, of the form

begin instructionl; instruction,; ... instruction_ end
n
-- Pascal syntax
{ instruction, ;instruction,,; ... instruction_;}
1 2 n
-- C syntax

you may use the following production:

Compound 2 Instruction*

The asterisk is a symbol taken from language theory (“Kleene star’”) and conforms to the
convention for sequences (chapter 2). A specimen of Compound, as defined above, is a
sequence of zero, one or more instructions. The differences in concrete syntax between
Pascal and C (begin and end keywords vs. braces, semicolon as separator vs. terminator)
don't matter: viewed abstractly, the construct is the same in both languages.

For constructs whose specimens are lists of at least one element, replace the asterisk
by a plus sign, asin

Number 2 Digit
3.2.5 Predefined constructs

If grammars are to define actual languages, al their constructs must ultimately be defined
in terms of basic, well-defined sets — the termina constructs.

Four predefined terminal constructs will be used in Metanot, corresponding to
standard mathematical sets. N, the set of non-negative integers, Z, the set of al integers;
B, the set of boolean values; and S, the set of character strings.

3.2.6 A complete abstract grammar

Below is an abstract grammar for a small but representative language, with constructs
similar to those found in the common *“core” of current languages, such as Pascal, Ada, C
or Eiffel. This language will be used again in chapters 6 to 10. The computer field has a
well-established tradition of using strange acronyms, accordingly we call the language
Graal, for “Great Relief After Ada Lessons’.
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Program

Declaration list

Declaration

Type
Instruction

Assignment
Compound
Conditional

Loop
Expression
Constant
Binary
Operator
Boolean_op

Relational _op
Arithmetic_op
Boolean_constant

Integer _constant

Variable

[ > > | > | > | >

1>

> 1>

> 1> 1> 1> I I

> 1> 1>

> 1>

decpart: Declaration_list; body: Instruction
Declaration*

v: Variable; t: Type

Boolean_type | Integer_type

Sip | Assignment | Compound |
Conditional | Loop

target: Variable; source: Expression

I nstruction*

thenbranch, elsebranch: Instruction;
test: Expression

body: Instruction; test: Expression
Constant | Variable | Binary
Integer_constant | Boolean_constant
terml, term2: Expression; op: Operator
Boolean_op | Relational_op | Arithmetic_op
And | Or | Nand | Nor | Xor
Lt | Le | Eq | Ne | Ge | Gt

Plus | Minus | Times | Div

value: B

value: Z

id: S

Figure 3.1: An abstract grammar

The top construct of Graal is Program.
This grammar is defined recursively: for instance, one of the choices for Instruction

§3.2.6

is Conditional , itself an aggregate with two Instruction components. It is legitimate to
guestion whether such apparently circular definitions make any sense at al. Is it legitimate
to use the definition sign 2 here? To what extend are we entitled to define a construct
indirectly in terms of itself? We shall only be able to answer these questions in chapter 8;
until then, we must live with the uncertainty.
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3.3 THE NEED FOR STATIC SEMANTICS

The productions for Conditional and Loop in the preceding Graal grammar highlight a
common problem of language description.

In Graal as in ordinary languages, the test component of a loop or conditional must
be a boolean expression. Yet the corresponding productions declare test merely as an
Expression, and that the production for Expression covers both integer and boolean
expressions. This means that a loop with an integer test component conforms to the
grammar, even though it is clearly not acceptable.

You may correct this deficiency by modifying the grammar: simply replace
Expression by two distinct constructs, Boolean _expression and Integer _expression, to be
used respectively in the productions for conditional and loop instructions. This will make
the grammar significantly longer; much of the production for Boolean_expression will
simply repeat what is in the production for Integer_expression.

Here another solution has been retained. Being more permissive, the grammar can be
simpler. This means, however, that we need a non-syntactic mechanism to cover typing
rules and other constraints.

For the typing rule on test expressions, keeping the constraints separate is a matter of
convenience and simplicity; they could in principle be expressed as part of the grammar.
But in other cases it is simply impossible to describe the constraint through purely
gyntactic notations. An example in Graa is the obvious requirement that no variable
should be declared twice in a program, a condition that cannot be expressed in purely
syntactical formalisms such as the Metanot abstract syntax notation or BNF.

Any practical language specification will have to include constraints of this kind;
they constitute the static semantics of a language. When there is a need to distinguish,
the expression dynamic semantics will refer to semantics proper, that is to say, the
description of the effects of program execution.

Definition: Static semantics is the description of the structural
constraints that syntax descriptions cannot be adequately capture.

This definition may seem contradictory, since syntax itself was introduced as describing
the structural properties of programs. But the definition uses the word “syntax” in a
pragmatic and more restricted sense, to denote the structural properties that we may
describe through abstract productions of the form discussed in the previous section.
Ideally we would like these productions to address all structural constraints, but
unfortunately that is not possible with formalisms such as abstract syntax and BNF which
only address context-free properties.

Static semantics covers the gap between these formalisms and the structural
description needs of actual programming languages. Whenever we do not know how to
express a structural property in abstract syntax productions, we label it static semantics
and ignore it in the grammar.
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Static semantics falls halfway between syntax and dynamic semantics. One reason
for the name “static semantics’ is that in practice the techniques for specifying static
constraints resemble those used in dynamic semantics, especialy under the denotational
approach (chapters 6 to 8).

All language descriptions (except for the trivial language of the next chapter) will
contain static semantic sections. For Graal as defined by the above grammar, the static
semantic constraints on expressions and instructions are given in chapter 6.

At this point, you may want to check your understanding of the notion of abstract
syntax by trying to solve exercises 3.1 and 3.5. The last one is particularly useful because
it requires defining a metalanguage (the abstract syntax formalism) in itself.

3.4 ABSTRACT SYNTACTIC EXPRESSIONS

Given a certain abstract grammar, we need ways to describe and manipulate programs that
conform to this grammar. To this end, Metanot provides abstract syntactic expressions,
used to describe abstract programs or program elements.

The various kinds of abstract expression correspond to the classes of abstract syntax
productions seen above.

3.4.1 Expressions for specimens of aggregate constructs

Consider an aggregate production, for example the first one in the grammar of Graal:

Program 2 decpart: Declaration _list; body: Instruction

It describes a class of objects, programs, each of which has two components, a declaration
list and an instruction. Assume a declaration list dl and an instruction inst are given.
Then we may define a program p having dl and inst as its components by

p & Program (decpart: dl; body: inst)

More generally, whenever you are dealing with a construct defined by an aggregate
production, you may describe specimens of this construct through expressions involving
the construct name (here Program), followed by a parenthesized list of its components;
you must precede each component by its tag as given in the corresponding production
(here the tags are decpart and body), separating it from its tag by a colon and from the
next component by a semicolon.

As another analogy between language and metalanguage notations, this form resembles routine
cals. Rather than to the more common “positional” notation, which identifies arguments by
their positions in the list, it is similar to routine cals in “keyword” notation, where each
argument is preceded by a unique tag (keyword). Keyword notation is used in languages such
as Smalltalk; Ada also offers it along with positional notation, with a syntax similar to the
above. The next chapter takes advantage of this analogy to develop the “routine view” of
attribute grammars (4.2.2).
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Now consider a specimen of an aggregate construct, for example p of syntactic type
Program. The components of such an object, identified by their tags, are expressed in
Metanot through dot notation, again directly borrowed from programming languages (such
as Pascal, C/C++, Simula, Java, Ada or Eiffel). For example, you can access the
components of p through the notation

p .decpart
p .body

These components are of types Declaration_list and Instruction, respectively; for p, as
defined above, the corresponding objects are dl and inst.

3.4.2 Expressions for specimens of choice constructs; case expressions

Consider a choice production, for example

Instruction & Skip | Assignment | Compound | Conditional | Loop

To construct a specimen of Instruction:
» First you must have a specimen b of Skip, or of Assignment etc.
» Then you must lift b to the status of instruction.

This lifted version of b will be written Instruction (b).

Assume for example that v is a variable and e is an expression. Then the following
expression describes an instruction:

Instruction (Assignment (target: v ; source: e))

The expression in the outermost parentheses defines a specimen of Assignment (an
aggregate construct), of target variable v and source expression v. The whole expression
represents the same component, viewed as a specimen of Instruction.

This resembles a common operation of object-oriented programming: assignment involving a
change of type, constrained by inheritance. In Eiffel, assuming class CAR inherits from class
VEHICLE, then if v and ¢ are declared of the corresponding types you may write the
assignment v :=c, which lifts a CAR object to the status of VEHICLE. Many non-object-
oriented languages also offer type conversions, such as the “casts’ of C, subject to looser
congtraints. The above notation is similar to techniques used in Ada where, if N has been
declared as an integer, REAL (N) denotes its floating-point equivalent.

Now consider a specimen of a choice construct, such as i of type Instruction.
Almost all expressions defined on such an object depend on the *subtype” of the object
— that is to say, in the Instruction case, on whether it is a Skip, an Assignment and so
on.
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Metanot uses case expressions are to distinguish between subtypes. A case
expression on a Metanot variable i will have the form:

casei of
Sip: skip_exp |

Assignment : assign_exp |
Compound: comp_exp |
Conditional : cond_exp |

Loop: loop_exp
end

We may call branch expressions right-hand-side expressions (skip_exp, assign_exp €tc.).
The syntax is again designed to make the separator | optional; we will omit it when
branches appear on separate lines. The branch expressions usualy refer to i, the case
variable; for example, assign_exp may refer to i.target and i.source, the target and
source of an expression. For such notations to be meaningful, we must consider any
occurrence of i in assign_exp to be of type Assignment, not Instruction.

This is a general convention, necessary if we want to manipulate specimens of
subtypes of choice constructs. To understand it, note that in the right-hand side of a
branch (such as assign_exp) the syntactic type of the case variable is constrained by the
left-hand side (such as Assignment). Here is a more precise statement of this rule:

Branch typing rule for case expressions.

Let A be a non-terminal defined by a choice production and K be
one of the alternatives for A:

AL | KJ..
Let a denote a specimen of A. For a case expression on a, of the
form
case a of
|
K:kexp |
"

any occurrence of a in the expression k_exp denotes an object of
syntactic type K.

Some very simple right-hand side expressions k_exp may be common to more than one
branch. Then you may group branches for simplicity, asin
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case a of
... Other branches ...
K,L: Kkl_exp

... More branches ...
end

The right-hand side, here kl_exp, must be defined whenever a is of type K or L; because
of the branch typing rule, this means that kl_exp must not involve a at all.

Sometimes what we need instead of a case expression is a smple boolean expression
which has value true if and only if a specimen of a choice construct belongs to one of the
subtypes. Metanot uses the operator is for this purpose, as in

if i isLoop then ...

3.4.3 Expressions for specimens of list constructs

Consider a list production such as

Compound 2 Instruction*

The most obvious way to construct a specimen of construct Compound is to list a certain
number of objects of the base construct, here Instruction. If i, i,,... i areinstructions,
the following abstract syntactic expression defines a compound:

Compound ([i ;, i, ..., 1)

(Recall that sguare brackets serve to write sequences or lists) As with specimens of
choice constructs, the type of the resulting object (here Compound) is specified explicitly.
A list object specified in this way may be empty, as in Compound ([]).

You may apply a number of operatorsto alist c:

* c.EMPTY is a boolean value, true if and only if ¢ has no specimens.
* c.LENGTH is a non-negative integer value, the number of elementsin c.
e c (i) isthei-th element of ¢ (fori O1.. c.LENGTH).

e If ¢ and d ae lists then c+-d is their concatenation. For example
[u, v]+][v, w, u] isthelist [u, v, v, w, u]. To apply this operator to alist and a
single element x, apply it to the one-element list [X], as in [v]+[u, v, W]
(prepend) or [u, v, w]+[v] (append).
The next four primitives are only defined if c.EMPTY is false, or, equivaently
C.LENGTH > O:
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¢ .FIRST is a synonym for c¢ (1), the first element of c.

c.LAST is a synonym for ¢ (c.LENGTH), the last element of c.
C.HEAD is c deprived of its last element.

C.TAIL is c deprived of its first element.

All the above operators are applicable to any list, although we will mostly use them for
specimens of list constructs. For example if ¢ is a Compound, then ¢ .FIRST or ¢ (1) is
its first element; similarly, Compound ([u, Vv]) + Compound ([v, w, u]) is Compound
([u, v, v, w, u]).

Let f be a function with an argument c of list type. Often, in defining such a
function, we will need conditional expressions of the following form:

if c.EMPTY then

“Value of the function for empty lists”
else

“Value for non-empty lists, often expressed recursively

in terms of ¢.FIRST and the value of the function for c.TAIL”
end

This notation is similar to the conditional expressions found in such programming
languages as Lisp, Algol W, Algol 68, C — and should not be confused with conditional
instructions, for which there would be no role in Metanot. Since the expression must
aways define a value, the else part is required. (In programming languages, the else
clause of conditional instructions is usually optional.)

Conditional expressions with more than two cases avoid unnecessary nesting by
using the form (similar to a notation available in Algol 68, Ada, Eiffel) if ... then ...
elsaif ... then ... ese... end.

Section 3.9.3 will introduce a notation for defining functions on lists without explicit
use of recursion and conditional expressions.

3.4.4 Expressions of terminal type

Since terminal constructs are by definition not described in any further detail, the
construct name will stand for a specimen of the construct not specified further. For
example, a Graal Sip instruction will be written just Skip.

3.4.5 Complex syntactic expressions

To represent a syntactic structure abstractly, you may build an abstract syntax expression
built through repeated application of the above mechanisms. For complex expressions, it
is usually clearer to use auxiliary expressions.

Consider for example the following Graal program, given here in an ad hoc concrete
notation:
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program
declare
X: INTEGER,;
begin
x:=0;
X=x+1
end

Here is an abstract syntactic expression prog representing this program, defined with the
help of auxiliary expressions.

varl 2 Variable (id: 'x)

Expression (Integer_constant (value: 0))

@
©
H
>

@
©
R
>

Expression (varl)

@
.
™
>

Expression (Integer_constant (value: 1))

@
S
B
1>

Expression (Binary
(terml: exp2; term2: exp3; op: Operator (Arithmetic_op (Plus))))

decll 2 Declaration list ([Declaration (v: varl; t: Type (Integer_type))])

instl & Instruction (Assignment (target: varl; source: expl))

inst2 & Instruction (Assignment (target: varl; source: exp4))

inst3 & Instruction (Compound ([instl, inst2]))

prog & Program (decpart: decl1; body: inst3)
As evidenced by this example, the abstract syntax notation is unwieldy for complex
syntactic expressions. Fortunately, there is no need to write really large ones. abstract

syntax is a formal tool for reasoning about programs, not a notation for writing programs.
For this latter application, the obvious choice is the usual concrete syntax.

3.4.6 Abstract syntax trees

When you need a clear picture of the abstract syntax, it may be useful to draw an abstract
syntax tree. The figure below shows an example abstract syntax tree, corresponding to the
above syntactic expression; it should be self-explanatory.

An abstract syntax tree is close to the parse trees used in syntactical analysis. Our
trees are abstract, however: they do not include any purely concrete information such as
keywords.
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Because of the way abstract grammars have been defined, there are three possible
kinds of node in an abstract syntax tree:

» Terminal nodes, appearing as leaves only.

» Aggregate nodes, corresponding to aggregate productions, with a fixed number of
children.

 List nodes, corresponding to list productions, with a variable number of children.

Program .

decpart banidy

() Declaration_list ) Compound

(fmseraectian)

(frsirnciiong b
. Declaraiion . Assignment . Assigmment

¥ | Targel RONECT target SORITE
Variahle {Tvpe) Viarricalle {Expression) Variahle {Expressio)
Integer Integer Bimary
fype censtan
id ad villin ol oan termf termd
' o 0 X Plus (Expression) (Expression)
Variahle Integer
constant
Aggregate node vatluie

Terminal node

O id
\ 4

Figure 3.2: An abstract syntax tree
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There is no specia kind of node for choice productions: nodes resulting from one or more
successive choices ssimply have one or more supplementary labels, giving the names of
the corresponding choice constructs, in parentheses. For example, the nodes representing
instructions on figure 3.2 have the extra label “(Instruction)”.

The abstract syntax tree provides a convenient graphical view of program structure.
Some important program manipulation systems use abstract syntax trees as their central
data structure (see “structura editors’ in 3.7.1 below).

3.5 ADDING CONCRETE SYNTAX

A first application of the above notations is the addition of concrete syntax to the abstract
grammar of a language.

As a simple example, consider a language describing non-negative integers,
expressed in decimal notation. The following abstract grammar describes this language:

Number 2 Digit"
Digit 2 Zero | One | Two | Three | Four |
Five | Sx | Seven | Eight | Nine

Given this abstract grammar, we may describe the concrete syntax by two functions which
yield the external, concrete form of any decimal number from its abstract structure:

concrete v . Number — S

concreteDigit: Digit - S
where S is the set of character strings. (This example illustrates a naming convention
which later discussions will regularly use to deal with a set of related functions, applying

to various constructs: select a common name, such as concrete, subscripted by the
construct names, such as Number or Digit.)

Here are possible definitions for the above two functions:
concretey, ., (d: Digit) 4
case d of
Zero: "0" | One: "1" | Two: "2" | Three: "3" |
Four: "4" | Five: "5" | Sx:"6" |
Seven: "7" | Eight: "8" | Nine: "9"
end
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concrete,, . (n: Number) &
if n.EMPTY then ""  -- The empty string
else
concreteDigit (n.TAIL) // concrete,, ... (N.FIRST)

end

where //, a notation borrowed from the PL/I programming language, indicates string
concatenation (as in "FORMAL " // "SEMANTICS"). This is distinct from the +
notation for list concatenation (page 59).

The order of the two operands to the concatenation in the definition of concretey o, May
appear wrong. Think twice, however, before you decide there is an error. Then look at 3.10 at
the end of this chapter.

It is interesting to consider the role of the concrete functions in comparison with the
role of parsers. A parser for a language analyzes the concrete form of programs in that
language, and produces an equivalent but more abstract representation, such as a parse
tree. The concrete functions do exactly the reverse: generate a concrete form from an
abstract description.

Some programming tools, appropriately called unparsers, perform the task of the
concrete functions. They are an important component of structural editors, discussed later
in this chapter (3.7.1).

3.6 ADDING SEMANTICS, STATIC AND DYNAMIC

Abstract syntax may also serve as a basis for defining another important category of
functions. functions describing the static and dynamic semantics of the language. One of
the main advantages of using abstract syntax is precisely the possibility of grafting
semantics onto a syntactic stem pruned of any detail that characterizes the external form
of programs only.

As a simple example, consider again the language of decima numbers. Only one
semantic property is relevant for an element of that language: the associated numerical
value. As a consequence, we may define the dynamic semantics of the language through
a function

vaIueNumber: Number — N

which associates an integer with any specimen of the construct Number , in other words
with any non-empty sequence of decimal digits. To define value ... we need an
auxiliary function, giving the value associated with a single digit:

valu%igit: Digit — N
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Although very simple, value, . and value, gt A€ typical of the semantic functions

used in the denotational specification of more advanced languages, studied in chapters 6
to 8. The source sets of semantic functions (here Number and Digit) are constructs, also
called syntactic domains; in contrast, their target sets (here N in both cases), whose
specimens denote possible “meanings”’, are called semantic domainst.

We may define these two functions as follows:

valuey, . (d: Digit) a
case d of
Zero: 0 |One: 1 | Two: 2 | Three: 3 |Four: 4 |
Five: 5 | Sx: 6 | Seven: 7 | Eight: 8 | Nine: 9
end

valug,, . (n: Number) &
if n.EMPTY then O
else
valueDigit (n.FIRST) + 10 * value

Number

(n.TAIL)
end

(If you dtill think there is something wrong with this definition, be sure to check 3.10
below.)

Be sure to distinguish the definitions of the value functions from their concrete
counterparts seen above: the results of the concrete functions are strings (hence the quotes
around 0, 1, etc.), whereas the value functions yield numbers.

As mentioned previously, another use of abstract syntax is as a basis for the
specification of static semantics, that is to say well-formedness conditions that syntax
alone cannot capture. You will express such a condition through a validity function,
which is a predicate on a construct, such as

V :Number — B

Number *

An object that satisfies the validity function on its type is said to be valid. Here a
specimen n of Number is valid if and only if V.. (n) has value true.

1 For the time being you may understand the word “domain” as a synonym for “set”; it does not
have the more common meaning of domain of a relation of function, as introduced in 2.5.2.
Chapter 8 will explain the more precise nature of syntactic and semantic domains.
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It is an absolute rule that dynamic semantics specifications only apply to valid
specimens of a construct. (As a consequence, the static part will normally appear before
the dynamic semantics, athough in the present example the dynamic semantics was
introduced first.)

For the decimal number language, a possible constraint may be that decimal numbers
have no leading zeroes. We may express this through the following validity function (see
also 3.10 and exercise 3.4):

Viumper (MG Number) 4
case n.LAST of
Zero : false |
One, Two, Three, Four, Five, Sx, Seven, Eight, Nine : true
end

3.7 APPLICATIONS OF ABSTRACT SYNTAX

Two important applications of abstract syntax deserve a mention here: structural editors
and language design.

3.7.1 Structural editors

Structural editors are software engineering tools. A structural editor (also known as a
“syntax-directed editor” or a *language-sensitive editor”) is a system for constructing and
manipulating structured documents such as programs, program designs or formal
specifications. As opposed to traditional text editors, which treat any text as an
amorphous sequence of characters, structural editors know the structure of the documents
they manipulate; for example, a structural editor for Pascal will know about the syntax of
Pascal and will be able to maintain the syntactic validity of programs.

Structural editors relieve users of many syntax-related chores; for example, a Pascal
structural editor will be able to come up with an end for every begin entered by the user.
They facilitate automatic program manipulation and systematic transformations. They can
also be used as a sound basis for complete softwar e engineering environments.

Examples of structural editors developed in recent years appear in the bibliographical
notes. All these tools rely on language descriptions based on abstract syntax; the internal
data structure used for representing documents is, accordingly, the abstract syntax tree.

Although development of structura editors is less active than a few years ago,
mainstream text editors have integrated some of their ideas by implementing language-
awvare features such as syntax highlighting; you can aso see their influence in
sophisticated HTML generators such as Microsoft's Front Page. True structural editors
will most likely come back as powerful additions to development environments.
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3.7.2 Language and system design

As discussed in chapter 1, software designers often have to invent languages to alow
users to communicate with their systems. A typica mistake in this activity is to
concentrate too early on the concrete form of the interaction; the result is to obscure the
issues and to freeze details prematurely.

This mistake is al the more damaging that many systems actually need at least three
interfaces, offering the same functions but in a different form:

» A batch interface making the system available through packaged sequences of
commands (this is the meaning of the word *language” that for most people
comes to mind first).

* A purely interactive interface (preferably a GUI, Graphical User Interface) that
lets users give commands at a terminal (possibly using graphical techniques) and
see the results immediately.

» A routine interface that makes the system’s functions available to other programs,
usually through a routine library.

The “languages’ used by these various interfaces differ widely in their external
appearance, even though they are functionally equivalent. Abstract syntax provides a
convenient way of designing a language by concentrating first on the important aspects
(the functions) and postponing the representation details. The following section illustrates
the idea.

3.8 AN EXERCISE IN LANGUAGE DESIGN

[You may wish to skip this section on first reading, continuing with 3.9.]

An example will illustrate the use of abstract syntax for language and system design,
outlining a genera method. The example is small but representative of what goes on in
the design of a new language.

3.8.1 A mini-language for genealogy

The example is a small language for performing genealogica work — perhaps for
historical research, for demographic studies, or just to reconstruct one's lineage. The
AAAAAA (Absolutely Absurd And Almost Arbitrarily Acronym) for this language will
be Cargo (“Computer-Aided Research into Grandma's Origins’). Cargo will alow the
recording and exploitation of genealogical information relative to births, marriages, deaths,
location of a certain person at a certain date etc.

Defining Cargo as a language in the traditional sense, that is to say starting with a
BNF, would be too restrictive. All three types of interface mentioned above may be
useful:
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» A classica language interface (“‘batch”) in which users express commands and
queries through a certain concrete syntax and submit them to the system.

» A routine interface that makes the Cargo primitives available to other programs:
for example, a program that automatically analyses certain data bases or historical
records for statistical or demographic research will directly be able to execute
Cargo operations — recording a marriage, a birth etc.

* An interactive, menu-driven, graphical interface through which interactive users
send commands and queries one by one for immediate response.

Because of the considerable differences that we may expect between these interfaces, it is
preferable to concentrate at first on the abstract syntax.

3.8.2 The abstract syntax

Let us look at the language constructs in a bottom-up order, from basic constructs to more
elaborate ones.

Persons

|dentifier 2 name: S
Person & first_name, last_name: S; short_name: |dentifier

The basic entities are *“ persons’. The example assumes a simplified world in which every
person is characterized by a first name and a last name. (Of course, this is not necessarily
true in genealogical research, even in the Western world.) A short_name is associated
with every person for easy reference; for example the researcher may want to identify
Modeste Mussorgsky as just Muss for later reference. All these attributes are strings;
recall that S is the predefined construct whose specimens are character strings.

Places

Place & p: S
A place (such as atown) is simply identified by a name.

Dates

Date 2 day, month, year: N

Recall that N is the predefined construct whose specimens are non-negative integers. In a
more complete design, some of the components would be optional: we may have only
partial information (for example the year only) about a certain date. The notation for
abstract syntax may be extended to alow optional elements in aggregates. see exercise
3.6.
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Declarations
Declaration 2 Person | Place | Date

The above primitive constructs may be called *“declarations”’. The next few correspond to
“commands”’, which record some information.

Spottings
Spotting 2 who: Identifier; where: Place; when: Date

A “spotting” expresses the information that a certain person (denoted by his short name)
is known to have been at a certain place on a certain date. This might result from the
anaysis of some document such as a contract.

Marriages

Marriage 2 groom, bride: Identifier; where: Place; when: Date

Births

Birth & mother, child: Identifier: where: Place; when: Date

Again, some of the components should be optional in a redistic system since historical
records do not always identify the mother and the birth date unambiguously.

Deaths

Death & who: Identifier; where: Place; when: Date

Operations
Operation 2 Birth | Marriage | Spotting | Death

Operations are used to enter information about persons.

The last set of constructs contains queries about the information entered. What
follows is only a few examples, with no attempt at completeness.

Who is
Who is 2 first name, last_name: S; short_name: Identifier

A Who _is query returns the first and last name of the person associated with a given short
name. If there is no such person, the first name will be an empty string and the last name
will be UNKNOWN.
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Where born

Where born & where: S; short_name: Identifier

A Where_born query returns the birthplace of a person.

Further possible queries are listed below. Details of their individual syntax are left to
the reader.

Queries

Query 4Who_is | Where born | Where died | Husband | Wife |
Father | Mother | Number_of children | Children | ...

Clauses and units

Here finadly is the structure of a Cargo “unit”. A unit is a list of “clauses’, each of
which is a declaration, an operation or a query.

Clause 2 Declaration | Operation | Query
Clause list & Clause*
Unit 2 unitname: S; body: Clause list

3.8.3 Introducing explicit interfaces

Once you have defined the abstract syntax, you may move on with the language design.
The next obvious step would be to work on the semantics; this, however, would require
the techniques introduced in the next chapters. For the purpose of this example, we
content ourselves with the intuitive semantics suggested by the name of each construct,
and examine the possible interfaces.

The table below gives some static semantic constraints and three possible versions of
the concrete syntax. The first two columns repeat the above abstract syntax; this time,
however, the order is top-down, as befits a systematic summary presentation. from global
constructs to specific ones. The third column gives some informal static semantic
constraints. The last three columns explain how each construct is entered in each of the
three interfaces introduced above: programming language, routine library, interactive

usage.
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§3.8.3
Construct Abstract Static Concrete Routine Interactive
Unit unitname : S; All short cargo To open new To open new
body: names of unitname unit: unit;
Clause list personsin a begin start Push left
unit must be body (unit_name) mouse button;
different. end To close unit: select “new
close unit” on
Clauses in- menu; enter
between will unit narme;
be part of unit push left
unit_name agan. )
- To close unit:
Push left;
select
“end unit” on
menul.
Clause list Clause* clause; Include Enter
clause; successive successive
routine calls, clauses; after
one per clause. each clause,
push left.

Clause Declaration | Select type of
Operation | clause on
Query menu.

Declaration Person | Select type of
Place | declaration on
Date menu.

Person first name: S; short_name for person Enter three
last name: S; must not first_name (first_name, components
short_name : have been last_name last_name, in spaces

| dentifier previously say short_name) provided.
used in the short_name
same unit
| dentifier name: S name "nhame’ Enter name.
Place p:S p P Enter pin
space provided.
Date day : N; must be legal <day, month, date (day, Enter day,
month : N; date year> month, year) month, year
year : N (1 € month < in spaces
12, etc) provided.
Operation Birth | Select
Marriage | operation on
Spotting | menu.
Death
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Construct Abstract Static Concrete Routine I nteractive
Birth child : Identifier; born Birth (child, Enter
mother : Identifier; child mother, where, components
where : Place; of when) in spaces
when : Date; mother provided.
at
where
on
when
Marriage groom : Identifier; man married Enter
bride : Identifier; groom (groom, bride, components
where : Place; married where, when) in spaces
when : Date bride provided.
at
where
on
when
Fotting who : Identifier; spotted spotted (who, Enter
where : Place; who where, when) components
when : Date at in spaces
where provided.
on
when
Death who : ldentifier; died died (who, Enter
where : Place; who where, when) components
when : Date at in spaces
where provided.
on
when
Query Who_is | Select query
Where_born | on menu.
Where_died |
Husband |
Wife |
Father |
Mother |
Number_of _children |
Children | ...
Who is first name: S who is whois Enter
last name: S; short_name (first_name, short_name in
short_name : ldentifier last_name, space provided.
short_name)
Where born  where: S; where born whborn Enter
short_name : Identifier short_name (where, shortname in
short_name) space provided.

The concrete interface uses a programming-language-like syntax in the Pascal-Ada
tradition; for example, a Person declaration will be expressed as, say
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for Nikolai Rimsky-Korsakov say Nick

The routine interface offers access to the same primitives in the form of routines in a
library; the routine call for the same example will be

person ("Nikolai", "Rimsky-Korsakov", "Nick")

The interactive interface allows entering the same declarations, commands and queries in
a conversational manner. Assume a mouse and a keyboard; under this interface (which is
only a rough first design), a user will enter the same declaration by clicking the left
mouse button; a menu appears, listing the available types of clauses:

— Entering a clause —
CHOOSE TYPE OF CLAUSE

Declaration
Operation
Query
Close current unit uni3

— Sdect with left mouse button —

Assuming the user has chosen the first alternative (using the left mouse button), a new
menu appears.

— Entering a clause —
— Clause is a declaration —
CHOOSE TYPE OF DECLARATION

Person
Place
Date

— Select with left mouse button —
— To cancel, press right mouse button —

If the user takes the first choice again, he will now see the following entry form:
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— Entering a clause: person declaration —
ENTER PERSON DECLARATION

First name:
Last name:
To be known as;

— Type in names, then press left mouse button —

— To cancel, press right mouse button —

To achieve the same effect as above, the user will type Nikolai, Rimsky-Korsakov and
Nick in the fields provided, then press the left button of the mouse.

For some of the non-terminals defined by choice productions (Clause, Declaration,
Operation, Query) the *“concrete” and “routine” entries are blank in the above table; this
is because the choice may be determined unambiguously from the construct chosen by the
user. For example, in the Clause case, the form of the clause entered determines whether
it is a Declaration, an Operation or a Query. This is frequently the case with choice
productions.

3.8.4 Assessment

Abstract syntax only captures part of a language; the hard part, studied in the next
chapters, is semantics. But abstract syntax provides a clean basis on which to build the
rest. (The technique of abstract data types goes one step further towards abstraction, and
includes semantics; see the bibliographical notes.)

The general approach to language description outlined above does provide significant
help in clarifying the basic structure of a language. It favors consistency and regularity; it
separates external representation from deeper issues.

The example also emphasizes a principle of wide applicability: when designing a
software system of some ambition, plan two interfaces — or more.

Having more than one interface will help you understand which aspects of the
system are essential and which ones are circumstantial. Most systems will need several
interfaces anyway: how good is a system whose commands are available to interactive
users, but not to other programs, or conversely? So you might just as well plan them
together. This avoids inconsistent conventions and other frequent deficiencies. For
example, reliance on abstract syntax naturally led us to using the same order in each of
the three concrete interfaces for components in aggregate constructs (for example
first_name, last_name, short_name for the Person construct), making it easier for users to
switch between interfaces.
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3.9 MATHEMATICAL BASIS FOR ABSTRACT SYNTAX

The above presentation of abstract syntax used informal definitions to introduce concepts
such as constructs and abstract syntactic expressions, and the associated Metanot
notations. It is time to explore their mathematical meaning.

For each of the three categories of production, we must provide not only a
mathematical model for the right-hand sides of the corresponding productions, but also an
adequate interpretation of the operations defined on specimens of the corresponding
constructs.

The models will rely on elementary set theory: they interpret every construct as
defining a set, whose members are the construct’s specimens, and every operation on
specimens as an operation on the corresponding set members.

3.9.1 Aggregates

Assume that Variable and Type are previously defined constructs. Consider the following
definition of an aggregate construct:

Declaration 2 v: Variable; t: Type

Assuming we know how to interpret Variable and Type as sets, we may view this
definition as introducing a new set called Declaration. Any specimen d of Declaration has
two components: one, written d.v, belongs to Variable, and the other, written d.t, belongs
to set Type.

The first mathematical model that comes to mind for such constructs is cartesian
product: if we want to understand Declaration as a set, we might think of Variable x
Type, the set of pairs of the form [ x, y] such that x belongs to Variable and y to Type.

There is more to aggregates than cartesian product, however, since the definition of
an aggregate also introduces “tags’ to distinguish the components — v and t in the
example above. It is legitimate to consider that these tags are part of the definition. For
example, we probably want to consider that the following two definitions

Book 2 title: S; publication date: N
Person 2 name: S; age: N
define two distinct constructs even though the right-hand sides are identical as cartesian

products. To account for such differences, the mathematical model must take the tags
into account?.

2 A similar problem occurs with record types in programming languages such as Pascal: should
specimens of two different record types with the same structure be considered compatible (for
instance with respect to assignment)? For an in-depth discussion of the various kinds of type
equivalence in Pascal see [Welsh 77].
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To satisfy this requirement we may instead model each member of an aggregate
construct as a function, more precisely a finite function from tags to values. Consider for
example the following specimens of the last two types cited:

novel_1 & Book (title: "Mansfield Park"; publication_date: 1814)
author_1 & Person (person: "Jane Austen"; age: 39)

We may understand each of them as representing a finite function, as follows:

novel 1 = {[title, "Mansfield Park"], [publication_date, 1814]}
author_1 = {[name, "Jane Austen"], [age, 39|}

This means we are defining Book and Person formally as sets of finite functions:

Book 2 {title, publication date} + SO N
Person & {name, age} 4 SO N

(Recall that A + B is the set of finite functions from A to B.) Both cases assume a
constraint expressing that each function must map the first argument to a member of S
and the second to a member of N.

This model generalizes to arbitrary aggregate productions. Consider some sets V,
Vo, ..., V,, to be used as components of an aggregate type; assume that they have been
previously defined. Let V be the union of al the V. sets: V a v, ov,0..0Vv,. Le
T be the set of possible tags.

So from now one when you see an aggregate production defining X from
Vi, Vo,V with tagst,, t,, ..., t, @@l in T), written in Metanot as

X 81t:V

1 Vit

o V2; e tn: Vn

you should understand it mathematically as defining the set
X &{x:S >V | Vi:l.n.x()OV}

where S is the subset of T containing only the tags of interest:
Saft,t, ...t}

In other words, we consider that every specimen of X is a finite function that associates
with every tag t. @ member of the corresponding component set V, .

This model is preferable to the cartesian product model since any aggregate object
now includes its tags. The cartesian product model becomes a special case: if the tags
t,, t, .., t arechosen to betheintegers 1, 2, ... n, then X is a set of functions from the
interval 1.. n to V, easily shown to be in one-to-one correspondence with the cartesian
product V, x V, x ... x V .

The two kinds of abstract syntactic expression associated with aggregate productions
(3.4.1) are not hard to interpret in this model. The first described specimens of an
aggregate construct:
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X B XA vty vy, et
where each v Is a member of the corresponding set Vi.In light of the above discussion,

this defines x as being the function
x 8 {[t, v ], [t, v, ] oo [E vn]}

The other Metanot notation associated with aggregate productions is dot notation for
accessing components of aggregates. if x is a specimen of X, then its component
corresponding to the tag t (where t is a valid tag for objects of X, in other words one of
the t,) is written .t in abstract syntax notation. In our mathematical model this denotes

x (t)

that is. the result of applying function x to t — which, by assumption, belongs to the
function’s domain.

For example, the model understands novel_1.title as a Metanot notation for novel 1
(title), the application of function novel 1 to argument title, the result here being the
string "Mansfield Park".

We may characterize the aggregate mechanism as a “tagged cartesian product”. The
notation is convenient for dealing with tuples because it names individual components of
the tuples, enhancing readability. This makes it applicable beyond abstract syntax; in fact,
subsequent chapters will use the notation for dealing with various sets of tuples arising in
purely semantic specifications.

As dready mentioned, a programming language notion conceptualy similar to the
aggregate constructs of abstract syntax is the notion of record type. Existing languages
variously express access to a component of an instance of a record type as

x.t -- Pasca, Ada, PL/I, C, C++, Java, Eiffel.
xt -- Smaltalk.

t of x -- Algol 68, Cobol.

t (x) -- Algol W.

The last convention seems to treat a component tag, such as t, as a function defined on
aggregate objects such as x. This view is a natural one. But our mathematica model
suggests the opposite interpretation: it treats not the tags but the object itself, x, as a
function; the domain of this function is the set of component tags.

This discussion has assumed that we know what the component sets V, are. In many
examples, syntactic domains are defined on top of each other and, as pointed out in 3.1,
an abstract grammar for a redlistic language will involve mutual recursion, defining X in
terms of Y which itself involves X directly or indirectly. The model above does not
extend to such cases. Not until chapter 8 shall we be able to provide a reasonable
interpretation for such complex systems of aggregate definitions.



78 SYNTAX §3.9.1

3.9.2 Choice

The second type of abstract syntax productions includes productions of the form
Fruit & Apple | Orange

How can we interpret the | sign mathematically? If you are thinking O (union), you are
not far off, but not quite right either. The problem with set union here is that there is no
way to tell where a member of a union “came from” — whether a fruit is an apple or an
orange.

In practice the distinction is necessary since we must often reason by case analysis.
This was the reason for introducing case expressions (page 57), as in the following,
assuming f is of type Fruit:

calories per 100 grams (f) &

case f of
Apple : 58 |
Orange : 35
end

To support this kind of discrimination, we need a variant of the union operation such that
every member of the resulting set carries an indication of its set of origin. Such an
operation is called digoint union. In a set defined by digoint union, every member is a
pair of the form [value, tag]. The first component is the actual value from the set of
origin; the second is a tag identifying that set.

For tags, it is simplest to use integers. For example a specimen of construct Fruit
will have one of the following two forms:

* [a]]
* [02]
for a of type Apple or o of construct Orange. The first component of such a pair is

either an apple or an orange, and the second is 1 or 2 to indicate which of the two is the
case.

This technique can be used for arbitrary digoint unions. We may formally define the
digoint union

AT A, . | A

n

(A, * {1) 0 (A, x {2) 0 .. O (A, x {n})

Below is an illustration of A | B | C in this model. The result is a subset of
(ADOBUOC) x {1, 2, 3} in which the second component of each pair is 1 if the first
component isin A, 2 ifitisin B, 3ifitisin C,
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P(N) A
{3] —
{2} | e—

{1} —>

—_— —C— S ——C —  ——>
A B C

Figure 3.3: Digoint union

More generaly, aspecimenaof A, | A, |... | A isapair [ tag] in which x is
a specimen of one of the A for some i in 1..n and tag is precisely that i. This way we
can distinguish apples from oranges, and the world is a safe place again.

You may now interpret a case expression on a, of the form

case a of

A, : expression, (a) -- Defined when a is a member of A |

A, . expression, (a) -- Defined when a is a member of A, |

A, © expression (a) -- Defined when a is a member of A

end
as denoting
given
[x, tag] 2 a
then
iftag=1 then expression, (X)

elseif tag = 2 then expression,, (X)

elseif tag = n then expression_ (x)
end


meyer
Stamp
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In the expression appearing on the right-hand side of each branch, x has lost its tag:
it is no longer a member of the digoint union, as a was, but a member of A, in the first
branch, of A, in the second branch etc. This is exactly what the branch typing rule
meant (page 58): in each right-hand side expression expression,, any occurrence of the
case variable a denotes a specimen of the construct A given by the corresponding left-
hand side.

The digjointness of the “union” denoted by the | symbol is important. It ensures that
abstract grammars are never ambiguous, because abstract syntactic expressions always
explicitly state the syntactic type of every sub-expression. For example, a BNF grammar
containing the productions

Expression ::= <Variable> | Expression + Expression |
Expression » Expression

is ambiguous, as it leaves open two different ways of parsing a * b + c. But the
corresponding abstract productions

Expression 4 Variable | Addition | Multiplication

Addition A terml, term2: Expression
Multiplication 2 termil, term2: Expression

are not ambiguous; every abstract expression will carry its type, asin
e, 4 Expression
(Addition (terml: Expression (Multiplication (terml: a; term2: b)); term2: c))

e, & Expression
(Multiplication (terml: a; term2: Expression (Addition (terml: b; term2: c))))

The price to pay for the removal of ambiguity is a heavier notation, making abstract

syntax suitable for mathematical reasoning but not for writing or reading programs.

393 Lists

An abstract syntax production of the form

Compound 2 Instruction*

describes finite sequences of objects, all belonging to the same base set, Instruction in this
example.

Although sequences are well-known objects, we need a mathematical model to
associate a precise meaning with the list expressions introduced in 3.4.3.
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Definition: Let X be a set. X*, the set of finite sequences of
elements of X, is the set of finite functions from N to X whose
domains are intervals of the form 1..n for some natural number n.

In symbols:

X* 8 {s:N+4 X | 3 nON.dom s =1..n}

(1 2 5 4
W
(v o+ <)X

Figure 3.4: A list as function

6 7 . )N

So a sequence or list is defined as a partial function. The figure illustrates the sequence s
8 [a, b, b, c] asthe function defined for arguments 1, 2, 3 and 4 only, and whose value

isafor 1, bfor2and3, and c for 4. (N isthe set of positive integers.)
The definition alows n = 0: empty interval, hence empty function, that is to say

empty list. Also, it justifies the notation s (i) for the i-th element of list s, which is the
result of applying function s to the value i.

The length s.LENGTH of a list s is defined as the largest integer for which the
associated partial function is defined (n in the above definition). The other notations
introduced for lists in 3.4.3 have a straightforward definition:

* S.EMPTY istrue of list sif and only if S.LENGTH = 0.

S.FIRST, the first element of s, iss (1). This expression, like the ones that follow,
is defined if and only if S.EMPTY is fase.
S.LAST is s (S.LENGTH).
S.HEAD, or s deprived of its last element, is a restriction of s:
s.HEAD & s\1..(s.LENGTH —1)
(remembering that f \ A is the function f restricted to the set A, that is, defined
only for members of its domain that also belong to A).
Finally, we may define s.TAIL, or s deprived of its first element, as
s.TAIL 8 succ;s

where succ denotes the “successor” function on integers (succ (x) 2 x+1);
remember that the last chapter defined ";" as the composition operator (of relations
or functions). The following figure illustrates this definition: starting for example
from 3, the composition of succ and s yields s (4), indeed the third element of
S.TAIL, whose value is c.
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DN

)N

(v 2 3 4 5 6 71 .
- SSSSSSS
v WL

(a b ¢ )X

Figure 3.5: List tail as composition

One more list notation will be useful. As noted on page 60, many functions on lists are
defined recursively in terms of the first element and the tail; more precisely, such
functions are of the form
F (s Some_list_construct) A
if s.EMPTY then vaI0 else g (s.FIRST) 8 F (s.TAIL) end
where g is a function defined on list elements and "8" is a function of two arguments,
used to combine the values obtained for the first element and the rest of the list. The

definition assumes that this function is of the form infix § for some operator § to be used
in infix form, but the scheme also serves for non-infix functions.

Let n be the length of the list and let g, 8 g (s(i)) fori=1,2, ..., n. Seen
globally, the function F, when applied to alist s of n elements, yields the value

9,8(,8(..8(g, 8va)...))

and the definition normally assumes that val ; is a neutral element (a zero) for "§".
This pattern is frequent enough to warrant a special Metanot notation, avoiding
explicit recursion. You may write the right-hand side of such a definition as:
over s apply g combine op empty val ; end
where op is the function used to be applied to adjacent elements, usually of the form
infix "8". (In this case you may omit the word infix.)
For example, if s is alist of n integers, then the following expression denotes the
sum of the squares of these numbers, s(1)° + s(2)2 + ... +s(n)?
over s apply sguare combine "+" empty 0 end

where square is the square function (square(x) 2 x2).

The over... notation is reminiscent of loops in programming languages, but of course
what it defines through iteration is an expression, not an instruction.

In defining the function applied to the successive elements of the list (g above,
square in the example), it is sometimes necessary to refer to the index of the current
element; the symbol # will denote this index, beginning at 1 for the first element.
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3.10 A NOTE ON ORDER IN ABSTRACT SYNTAX

It is time now to clear a little mystery introduced earlier in this chapter. The definition of
concrete, ., ON Page 64 may seem erroneous since it expresses the concrete syntax of a
number with the abstract syntax

[d,, dy .\ d]

as being the string of digits
"dn dzdl"
with units first, then tens etc., so that concrete

NUrmber ([3, 8, 2]) is"283". The definitions
of valuel\lumber on page 65, V_ ... on page 65 and C on page 66 al appear to
suffer from the same oversight.

But this is an error only if we assume that the order of elements must be the same in
the abstract and concrete grammars. As stated at the beginning of this chapter, nothing
prevents the designer of an abstract grammar from listing the components of abstract
objects in the order of their appearance in the external representation.

So the given function definitions are not wrong; they simply mean that low-order
digits appear first in the abstract syntax given for numbers in this chapter, whereas usual
decimal notation lists them last.3

Of course, it is often a good idea to list abstract components in the same order as
their concrete counterparts. But this requirement is not absolute. In fact, it does not even
always make sense: some languages require the same abstract component to appear more
than once in the concrete form. A standard convention of Ada style provides an example:
in that language, programmers are invited to repeat the name of each routine in a
comment appearing after the routine’s end., asin

number

procedure your_proc_name (...) is
begin
... Routine body ...
end your_proc_name

In such a case, the notion of order of concrete components simply does not exist.

3 For a discussion on which digits should come first, rendered as a modern version of the Swiftian
fight between “big-endians” and “little-endians’, see Danny Cohen, “On Holy Wars and a Plea for
Peace”, IEEE Computer, 14, 10, October 1981, pp. 48-54.
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3.11 BIBLIOGRAPHICAL NOTES

There is a wealth of literature on programming language syntax, mostly concerned with
concrete syntax. Two surveys are [Backhouse 1979] and [Cleaveland 1977]. For
applications to syntax analysis, see [Aho 1986] or [Waite 1984].

The notion of abstract syntax was introduced by John McCarthy in connection with
the development of the Lisp language and its application to the theory of computation
[McCarthy 1963a, 1963b].

The VDM method for language specification [Bjorner 1982] [Jones 1986] relies
systematically on abstract syntax (with a different notation from the one used in this
book) and expresses static semantics through “ context conditions” similar to the validity
functions of this book.

As mentioned in 3.7.1, abstract syntax plays an essentia role in structura editors.
Structural editors whose authors have defined abstract syntactic formalisms include
Mentor [Donzeau-Gouge 1984] with the meta-language Metal [Kahn 1983], Gandalf
[Habermann 1982] with ALOE [Medina-Mora 1982], and ArchiText (described under the
earlier name Cépage in [Meyer 1985b, 1986a]) with LDL (Language Description
Language) [Meyer 1986h)].

An abstract syntax production gives an exhaustive set of components (aggregate
productions) or alternatives (choice productions). Any addition of components or
alternatives will affect existing productions. For a more incremental specification style —
a goa particularly relevant to language and system design (3.8) — you may move on to
an even more abstract notion, which also covers semantics. abstract data types. See
[Guttag 1977] for an introduction to abstract data types and [Meyer 1997] for their
application to software construction through object-oriented design.

EXERCISES
3.1 Abstract syntax for a subset of Pascal

Consider the following simple Pascal program (from the original Pascal report):
program insert (input, output); var ch: char; begin
while not eof do begin
write ( 7);
while not eoln do begin
read (ch); write (ch)
end;
writeln; readin

end. end
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Give an abstract grammar for a subset of Pascal which makes it possible to describe the
above program.

3.2 Abstract syntactic expressions

Write an abstract syntactic expression describing the program of exercise 3.1, using the
grammar obtained in that exercise. In order to keep the expression simple, you should
define intermediate expressions corresponding to the various components of the program.

Draw the corresponding abstract syntax tree.

3.3 Commented Pascal procedure declarations

The BNF rule below, adapted from [Jensen 1974], gives a ssimplified syntax of procedure
declarations in Pascal:

<procedure_declaration> ::=
procedure <identifier> (<formal_argument_list>);
<declaration_list> begin <compound_instruction> end
1 - Give a corresponding abstract syntax production defining the construct

Procedure_declaration. You may assume that all the necessary supporting constructs
(Identifier, Formal_argument_list etc.) have been defined separately.

2 - Express the concrete syntax of Pascal procedure declarations as a function
CONCI &€, rure declaration: JEfNed on specimens of the construct Procedure_declaration,
extending the Pascal language with an Ada-like convention requiring adding after the final
end of any procedure a comment (in braces {...}) that repeats the name of the procedure,
asin

procedure somename (... );
begin

end {somename}

You may assume that the concrete functions for the other constructs (concrete

concrete, mal_argument_list etc.) have been previously defined.

I dentifier ’
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3.4 Leading zeroes

Modify the abstract grammar for the decimal number language (page 63) so that it
precludes leading zeroes in decimal numbers (avoiding the need for the static semantic
constraint given on page 66).

3.5 Abstract and concrete syntax of abstract syntax

This chapter has introduced (3.2) the Metanot notation for describing the abstract syntax
of a language. Use this notation to specify the abstract syntax of the notation itself, using
Grammar as the top construct.

Using the techniques introduced in 3.5, define the concrete syntax of that notation.

3.6 Aggregate constructs with optional components

It is often useful to be able to reason about aggregate constructs with optional
components. For example, in most languages, the “else” part of conditional instructions
may be absent.

Extend the Metanot notation for abstract syntax introduced in this chapter so that
aggregate productions may specify optional components. Introduce associated extensions
to the notation for abstract syntactic expressions, and to the mathematical model
introduced in 3.9.1.

3.7 Not in Graal

The Graal language (3.2.6) does not include unary operators, so it has no built-in *“not”
expressions. Define a function

Not : Expression - Expression
such that Not (e) is an expression whose intuitive semantics is the negation of e; the

function should be applicable to any boolean expression. Hint: Express negation in terms
of other boolean operators and constants.

3.8 Concrete syntax of lists

Consider a construct L defined by a list production:
L & Xx*
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The aim of this exercise is to define a generic function yielding the associated concrete
syntax; such a function was given in 3.5 for the mini-language of decimal integers.

In most cases, the concrete syntax of specimens of L may be characterized by three
character strings. a header, a terminator and a separator. For example, in Pascal
compound instructions (defined abstractly by the production Compound 2 Instruction*),
the header is begin, the terminator is end, and the separator is the semicolon.

Define a function

concreteL:L x Sx Sx S 5 S

such that concrete (object L, header, terminator, separator) is the concrete form of the
abstract syntactic object object L of type L. Hint: Use the over ... notation introduced on

page 82.

3.9 Member ship test for specimens of choice constructs

Give a mathematical interpretation for the is operator (page 59).

3.10 Modeling choice productions

Devise an alternative model for constructs defined by choice productions (page 78), based
on functions. Hint: Get some inspiration from the models used for aggregate and list
constructs.

3.11 List concatenation

Within the mathematical model defining lists as partia functions (page 81), define the
concatenation of lists in the same style as the other operations. Hint: Use the iterate
function defined in exercise 2.4.

3.12 Matrices

Devise a specification of two-dimensiona integer matrices and associated operations,
based on the same approach as the specification of lists given in 3.9.3.

3.13 Infinite lists

The lists over a certain set, as discussed in chapter 2 and 3.9.3, are finite lists. Devise a
specification of infinite lists based on a similar approach. Define the major operations on
infinite lists in the context of this specification.
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Semantics;
the main approaches

This chapter introduces and contrasts the main approaches to the description of
programming language semantics.

Because our focus for the time being is on the description methods rather than the
language features they describe, the discussion uses as example an extremely small
programming language which (although it may not be the most useless ever invented)
certainly makes no claim to realism. In a limited sense, however, it is representative of
common languages. it has output, a very simple form of input, and the imperative notions
of instruction and variable. While assuredly a toy language, then, it is a toy programming
language.

The following chapters address the specification of more advanced features from
actual programming languages.

41 A TOY LANGUAGE

The example language goes by the acronym Lullaby, for Little-Used Lilliputian Language
Appropriate for Beginners and the Y oung.

Lullaby is a language for a machine that has a single word of memory, also used as
register and accumulator, a single sequential output device, and a numeric keyboard used
only when the machine is started. It only manipulates non-negative integers.

When switched on, the machine clears its output and prompts its user to type in a
value, which it copies into the register. There will be no further input.
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The instruction set has operations for doubling the value in the register, doubling it
and adding one, halving it, and outputting it.

Here is the abstract syntax of Lullaby:

Program a body: Instruction
Instruction a Double to_even | Double to _odd |
Halve | Print | Compound
Compound a I nstruction*

Figure 4.1: Abstract syntax of Lullaby

The following abstract syntactic expression, called example, describes a Lullaby
program and will serve to illustrate the various description methods studied in this
chapter.

example A
Program (body: Compound
(<Instruction (Double_to_even), Instruction (Double_to_odd),
Instruction (Print), Instruction (Double to_odd),
Instruction (Double to_odd), Instruction (Halve),

Instruction (Double_to_even), Instruction (Print)>))

A more readable form of program example, using an ad hoc concrete syntax, is:

program
compound
Double to even; Double to_odd; Print; Double to odd,;

Double to odd; Halve; Double to even; Print
end
end

The following abstract syntax tree is a representation of this program.
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Program .
O Aggregate node
() Listnode
Compound - Terminal node

vV V V ¥
dnstruction)  (nstruction)  (Mnstruction)  (Tnstruction)  (Inseruction)  (Tmstruction)  (Instewection)  (Mnstruciion)

DTE DTo Print DTo DTO Halve DTE . Print

Figure 4.2: A Lullaby abstract syntax tree

The intuitive semantics of this program is straightforward. Assuming we exercise it
with an input value of 0, example will end its execution in a state where the variable has
value 6 and the machine has written values 1 and 6, in that order, on the output medium.
In the rest of this chapter, the result of a program will be considered simply to be the
contents of the output file when the program terminates.

The rest of this chapter describes the semantics of Lullaby under five fundamental
approaches:

Attribute grammars, which extends the grammar by a set of rules for computing
properties of language constructs (4.2).

Trandational semantics, where the semantics is expressed by a trandation scheme
to a simpler language (4.3).

Operational semantics, which specifies the semantics by providing an abstract
interpreter (4.4).

Denotational semantics, with associates with every programming construct a set of
mathematical functions defining its meaning (4.5).

Axiomatic semantics, which for every programming language defines a
mathematical theory for proving properties of programs written in this language
(4.6).
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4.2 ATTRIBUTE (AFFIX) GRAMMARS

Of al the methods listed, attribute grammars, also called affix grammars, remain closest
to syntax, and for this reason deserve to be studied first.

4.2.1 Decoration

Attribute specifications describe a language by extending syntactic descriptions —
grammars — with supplementary elements covering the semantics. Although concrete
syntax may be chosen as basis for these extensions, abstract syntax is clearly more

appropriate.
The process of adding semantics to a syntactic description, abstract or concrete, is
often called decoration.

A grammar, as defined in the previous chapter, defines the syntax of a language as a
set of productions. Each production specifies one construct by describing the structure of
specimens of the construct. You may turn the grammar into a full specification of both
syntax and semantics by decorating both constructs and productions:

* To decorate a construct, you define attributes which describe the semantic
properties of specimens of this construct.

* To decorate a production, you define one or more rules expressing the relationship
between the attributes of the specimens of its left-hand side construct and the
attributes of the right-hand side's construct specimens.

There are two ways to describe the details of the attribute approach: a function-oriented
(or “procedural”) way, where the emphasis is on the rules; and an object-oriented way,
where the emphasis is on the constructs. These viewpoints are complementary rather than
contradictory and will be introduced in turn.

4.2.2 The function-oriented view

Consider the production for Program in Lullaby:

Program 2 body: Instruction

This production defines the structure of objects of syntactic type Program: any such
object has a single component of type Instruction, called its body. To add attribute
semantics to this syntactic definition, you specify how the properties — attributes — of a
specimen of Program relate to those of its body .

The only properties of a specimen of Program that matter for the semantic definition
of Lullaby are the initial input value entered by a user and the final contents of the output
file. So Program, as it appears in the left-hand side of this production, will be decorated
by two attributes:
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Program (in input: N; out file: N*)

Recall that N is the set of non-negative integers and N* the set of possibly empty
sequences of non-negative integers.

This notation for decorated left-hand sides distinguishes between in attributes, whose
values are obtained by any specimen of the construct from its environment, and out
attributes, which are returned by the specimen to its environment. Here input is in and file
is out: a program obtains its initial input from the context (user’s input); in return, it
produces its final file. The relation between these two attributes will define the semantics
of programs.

This example shows the connection between decorated syntax productions, in their
“function-oriented” interpretation, and the programming notion of routine (or
“procedure”). One way to look at the undecorated syntax production

Program 2 body: Instruction

is to view it as the definition of a routine such as they exist in programming languages.
The left-hand side is the routine heading; the right-hand side is the routine body; the
routine declaration says. “To build a specimen of construct Program, you must build its
body, a specimen of construct Instruction™”.

To capture the semantics of the language, we must extend this building process by
specifying the correspondence between the semantic properties of the two specimens. This
is done, as above, by adding “arguments’ to the *“routine” describing the construct
Program. These arguments are the attributes; adding them is the purpose of the
decoration process.

Not surprisingly, the Metanot notation resembles the conventions used in
programming languages for declaring formal arguments of routines. The in and
out qualifiers play a role similar to that of their Ada or Algol W counterparts.

These similarities justify the use of routine terminology. In particular, the names of
a construct’s attributes appear in two different roles:

* In the left-hand side of the production, we may call them formal arguments.

* Any occurrence of a construct’s attribute in the right-hand side of a production, as
part of a “call” to the construct, may be called an actual argument to the call.

The same concepts apply readily to choice, list and terminal constructs. For example, a
specimen of Instruction in Lullaby has four attributes of interest: the values of the
register and of the file before and after execution of the instruction. The “before” values
are in attributes and the “after” values are out attributes. So the left-hand side of the
production for Instruction will be:
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Instruction (in initial_register: N, initial_file: N*;
out final_register: N, final_file: N*)

The full attributed abstract grammar of Lullaby may be expressed as follows.

Program (in input: N; out file: N*) 2
body: Instruction (input, <>, , file~)

Instruction (in initial_register: N, initial_file: N*;
out final_register: N, final_file: N*) 4
Double_to_even (initial_register, final_register ) |
Double to_odd (initial_register, final_register —) |
Halve (initial_register, final_register ) |
Print (initial_register, initial_file, final_file—) |
Compound (initial_register, initial_file,
final_register —, final_file—)
Double to_even (in initial_register: N; out final_register: N) 2
action: Assign (2« initial_register, final_register —)

Double to_odd (in initial_register: N; out final_register: N) 24
action: Assign (2« initial_register + 1, final_register —)

Halve (in initial_register: N; out final_register: N) 4
action: Assign (initial_register div 2, final_register )

Print (in register: N, initial_file: N*; out final_file: N*) 2
action: Assign (initial_file+ <register>, final_file—)

Compound (in initial_register: N, initial_file: N*;
out final_register: N, final_file: N*) 4

Instruction* (initial_register, initial_file,
final_register —, final_file—)

Figure 4.3: An attribute grammar for Lullaby (function-oriented view)
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The preceding specification uses the following conventions:

» Each left-hand side is treated as a routine header, and each right-hand side as the
corresponding routine body. A construct name occurring on the right (for example
Instruction in the right-hand side for Program) is treated as a call to the
associated routine, with actual arguments as given. For clarity, a ~ sign,
suggesting assignment, follows any actual argument whose value must be
computed by the routine.

 |Instruction has an out argument (attribute), final_register, whose final value is not
needed by Program because the result of a program is given by the fina file
contents alone. The corresponding actual argument is absent from the call; hence
the two consecutive commas in the right-hand side of the production for Program.

* The basic instructions of Lullaby (Double to_even etc.) are terminal constructs in
the abstract syntax, and so had no production in the original grammar. But they
must have productions in the attribute grammar since they affect the semantics
(the attributes). The right-hand sides of these productions use a special construct
Assign (source, target). There is no production in the grammar for such special
constructs, which have a predefined semantics. For Assign, the semantics is to
assign the value of the source attribute to the target attribute. As is the rule with
aggregates, the productions using Assign identify the corresponding component
through a tag, here action.

» All values involved are non-negative integers; div denotes integer division.
» Notations (reminder): <> is the empty sequence, + is sequence concatenation.

The techniques illustrated by this example may be used to write attribute grammar
specifications for actual programming languages. The specifications will need other
purely semantic constructs, in the spirit of Assign, to describe operations on attributes.

4.2.3 The object-oriented view

The above discussion modeled constructs as routines. As it is so often the case in
software, this ‘function-oriented’ view is not sufficient and we should complement it with
an “object-oriented” (data) view, which will help us grasp the full extent of the attribute
concept.

In this approach, constructs will be viewed as abstractly defined data types, such as
they exist in modern programming languages, or, even more appropriately, as classes in
the sense that object-oriented programming has given to this term.

In an object-oriented language such as Simula, Smalltalk or Eiffel, a class describes
a number of possible run-time objects with the same structure; these objects are the
instances of the class. A class is similar to a record type of Pascal or Ada, but with one
important addition: a class specification describes not just the data fields of the class's
instances, but also all the operations, applicable to these instances. As in Eiffel, the terms
attribute and routine will refer respectively to data fields and operations. (The Smalltalk
terminology is “instance variable” and “method”.)
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For example, a system for navigation control or simulation may include a class
HIP; instances of the class are objects representing individual ships. The class
declaration will include not just data fields such as registry, name, tonnage and so on, but
also routines applicable to ships, such as sail or turn.

The object-oriented interpretation of attribute grammars natural for a programmer:
* If you visualize a program’'s syntax in terms of its abstract syntax tree, then the

decoration process amounts to adding semantic information to the nodes of this
tree; these nodes are the “ objects’ of interest.

* The “classes” of which these objects are instances are simply the grammar’s
constructs, extended with the proper attributes. (Here the use of “attribute” to
describe the data fields in object-oriented programming coincides with the meaning
of this term for attribute grammars.)

* The *“class declarations’ are the grammar’s productions.

e The “routines’ are the rules for computing the value of the attributes for each
node of the tree.

Below is the decorated version of the tree of figure 4.2, corresponding to the Lullaby
example program.

Program O

inpnt Tﬁm

Compound ()

it ¥

initial reg.
- registen

ﬁna.ﬂ'_ g inal

register register

initial
register

(Unstruction) (fmstruction)  (Instruction)  (instruction)  (Instruction)  (Instructior)  (lnstraction)  (Tnsruction)

DTE oTo Print DTO Dro Halve DTE Print

Figure 4.4. A decorated Lullaby abstract syntax tree

Semantics is represented by attribute propagation between nodes. To avoid
cluttering the figure, this information has been pictured for only one specimen of each
construct, and the branches between nodes, shown on figure 4.2, have been omitted.
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Simple arrows (- ), labeled by attribute names, show attributes being passed to objects or
returned from them; bulleted arrows (= ) show attribute computations. The source and
target of each arrow indicate which attributes are “in” and which are “out”.

The flow of attribute values shown on the figure explains the standard terminology
for the two kinds of attributes: “in” attributes are called inherited since their values are
passed to a node from its parent; “out” attributes, whose values are obtained from the
node’s children, are called synthesized attributes.1

For a Pascal or C programmer, the decorated tree nodes are just records which, on
top of the syntactic fields representing the tree structure (children, parent...), have
semantic fields representing the attributes. For example, construct Program may be
described as a Pascal record type:

type Program =
record
-- Field representing the syntax:
body: Instruction;

-- Fields representing the attributes:
input: integer ;
output: Integer list
end

where types Instruction and Integer_list must be defined separately (see *“note on the
exercises’ at the end of this chapter); the program uses output in lieu of file, a Pascal
keyword.

Beyond records, however, we should see these constructs as classes which contain
not just attributes but also routines — the rules for calculating inherited and synthesized
attributes. The notation imitates Eiffel, as illustrated by the following class definitions for
the Lullaby constructs Print and Program.

class Print syntax
attributes
register: N;
initial_file, final_file: N*;
rules
final_file := initial_file+ <register>
end -- class Print

Figure 4.5: From an attribute grammar for Lullaby (O-O view): Print

1 The notion of inherited attribute should not be confused with the notion of class inheritance, a
central idea of object-oriented programming.
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class Program syntax
body: Instruction
attributes
input: N; file: N*
rules
body.initial_register := input,
body.initial_file := <>,
file := body.final_file
end -- class Program;

Figure 4.6: From an attribute grammar for Lullaby (O-O view): Program

The definition of a construct, now caled a class and covering both syntax and
semantics, includes three parts:

» The syntax part is identica to the right-hand side of the original production
defining the construct. It is empty for terminal constructs such as Print.
» The attributes part gives extra semantic fields.

» The rules part describes the attribute computations to be performed during the life
of an object of the construct.

It is a good exercise at this point to write the whole attributed Lullaby grammar in this
new style (exercise 4.2).

4.2.4 Computing the attributes

In the attribute grammar approach, you obtain the semantics of any particular object —
specimen of a given construct — by computing the value of the object’s attributes. The
object-oriented form makes it easier to understand these attribute computations.

The attribute computations on an object may involve the attributes of the object itself
as well and attributes of its components.

 Attributes of the object itself may be called local attributes. For example, input in
class Program and final_file in class Print are local.

 Attributes of the fields are written with a dot notation and may be called remote
attributes. Examples in class Program include body.initial_register and
body.final file .

The “local” or “remote” qualification only makes sense with respect to a given class. an
attribute which is local to a class may be used as remote in other classes.
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Let us say that an attribute a used as the target of an assignment in the rules part of
aclassisalocal target if it isaloca attribute of the class, and a remote target if itisa
remote attribute. In class Program, file is a local target and body .initial_register is a
remote target.

There is a smple connection between these notions and the distinction introduced
above between inherited and synthesized (in and out) attributes:

In an attribute grammar, an attribute is inherited if it appears as
remote target in a class, and synthesized if it appears as local target
In a class.

An obvious requirement for usable attribute grammars is that any attribute (of some
construct, say T) should appear as the target of at most one assignment over the whole
grammar — either local, in the class for T, or remote, in another class. This implies in
particular that no attribute may be both inherited and synthesized.

The order in which the rules part lists the attribute computations is not meaningful.
(This is why they are separated by commas, rather than semicolons which carry a
connotation of order.) But it does not mean that these computations may be performed in
any order. If an attribute appears both as the target of one assignment and in the right-
hand side of another assignment, then the former assignment must be performed first.
Two assignments that have no such connection may be performed in an arbitrary order, or
in parallel.

So the order of the computations is governed by the attributes that they involve, not
by the order in which they are listed in the class. An active area of research in attribute
grammars is the design of algorithms to analyze attribute grammars and produce
acceptable orderings, minimizing attribute computation time.

4.2.5 Attribute grammars. summary and per spective

The attribute grammar technique is a simple and productive idea, based on an incremental
approach that uses syntax as the basis for specifying semantics. It has proved to be well
adapted to compiler design: many of the current “compiler-compiler” efforts, aimed at
producing compilers automatically from language descriptions, are based on attribute
grammars for their semantic part. So are semantic extensions to the structural editors
mentioned in the previous chapters.

The rest of this book does not discuss attribute grammars any further for two
reasons:

» The method is in a sense too “agorithmic” vis-avis the general goal of providing
mathematically unimpeachable specifications of programming languages. Even
though the concepts could be introduced in a more mathematical spirit than above,
notions that bear a strong procedural scent, such as assignment to a component of
a data structure, must play an important part.
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» Paradoxicaly, the attribute approach may also be considered as not complete
enough, since so much depends on the choice of attributes and rules. What you
get is a framework for semantic specification methods rather than a fully defined
method. The above specifications of Lullaby were representative of one particular
style, which may be called “interpreter-oriented” since they include the input and
output of a given program as part of the attributes; in this respect, they are close
to the operational specification given below in 4.4. “Compiler-oriented” attribute
grammar specifications, of the kind used in compiler-compilers, are also possible;
they rely on attributes characterizing the programs aone (excluding their data),
and so can be used for code generation.

We might almost say that any semantic specification method is a variant of the attribute
grammar as long as it defines semantics on top of the abstract syntax, since it may then
be viewed as adding semantic properties of some kind to the nodes of abstract syntax
trees. Such a broad definition would cover all the methods described in this book.

These observations on attribute grammars do not detract from the importance of the
concepts, which you may further explore through exercises 4.1 and 4.2.

4.3 TRANSLATIONAL SEMANTICS

The idea of trandationa semantics is to express the meaning of a language by a
trandation schema which, for any program in the language, yields a program in a smpler
and, it is hoped, better understood language.

The figure at the top of the adjacent page illustrates the idea. The bottom half of the
figure (“Execution”) is outside of the semantic specification proper; it shows how the
semantic function, applied to a source program, yields a target program which, if run on
input data, will yield results.

4.3.1 Trandlating Lullaby into Oulala

In the case at hand, we may choose as target language an assembly language well adapted
to the postulated machine and to Lullaby. Consider the low-level language Oulala
(*Outrageously Useless Lilliputian Assembly Language for Anaphabets’) with the
instructions shown next. Oulala is so small that we do not bother to distinguish between
its abstract and concrete grammars.
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Figure 4.7: The trandational approach

Instruction  Argument Effect

STOP no argument  Switch machine off.

READ no argument  Read non-negative integer value val
from keyboard and store it into
register.

WRITE no argument  Print out value of register.

OR val Perform boolean “or” of value val
with value of register.

HIFT val Shift binary value of register by |vall

positions (left or right shift
depending on whether val is positive
or negative); fill emptied positions
with zeroes.

101

The trandational semantics of Lullaby will consist of two functions, mapping
Lullaby instructions and programs to their Oulala equivalents:
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TProgram: Program — Sequence of Oulala instructions

T, .o Instruction — Sequence of Oulala instructions
nstruction

These functions are defined as follows;

T (p: Program) & <READ> + T

Program

(p.body) + <STOP>

Instruction

T srucion (- Instruction) &
casei of
Double to_even: <SHIFT 1> |
Double to _odd: <SHIFT 1, OR 1> |
Halve: <SHIFT —1> |
Print: <WRITE> |
Compound:
if i.EMPTY then <>

eseT (i.FIRST) + T (i.TAIL) end

Instruction Instruction

end

With this definition, the following trandation into a sequence of Oulaa instructions gives
the translational semantics of the example program:

<READ, SHIFT 1, SHIFT 1, OR 1, WRITE, SHIFT 1,
OR 1, HIFT 1, OR 1, HIFT -1, SHIFT 1, WRITE, STOP>

4.3.2 Discussion

Despite the simplicity of Lullaby, the above specification shows well enough the
advantages and limitations of the trandational method. Once popular, this method has not
been much pursued in recent years.

On the positive side, a tranglation scheme gives insight into the language, and may
help compiler writers. But the method lacks abstraction and generality. A trandlational
specification is too dependent on the choice of a particular target machine to satisfy the
other goals of formal specifications, such as language standardization or program
verification.

On closer look, even applicability to compiler writing is questionable since you may
need to rework a trandationa definition completely for a different target machine.

The method also suffers from a more fundamental limitation. It amounts to defining
a programming language in terms of another — undoubtedly simpler, but still a
programming language. This leads to the natural question, “How is the target language
itself defined?’. An acceptable answer would require a target language whose semantics is
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defined beyond doubt. This will be achieved by the denotational method (4.5): there too
we will encounter a trandation scheme, but the target of the trandation is a set of
mathematical objects, not a programming language.

As aresult of these limitations, the translational method does not appear adequate as
a general method for programming language specification. But it retains its use in two
important respects, one practical and the other more theoretical.

4.3.3 Specifying compilers

The first application uses the trandational method as a formal tool for the design of
compilers: by writing a set of trandation functions, you specify the precise
transformations that a compiler must perform.

In spite of the above reservations, this remains useful in connection with the growing
practice of writing compilers for higher-level languages that produce code in a low-level
but relatively portable programming language such as Fortran or C.

4.3.4 Two-tier specifications

The other important application of trandational semantics is to simplify language
specifications based on some other method.

Most programming languages contain conceptually redundant constructs, which can
be defined in terms of others. For example, the repeat ... until .. and for ... loops of
Pascal, C, Ada and other languages are among the notational conveniences (sometimes
called “bells and whistles”) which do not contribute any new concept, since both can be
expressed in terms of a while loop. In such a case you may divide the language into two
parts for the purpose of semantic specification: a core to be specified using an advanced
method, and extensions whose semantics will be expressed in terms of the core constructs,
using the trandational method. The resulting two-tier specifications are more easily
understood than a specification lumping all features together.

Assuming for example that we want to extend Graal (3.2.6) with a repeat ... loop,
with the abstract syntax

Repeat 2 rbody: Instruction; exit: Expression
then for any Repeat construct r you may define an equivalent Graal core construct:

Compound (<r .body,
Loop (body: r.rbody, test: Expression (Binary
(terml: r.exit,

term2: Expression (Constant (Boolean_constant (false))),
op: Operator ( Relational_op (EQ))))) >)
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This definition accounts for the two features that distinguish a Repeat instruction from a
while Loop: the Repeat always executes its body at least once, and its boolean expression
is an exit condition, not a continuation condition.

If you are given a specification of any flavor for the rest of the language, including
Compound and Loop, you may use the above trandation scheme as an excuse for not
writing a specification of the semantics of Repeat from scratch. Chapter 7 uses this
technique to extend the specification of core Graal; for example, 7.7 will “implement”
routines, in a formal sense, using a specification developed earlier for blocks (7.6)

4.4 OPERATIONAL SEMANTICS

4.4.1 Overview

If a trandational semantic definition amounts to a compiler for the language, an
operational semantic definition is like an interpreter. The idea is to express the semantics
of alanguage by giving a mechanism that makes it possible to determine the effect of any
program in the language. Such a mechanism is an “interpreting automaton”: a formal
device capable of formally executing a program.

The following figure illustrates the approach; it should be contrasted with its
trandational equivalent in figure 4.7 (page 101). The semantic description is seen here as
an abstract mechanism that yields the result of executing an arbitrary program on an
arbitrary input.

Program | Input Data l

Operational
Specification

Ctpat results

Figure 4.8: The operational approach
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What characterizes operational semantics is the use of an interpreting automaton to
define the semantics of constructs. But this defines a class of methods rather than a single
method; there is room for much variation in the choice of interpreting automaton. In
particular, some automata may be quite concrete — close to executable programming
languages — whereas others are much more mathematical.

Two such variants are sketched below.

4.4.2 Operational semantics with a concrete automaton

In the first variant, the interpreting automaton is assumed to be a computer which can
execute programs written in a simple programming notation similar to what is found in
common programming languages. This automaton is equivalent to what is often called a
“virtual machine”, that is to say the combination of an actual computer and a compiler
for a language, here Eiffel-like, running on that computer.2

The description consists of two routines, one for programs and one for instructions.
In programming terminology these are “function” routines, that is to say routines which
return a result, not to be confused with mathematical functions. (Following the Eiffel
convention, each function routine has access to a specia variable Result, local to each
call, whose final value is what the routine returns to its caller.)

The routine describing the semantics of Lullaby programs returns the final contents
of the output file:
program effect (p: Program; input: N): N* is

-- The file resulting from an execution of p
-- when a user types in the initial value inpuit.

do

Result := instruction_effect (p.body, input, <>) (2)
-- Routine instruction_effect is given below

end -- program_effect

The symmetric treatment of arguments p, representing the program, and input,
representing the input, is typical of interpretive approaches, as illustrated in figure 4.8.

Routine program effect relies on a routine instruction_effect, which returns a two-
element sequence, containing the final values of the register and the file; program effect
only uses the second element of that result. Here is instruction_effect:

2 Apart from the use of a simplified loop syntax in one of the routines, the only difference
between this notation and actual Eiffel is the use of three Metanot conventions: N rather than
Eiffel’s INTEGER; pairs of the form <a, b>; and sequences. It is in fact easy to manipulate pairs
and sequences in Eiffel through different notations, using library classes.
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instruction_effect (i: Instruction, r: N, f: N*): N x N* is

-- The register and file resulting from an execution of i
-- starting with r as initial register and f as initia file.

do
inspect
[
when Double to_even then Result ;= <2xr, f>

when Double to_odd then Result := <2xr + 1, >
when Halve then Result := <r div 2, f>
when Print then Result := <r, file + <r>>
when Compound then
Result ;= <r, f>;
for k: 1..1.LENGTH loop

Result := instruction_effect (i (k), Result (1), Result (2))
end
end;

end -- instruction_effect

Like the case instructions of Pascal and Ada, the inspect instruction describes multi-
branch choices.

The branch corresponding to the Compound case may also be written, replacing the
for loop with further recursion, as Result := compound_effect (i, r, f), with the following
routine definition:

compound_effect (c: Compound, re: N, fi: N*): N x N* is

-- The register and file resulting from an execution of ¢
-- starting with re and fi as initial register and file.

do
if c.EMPTY then
Result := <re, fi>;

ese

instruction_effect (c.FIRST, re, fi);
compound_effect (c. TAIL, Result (1), Result (2))

Result :

Resullt :
end
end -- compound_effect

You may trandate the operational definition given by the above routines into an actual
program that will compute the result of any Lullaby program (see exercise 4.4).
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4.4.3 A more abstract specification

The preceding specification is very concrete and almost directly executable. A way to
make operational specifications more abstract while keeping the same structure is to
repudiate routines, which are a programming concept, and to replace them with
mathematical objects: functions. (Here of course the word “function” is used in its
mathematical sense, not in its programming sense of routine which returns a result.)

For example we may define a mathematical function instruction_effect by removing
all explicit imperative constructs. The function will look as follows.

instruction_effect: Instruction x N x N* — N x N*

instruction_effect (i: Instruction, register: N, file: N*) &
casei of
Double to_even : <2x register, file> |

Print : <register, file + <register>> |

end

The function takes as arguments an instruction, an integer representing the initial register
value, and an integer sequence representing the initial file contents. Its result is the pair
<final register value, final file contents>. The two cases given are self-explanatory; you
may easily complete the others, which will resemble clauses of the denotational
specification given later in this chapter. (The Compound case may use an auxiliary
function compound_effect.)

The following function, readily adapted from the corresponding routine in the first
form, gives the semantics of an entire program:

program effect : Program x N — N*

program effect (p: Program, register: N) &
instruction_effect (p.body, register, output) (2)

(As before, program effect drops the register component of instruction_effect’s result by
selecting the pair’'s second element, the file)

The <register, file> pairs (members of N x N*) which appear in these definitions
describe states that may exist during the execution of a program. Operational
specifications describe the semantics of a computation as a sequence of transitions from
state to state. We will encounter the notion of state again in denotational semantics.
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4.4.4 Discussion and assessment

The operational approach presents some definite advantages. It gives a concrete, intuitive
description of the programming language being studied; it appeals to programmers
because the descriptions given are so close to real programs. Also, it is fairly easy to
devise a mechanism (interpreter) to execute such a description on example programs; this
makes operational semantics attractive as a tool for testing new languages or language
features, whose effect can be simulated through actual execution of semantic descriptions,
long before any compiler has been written.

Operational semantics may thus be viewed as the application to language design
and implementation of ideas that have attracted much attention in software
engineering: the notions of rapid prototyping and executable specifications.

Using these methods, one tries to build a working system early in the life-cycle
of a software project. This system, usualy inefficient (as is an interpreted
language implementation compared to a compiled one) is not the final product,
nor even a preliminary version of it; indeed, it is designed to be discarded later.
Being made available early and at much less expense than the final product, it
may provide the designers with insights into the problem, and help them avoid
costly mistakes in areas such as user interfaces, data structures and algorithms.

The very qualities of the operational method, however, also speak of its limitations.
Striving to be executable, operational descriptions lose one of the essential qualities of
specifications. independence from the implementation. What an operational description
specifies is one particular way to execute programs.

Even the functional form of operational description (the second given), athough
more abstract than the first, still specifies a precise sequence of states through which a
computation must go. (If the first form looks like a program in an imperative
programming language, the second is close to a Lisp implementation.)

Like its trandational counterpart, then, an operational description runs the risk of
being over-constraining, and consequently of offering little help for several of the
applications of semantics mentioned in chapter 1. program proving, understanding
languages at a high level of abstraction, compiler writing, language standardization.
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45 DENOTATIONAL SEMANTICS

45.1 Overview

The approach considered next, denotational semantics, may be viewed as a variant of
trandational semantic: using this method, we will express the semantics of a programming
language by a trandation schema that associates a meaning (denotation) with each
program in the language. Indeed, the following illustration of the method resembles the
top half of the corresponding figure for the trandational method (figure 4.7, page 101).

(=)

Meaning function

Mathematical
denotation

Figure 4.9: The denotational approach

The difference is in the result of the trandation. In trandational semantics the
meaning of a program is another program; in denotational semantics it is a mathematical
object. This avoids the circularity problem.

The denotational description of a programming language is given by a set of

meaning functions M associated with constructs of the grammar; each of these functions
is of the form

M::T — Dg

where T is a construct such as Instruction, Program etc. Such functions will
consistently have names of the form M (for “meaning”), subscripted by the name of a
construct.

Most of the M functions will turn out to be *“higher-order” functions, yielding functions
as results. To highlight the specific nature of these functions, Metanot encloses their
arguments in brackets rather than ordinary parentheses, asin M, [t].

The sets D of denotations may be different for the various constructs T they are
called semantic domains. In contrast, constructs are called syntactic domains.
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In the context of this book, syntactic and semantic domains are simply sets; the term “domain”
does not bring anything new. It has been kept for consistency with the rest of the denotational
literature. Be careful to avoid any confusion with the domain of a partial function (2.5.2).

A denotational description has aready been encountered in chapter 3: the semantics
of the “language” of decimal integers. In that case, both semantic domains were N, the
set of integers. In general, however, denotations will be objects more complex than just
integers — usually functions.

45.2 Semantic domains and state

What semantic domains are needed for Lullaby?

The input to any Lullaby program is the value initially typed by the user; so the set
of possible inputs is N, the set of non-negative integers. The result of a Lullaby program
is the content of the output file on termination, that is to say a member of the set N* of
sequences of non-negative integers. So we may view an arbitrary Lullaby program p as a
mechanism which for any member of N will compute a member of N*.

This transformation from input value to output file may be taken as the meaning, or
denotation M, ogram [p] of the program (the target of the arrow on figure 4.9).
Mathematically, such a transformation may be modeled as a function from N to N*. So

for a given p the function MProgram [p] has signature

M [p]: N — N*

Program

The meaning function M associates such a denotation (a function from N to N*)

with any program p. Mprogram itself is a functional (a higher-order function, whose result
isitself a function), with signature

M :Program — (N — N¥)

Program *

Program

Many such functionals will be encountered in chapters 6 to 9. The exercises of chapters 2
and 5 will help you become an expert juggler with functionals.

The set N — N* of input-to-output functions is the first semantic domain needed
for the denotational description of Lullaby.

_ Be_:sid% I\/I.Progr.am, we will need to define M, o i thg mean_ing fur_lction fqr
instructions. This will require that we model the effect of executing an instruction. This
effect may only be determined if we know the conditions, or state, under which the
instruction is executed.

In Lullaby, we may define the state of a computation entirely by providing two

pieces of information:
» The value of the register.
» The current contents of the output file.
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We may describe the effect of an instruction executed in such a state by giving the new
state that will result from that execution.

You may picture a state as a snapshot (a symbolic “memory dump”) taken at some
step during program execution. The notion of state (already encountered in the
operational method) plays a key role in denotational semantics. Finding the proper
mathematical model for the state and other semantic domains is an essential step in
writing a denotational description.

To specify formally the notion of state in Lullaby, we may introduce the following
semantic domain, defined as a cartesian product:

Sate & N x N*

This is the second and last semantic domain needed for Lullaby.

4.5.3 Meaning functions

Equipped with the semantic domains, including the state, we can specify the denotation of
an arbitrary instruction i: it is a function which, for any state in which the instruction is
executed, yields the state that will result from this execution. So for given i this function
is of the form

M [i]: Sate —» Sate

Instruction

This means that M itsalf is a second-order functional:

Instruction

M, gruction - INStruction — (Sate — State)

It is easy to express the value of M . .. by case analysis. For any i, M, . . [i] is
a function from Sate to Jate, so its value M, . ... [i] (0) must be defined for any
state 0. From the way states have been defined, 0 may be expressed as a pair
<register, file>, where register is an integer and file is a sequence of integers.

ingruction L1 INstruction] (<register, file>: State) 4
casei of
Double to_even : <2« register, file> |
Double to_odd : <2x register + 1, file> |
Halve : <register div 2, file> |
Print : <register, file + <register>> |
Compound : M (<register, file>)

Compound [I ]
end

where the auxiliary function
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M : Compound — (State — State)

Compound
is defined as:

MCompound [c: Compound] (<register, file>: Sate) A
if c.empty then

<register, file>
-- Execution of an empty compound |leaves the state unchanged

else

d MCompOUnd [i- TAIL] (Mlnstruction [i.FIRST] (<register, file>))
en

The else branch defines the effect of executing a non-empty compound c, starting in state
o B <regiser, file>, as the effect of executing the tail of ¢ (that is to say ¢ deprived of
its first instruction) starting in the state

o & Mlnstruction [c.FIRST] (0)

which results from the execution of the first instruction of c, starting in state .

If ¢ is a non-empty compound, then c¢.FIRST is an instruction but c.TAIL is a

(possibly empty) compound; this is why the specification uses a separate function

Cormpound for the Compound branch. An aternative, avoiding explicit recursion, is to
use the the over ... apply ... notation (3.9.3).

The Compound branch defines function M, . .. [i], when i is a compound
instruction, as the composition of two other functions: M, . . [i.FIRST] and
MCOmpoun 4 [l -TAIL]. That functional composition is an appropriate model for the notion
of instruction sequencing, in other words a mathematical equivalent of the semicolon as

used in Algol-like languages, is an important property to remember.
With this definition of the M, __ ..., function, expressing the meaning function
Program for programs is easy: the meaning of a program is the function that associates
with any input value input the result of executing the program body starting in a state

where the register has value input and the output file is empty. So:
M [p: Program] (input: N) 2

Program
given
<register, file> &4 M

then

[p-body] (<input, <>>)

Instruction

file
end

This completes the denotational specification of Lullaby.
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4.5.4 Discussion: denotational versus operational definitions

You will certainly have noted the similarity between the definitions of M, ... and
Mprogram, on the one hand, and those of the functions instruction effect and
program effect in the more abstract form of operational specification — the functional

form given on page 107.

The relation is more than a similarity: if we make the notion of state explicit in the
operational functions, the denotational functions become, quite precisely, their curried
counterparts. Recall (2.8.2) that the curried version of a two-argument function, obtained
by specidization on the first argument, is a one-argument function that produces a
function as result.

Since currying is a one-to-one correspondence, the difference between denotational
and (functional) operational specifications may seem rather feeble.

In Lullaby and in many other cases the distinction is indeed subtle. An operational
specification treats program elements (objects such as programs, instructions etc.) on a par
with the data (the input and the state). In contrast, the meaning functions of denotational
semantics have program elements as their sole arguments, independently of any data;
handling the data is not their business, but that of the functions which they yield as output
when applied to individual program elements (for example M, . [i] for agiveni).

This distinction is the mathematical equivalent of the difference between compilers
and interpreters (see exercise 2.5). More profoundly, the denotational method’s exclusive
focus on the programs, to the exclusion of the state and other data elements, enables it to
reach a level of abstraction which cannot be obtained in the operational approach,
however abstract you choose your interpreting automata. This means in particular that the
state will be less visible in denotational specifications, and will often be a more abstract
state, further removed conceptually from the concrete states of the computation on an
actual computer.

More generaly, denotational specifications provide an elegant mechanism to define
the semantics of programs in terms of classical mathematical notions such as functions.
By using standard mathematics as its reference base, the method avoids the circularity
problems encountered previously. It achieves this elegance through abstractness,
especially for non-trivial languages which will require high-order functionals in their
specifications.

Denotational semantics will be studied in more detail in chapters 6 to 8.
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4.6 AXIOMATIC SEMANTICS

The axiomatic method views the definition of programming languages from yet another
perspective: a language's semantics as a theory of the programs written in that language.

Paradoxically, this approach may be viewed as both more abstract (still) and more
practical than the denotational method. It is more abstract since it does not try to ascertain
what a program “means”’, but only what may be proved about it. But this also makes it
more practical from a software engineering viewpoint, since for actual software
construction we are usually less interested in having a formal model of our programs than
in learning important facts about these programs, such as whether they will terminate
properly and what kind of values they will compute.

4.6.1 Overview

The axiomatic specification of a programming language will be a mathematical theory for
that language, that is to say a system in which you can express interesting statements
about programs written in this language, and prove or disprove such statements.

Recall that this book uses the word “statement” in its usual English sense of a property being
expressed (stated), not in the common programming sense of command, covered by the word
instruction.

The statements of interest are formal expressions called formulae. A formula may
be true or false; a true formula is called a theorem. The aim of a theory is to define
which formulae are theorems.

A mathematical theory is made up of three kinds of component:

» Syntactic rules which determine what the well-formed formulae, expressing the
statements of interest (true or false), are.

» Axioms:. basic theorems, which are accepted without proof.

» Inference rules. mechanisms for deducing new theorems from previousy
established ones.

These components will make it possible to prove that certain formulae are theorems. A
proof consists of zero or more applications of the inference rules, starting from the
axioms.

The formulae of interest in axiomatic semantics are relative to programs and the
effect they have on the objects they manipulate. More precisely, the well-formed formulae
will be pre-post formulae3 of the form

{P} a{Q}

3 Chapter 9 will also introduce another kind, “wp-formulag”.
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where a is an instruction of the language and P and Q are assertions, that is to say
properties of the program objects, which may be true or fase. For Lullaby, assertions
will serve to express such properties as “the register has a value greater than 5” or “the
file contains three elements”.

The meaning of a pre-post formula {P} a {Q} is the following:4

If ais executed in a state in which assertion P is satisfied, then it
will result in a state in which assertion Q is satisfied.

P is called the precondition in such arule; Q is the postcondition (hence the name
“pre-post formula’).

Both the axioms and inference rules, collectively called rules, will deal with pre-post
formulae; to give an axiomatic semantic specification of a programming language, you
need to associate at least one rule with every construct of the language.

4.6.2 An axiomatic specification of Lullaby

The following is such an axiomatic theory for Lullaby. In this language, the only
assertions of interest are relative to the values of the single register and of the output file.
They may be expressed as predicates (boolean total functions) of two arguments, called
register and file. Here is an example of such an assertion:

register # 7 A file.LENGTH <10 A file.LAST = register + 3

It is not hard to see how axioms may be associated with the simple instructions of the
language. Consider the Double to_even instruction. Let P (register, file) be an assertion
and assume it holds before a certain execution of this instruction. Then after the
execution, the new state of the computation may be characterized by the following
assertion (where even (X) is true if and only if x is an even integer):

even (register) A P (register div 2, file)

In other words, the new value of the register is even, and its old value, which was half
the current one, satisfied P together with the contents of the file (which have not
changed).

Y ou should be careful here to avoid a trivial but classical mistake: using 2 * register instead of

register div 2 in the postcondition. If P was true of the value of the register before execution

of the instruction, say x, then the new valueisy 2 2% x, so P holds for y div 2.

4 The reader who has encountered pre-post rules before will note that there is no termination
problem in Lullaby. See 9.7.7 for a general treatment of termination in axiomatic semantics.
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These observations yield the axiom for the Double to_even instruction and, in
similar fashion, for Double to odd and Halve. For ease of reference, each axiom will
receive a name, of the form A etc.

A

Double to_even

{P (register, file)} Double to_even {even (register) A P (register div 2, file)}

Double to_even

A Double to_odd

{P (register, file)} Double to odd {odd (register) A P ((register — 1) div 2, file)}

AHalve

{P (register, file)} Halve {P (2xregister, file) Vv P (2% register + 1, file)}

These axioms apply to an arbitrary assertion P involving the register and the file;
odd (x) is true if an only iff x is odd. Note the last axiom: since it is not known whether
the previous value of register was odd or even, all that can be said is that file (which has
not changed) satisfies P with either twice the new value or twice the new value plus one.

Next comes the axiom for the Print instruction:

APrint

{P (register, file)}
Print
{P (register, file. HEAD) A file.LENGTH >0 A file.LAST = register}

The postcondition expresses that the register has been appended to the output file
and everything else is unchanged; so whatever was true of register and file is now true of
register and the head of file, that is to say file deprived of its last element.

There remains to give a rule for the Compound instruction. Here, however, an axiom
will not suffice: even in the simple case of a compound instruction ¢ consisting of just
two instructions, ¢ (1) and ¢ (2), no general rule of the form

{P} c{Q}

may be given without some assumptions on the nature of ¢ (1) and ¢ (2). What is needed
here is an inference rule making it possible to deduce properties of ¢ from properties of
c (1) and c (2.

The inference rule, written in the general case in which ¢ may consist of an arbitrary
number of instructions, is as follows (for arbitrary predicates P, Q and R involving
register and/or file):
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Compound

{P} c1{Q}, {Q} c2{R}
{P} cl+c2 {R}

The meaning of such an inference rule is that if the formulae above the horizontal line,
called the premises of the rule, are theorems, then the formula below the line, called the
conclusion of the rule, may be inferred as a new theorem. To apply the rule, you must
be able to deduce every premise from the axioms by zero or more applications of
inference rules.

Two more rules are needed to make ICompoun 4 usable in practice: one for the empty
compound, and one for compounds containing just one instruction. An axiom and an
inference rule will do the job. (See also exercise 4.6.)

An empty compound maintains the truth of any assertion that held before its

execution, hence the axiom:

AOConpound

{P (register, file)} Compound (<>) {P (register, file)}

A compound with just one instruction has the same effect as that instruction, hence the
inference rule:

11

Compound
{P} 1 {Q}
{P} Compound (<i>) {Q}

Finally, we need a rule for the top construct of the language, Program. The only
preconditions that may affect a program are of the form P (input), where input refers to
the integer initially typed by the user. The effect of a program is that of its body,
executed with the register initialized to the value of this initial input and the file initialy
empty. Hence the inference rule for programs:

! Program

{P (register) A file.LENGTH = 0O} pr.body {Q (file)}
{P (input)} pr {Q (file)}

If pr is a program, pr .body is an instruction; so the premise must be proved using the
rules which apply to instructions. In accordance with the convention that the result of a
program is entirely characterized by the final state of the file, the postcondition Q only
involves the output, not the register. If pr.body has a postcondition involving register,
then any reference to register must be dropped to obtain a viable postcondition for pr
(see exercise 4.8).
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Getting a workable Lullaby semantics requires one more inference rule. The rules
above are in a sense too strong in that they cannot be used to prove an obviously correct
theorem such as

F
{register = 3} Double to _even {register > 2}
since axiom Ay ., e to_even will only yield “stronger” theorems such as
F1
{register = 3} Double to_even {even (register) A register div 2 = 3}
or
F2

{register > 1} Double to_even {even (register) A register div 2 > 1}

both of which are direct applications of the axiom. Being able to prove F1 and F2 but
not the (intuitively weaker) theorem F is an anomaly. To remedy it, a general inference
rule, caled the rule of consequence, is needed. This rule, which is not specific to
Lullaby, may be written (for any instruction a):

CONS

{P} a{Q}, P = P,Q = Q
{P}a{Q}

Recadl that RL => R2 (R1 implies R2) means that R2 is true whenever R1 is true.
For the above example, the following are trivial theorems of ordinary mathematics:

(even (register) A register div2>1) => register > 2
register = 3 => register > 1

so that theorem F may be deduced from either F1 or F2 using the rule of consequence.

4.6.3 A complete proof

This completes the axiomatic semantics specification of Lullaby. As an example of how
proofs may be performed using such a specification, consider the program example
introduced on page 90. Let us prove that this program, if started with input value O, yields
a file containing the values 1 and 6. The theorem to prove may be expressed as a pre-post
formula:

{input = 0} example {file.LENGTH = 2 A file(1) = 1 A file (2) = 6}

The program was as follows:
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example 2
Program (body: Compound
(<Instruction (Double_to_even), Instruction (Double to_odd),
Instruction (Print), Instruction (Double_to_odd),
Instruction (Double_to_odd), Instruction (Halve),
Instruction (Double_to_even), Instruction (Print)>)

The proof is a sequence of lines, each of which states that a certain pre-post formula is a
theorem. Like a conscientious BASIC programmer of twenty years ago, we number lines
consecutively. Each has five fields:

* A line number.

« A prepost formula stated to be a theorem, with its three components —
precondition, construct, postcondition — each on a separate field.

» A justification of the theorem, showing it as either the direct application of an
axiom or a consequence of previous theorems by one or more inference rules.

A justification consists of one or more “arguments’. An argument may be the name of an
axiom, the name of an inference rule, a previous line number (referring to the theorem on
that line), or EM (“Elementary Mathematics’) for theorems that follow directly from
simple mathematics. Examples of theorems that will be deemed to follow from EM
without further ado are, for an integer register,

(odd (register) A (register — 1) div2=0) => register = 1

and for a finite sequence file:

(file.LENGTH > 0 A file.HEAD = <> A file.LAST = x) => file = <x>

The names of the axioms or inference rules used on each line, such as APrim, serve a
reminder of what the corresponding instruction is. To keep the proof reasonably compact,
a few abbreviations are in order:

* EVEN means even (register ) and ODD means odd (register ).

* R meansregister, F means file.

* FL means file.LENGTH .

* FH means file .HEAD, FLA means file .LAST.

* EB means example .body, the body of program example.

» / means div, integer division.

e Finaly, EB (i .. j) denotes the compound instruction consisting of the i -th to j -th
Instructions of program example:

EB (i..j) & Compound (<EB (i), EB (i+1), ... EB (j)>)
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The complete proof runs on the adjacent page. It hardly reads like a thriller, but is worth
studying.

Lines 1 and 2 refer to the first instruction of the program, EB (1), a Double to_even.
Line 1 is a direct application of the corresponding axiom. Since the aim is to prove a
property of the program example relative to the precondition input = 0, the precondition
needed for the body EB is register = 0 A file.LENGTH = 0; this is readily seen by
looking at the inference rule for programs, 1, ., which will eventually crown the proof
(line 23). In line 2, the postcondition of line 1 is restated more simply by using the
obvious mathematical simplifications; this is permitted by the rule of consequence CONS,
and by EM, which makes it possibleto infer R =0fromR /2 =0.

Lines 3 and 4 similarly express a property of the second instruction, EB (2). Line 3
is the direct application of the axiom and line 4 is the simplification.

Lines 5 to 8 combine the first two results (lines 2 and 4) to give a property of the
compound <EB (1), EB (2)>. First rule 11, mpound makes it possible to deduce
properties of one-instruction compounds (<EB (1)> and <EB (2)> respectively) from
those of the corresponding single instructions; this is not very interesting but technically
necessary because of the way the rules deal with compounds. This allows line 7 to obtain
the combined property for EB (1..2) by applying the really significant compound rule,
Icompound. Line 8 uses the EM theorem that file.LENGTH = O is the same as file = <>
to rewrite the postcondition in a form more convenient for the next step.

Lines 9 and 10 apply to the third instruction, a Print. Again, line 9 is a direct
application of the axiom and line 10 has a simpler postcondition obtained from the
theorem that if file.HEAD is empty and file .LAST is 1, then file must be the one-
element file <1>.

Line 11 applies to the fourth instruction, a Double to odd. Starting here, the proof
is written in a more condensed form, merging severa rules to do in one step what was
previously written as two separate lines (as 1 and 2, 3 and 4).

Line 12 combines the effect of the third and fourth instructions. Line 13 uses 8 and
12 to yield the combined effect of the first four instructions.

Line 14 applies the Double to_odd axiom to the fifth instruction, and line 15 the
Halve axiom to the sixth instruction. In the latter case, the postcondition given may be
obtained from the one in the axiom through the rule of consequence applied to the
following theorem from EM:

(2*R=7 V 2*R+1=7) = R=3

Line 16 combines the results for the fifth and sixth instructions, showing that they cancel
each other’s effect. Line 17 applies to the seventh, a Double to_even, and line 18 to the
eighth and last, a Print instruction. The latter results from the EM theorem

file.LAST = 6 A file.HEAD = <1> => file = <1, 6>

The effect of the whole compound is obtained by merging the last two instructions (line
19), the last four (line 20), and the whole lot (21).
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Line Precondition Construct Postcondition Justification
1 {R=0 A FL=0} EB (1) {EVEN A R2=0
A FL = 0} ADouble_to_e'ven
2 {R=0 A FL=0} EB (1) {R=0 A FL=0} 1, CONS, EM
3 {R=0 A FL=0} EB (2) {ODD A (R1)/2=0
A FL = 0} ADoubIe_to_odd
4 {R=0 A FL =0} EB (2) {R=1 A FL=0} 3, CONS, EM
5 {R=0 A FL=0} <EB (1)> {R=0 A FL=0} 2, I1Compound
6 {R=0 A FL=0} <EB (2)> {R=1 A FL=0} 4, I1Compound
7 {R=0 A FL=0} EB (1..2) {R=1 A FL=0} 5, 6, ICompound
8 {R=0 A FL=0} EB (1..2) {R=1 A F=<>} 7, EM, CONS
9 {R=1 A F=<5} EB (3) {R=1 AN FH=<>
AN FL>0
AN FLA= R} Apint
10 {R=1 A F=<53} EB (3) {R=1 A F=<15} 9, EM, CONS
11 {R=1 A F=<15} EB (4) {R=3 A F=<15} Abouble to_odd» EM, CONS
12 {R=1AF=<> EB@.49 {R=3nrF=<1} 10, 11, ! compound » ! Lcompound
13 {R=0AFL=0 EB(1.4 {R=3nF=<1>} 8, 12, | compound
14 {R=3 A F=<15} EB (5) {R=7 A F=<15} Abouble to_odd» EM, CONS
15 {R=7 A F=<15} EB (6) {R=3 A F=<15} Ajaver EM, CONS
16 {R=3 A F=<15} EB (5..6) {R=3 A F=<15} 14, 15, | compound + ! Lcompound
17 {R=3 A F=<13} EB (7) {R=6 A F=<1>} Aboubie to evens EM, CONS
18 {R=6 A F=<15} EB (8) {R=6 A F=<1, 65} Apin» EM, CONS
19 {R=3 A F=<15} EB (7..8) {R=6 A F=<1, 65} 17, 18, 1 compound + ! Lcompound
20 {R=3 A F=<15} EB (5..8) {R=6 A F=<1, 65} 16, 19, | compound
21 {R=0 A FL=0} EB (1..8) {R=6 A F=<1, 65} 13, 20, | compound
22 {R=0 A FL=0} EB {F =<1, 6>} 21, CONS
23 {input = 0} example {F =<1, 6>} 22, lprogram

Figure 4.10: A proof in axiomatic semantics

It remains to trandate this property of the compound instruction example .body (or

EB) into a property of the whole program example. To this effect, line 23 uses the rule
of consequence to drop the unnecessary mention of the register in the postcondition found

for EB; one application of |

Program

and we are through.
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4.6.4 Discussion

The axiomatic method provides a firm basis on which to establish not only semantic
definitions of programming languages but also such important applications as program
proofs and systematic program construction, as will be seen in chapter 9.

Chapter 10 will show that an axiomatic theory may be deduced from a denotational
model of the same language, making the denotational method appear theoretically more
fundamental .

The Lullaby example and the proof carried out in the previous section may give the
impression that proofs, although tedious, are conceptually easy: many steps and minute
details are involved, but each step is a straightforward application of the axioms and
inference rules. Indeed, it would seem that the proofs could be handled by a not
unreasonably complicated program.

This impression is not confirmed by the practice of axiomatic semantics. The
tediousness is there, although some of it may be removed by judicious use of software
tools; but proofs are not as easy as the Lullaby example would tend to suggest.

In Lullaby, the axioms and inference rules make it possible to ‘“‘compute”
postconditions directly from preconditions (or the opposite, which is the object of exercise
4.7). Once the precondition to a program is known, no invention is needed to obtain the
postcondition by working step by step through the instructions of the program, as in the
above proof. (The backwards process also works without particular difficulty.) But with
more realistic programming languages, in particular if they involve loop instructions, this
will not be possible any more. Some of the intermediate assertions will have to be
provided by the person doing the proof; unlike with Lullaby, no simple agorithm may
generate these intermediate assertions.

So with real languages, human invention is still required in the proof of a program
— @as in the proof of a mathematical theorem. Given the theoretical power of
programming languages, this should not be a surprise. More on this and related issues in
chapter 9.

4.7 BIBLIOGRAPHICAL NOTES

The denotational and axiomatic methods are studied in detail in the next chapters; here
references will only be given on the other methods seen in this chapter.

Attribute grammars were introduced by [Knuth 1968] and have been extensively
studied in connection with compiling techniques. From the considerable literature on the
application of attribute grammars to compiling, chapter 8 of [Waite 1984] may be singled
out. Attribute grammars have also been applied to the inclusion of semantic facilities into
structure editors (3.7.1): see in particular [Reps 1984]. A closely related notion is affix
grammars, introduced by [Koster 1971]; affix grammars have proved to be an effective
basis not only for compiler writing but also for software development in the CDL 2
language and environment [Bayer 1981].
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There are no recent publications on trandational semantics, some early papers
referring to this method may be found in [Steel 1966].

A variant of the trandational approach not studied in this book is “two-level” or
“van Wijngaarden” grammars, also known as W-grammars. This method, introduced in
[van Wijngaarden 1966] and applied to the definition of Algol 68 in [van Wijngaarden
1975], uses a two-level BNF-like formalism to catch semantic information. An
introduction may be found in [Pagan 1981]; see also [Marcotty 1976].

Operational methods recelved much attention as a result of the work of the IBM
Vienna laboratory in the nineteen-sixties and seventies. The approach developed by this
group, known as VDL (Vienna Definition Language), was applied to the formal definition
of PL/l. A survey of VDL may be found in [Wegner 1972]; several books have been
published on this approach, in particular [Ollongren 1974] and [Lee 1972]. (The VDM
method, athough it evolved originally from VDL, is denotational, not operational;
references to it are given in chapter 6.)

EXERCISES

Note on the exercises

Exercises 4.1 to 4.5 require that you write a program to compute the semantics of
Lullaby programs according to one of the methods of this chapter.

To write these programs, you may use the language of your choice; since symbolic
manipulation is involved, reasonable choices include Lisp, Pascal and derivatives, Eiffel,
Smalltalk, Prolog. To experiment with your solutions, you may use the Lullaby example

program (page 90).
The program will have to operate on data structures representing Lullaby abstract
syntax trees. The following type definitions (given here in Pascal) should help®.

type

Instruction_kind = (double_to_even, double_to_odd, halve, print, compound);

Instruction _list = 1 Instruction_list_element;

5 The définitions are expressed in “quasi-Pascal”; many actual Pascal systems will not accept the
underscore _ in identifiers, and will reject Program as a procedure identifier.
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Instruction _list_element =
record
current: Instruction;
rest: Instruction_list
end;

Instruction =
record
case ik: Instruction_kind of
double _to_even, double to_odd, halve, print: ();
compound: (elements: Instruction_list)
end

Program =
record
body: Instruction
end,

Integer_list = 1 Integer_list_element

Integer_list_element =
record
current: integer ;
rest: Integer list
end

4.1 An attribute-based interpreter (programming exercise)

Rewrite the attribute grammar specification for Lullaby, function-oriented version (figure
4.3, page 94), as an interpreter for the Lullaby language, built as a set of routines
following closely the structure of the attribute grammar. The topmost routine (Program)
will accept two arguments, an input value (of type integer and mode in) and an output
file (of type Integer_list and mode out).
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4.2 A Lullaby decorator-interpreter (programming exercise)

1 - Write a complete attribute grammar for Lullaby using the object-oriented notation
(pages 97-98).

2 - Based on this grammar, write a “decorator-interpreter” for Lullaby, that is to say a
program that will operate on a Lullaby syntax tree and add complete semantic information
to the nodes. The design of the decorator-interpreter involves two aspects:

» Defining data structures to represent attributed syntax tree elements; they should
be based on the above type definitions (or their equivalent in a language other than
Pascal), extended to account for the attributes.

» Writing a set of routines that will decorate a tree, based on the input value
transmitted by the environment. If you are programming in a classical language,
these routines will be independent from the data structure definitions, and will
have to be called from outside; if you have access to an object-oriented language
such as Eiffel or Smalltalk, the routines will be attached to the data structures and
executed automatically as a result of object creation and evolution.

4.3 A Lullaby compiler (programming exercise)

Write a Lullaby to Oulala compiler based on the transformational specification of 4.3
(pages 100-104). Write an Oulala interpreter and combine the two programs to obtain a
system for executing Lullaby programs.

4.4 A Lullaby interpreter (programming exercise)

Write a Lullaby interpreter based on the operational specification of 4.4 (pages 104-108).

4.5 A denotation compiler (programming exer cise)

Write a Lullaby *denotation compiler” based on the denotational specification of 4.5
(pages 109-113). This program should accept as input a Lullaby abstract syntax tree, and
produce as output either a diagnostic if the program is not well-formed (based on the C
functions) or a denotation corresponding to the program (based on the M functions).

As seen in 4.5, the denotations of programs and instructions are functions, so the question
arises of how to represent the denotation compiler’s output in the normal case. One way
to represent a function f: X - Y is to tabulate it, in other words implement it as
array [X] of Y (Pasca notation). Of course, this is only possible if X has a finite (and
reasonably small) number of specimens and if the specimens of Y are representable. So
for the purpose of this exercise the range of initial input values permissible for Lullaby
programs is restricted to the interval 0..9, and the number of Print instructions that a
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Lullaby program may contain to 20. This way, the denotation of a Lullaby Program,
defined mathematically (page 110) as a function in N — N*, may be represented as an
array of 10 integers, and an output file may be represented as an array and an index. (You
should determine an adequate implementation for the specimens of construct Sate and for
the M, o qion fUnction.)

These representations having been established, your program should “compile” Lullaby
programs, given as abstract syntax trees and containing no more than 20 Print
instructions, into arrays of the above form. To experiment with your denotation compiler,
write a “denotation interpreter” that will execute the resulting data structure on any input
value between 0 and 9 — thus completing your *“Denotational Language System”.

Be careful to avoid the typical pitfal of writing an interpreter (in other words, an answer
to the previous exercise) rather than a denotation compiler. The output of the compiler
must not be the output of a Lullaby program; instead, it must be an abstract
representation of the program’s semantics, which the denotation interpreter may then
apply to an input value, only then producing Lullaby program outpui.

4.6 Other rules for compounds

The aim of this exercise is to obtain a different set of axioms and inference rules for the
Lullaby Compound instruction. The rules given in 4.6.2 (pages 116-117) include an
axiom for the empty compound (AOCon‘poun 4), an inference rule for one-instruction
compounds (I1Compoun 4), and a general inference rule (ICompoun 4)

1 Let ¢ be a non-empty compound instruction. Devise an inference rule, called

I’ Compound” that allows proving properties of ¢ from properties of ¢ .FIRST and c.TAIL.

2 Prove the following pre-post theorem using only AOCompoun 4 and l'cOmpoun g for
compound instructions:

{input = 1} short_example {file (2) # 4}
where short_example is the program

short_example 2
Program (body: Compound
(<Instruction (Double_to_odd), Instruction (Print),
Instruction (Print), Instruction (Print)>)
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4.7 Going the other way

The axioms for the basic instructions of Lullaby (Double to _even, Double to odd, Halve,
Print) work from precondition to postcondition: they apply to the case where a
precondition P (register, file) is known, and yield the corresponding postcondition for
each kind of instruction.

Devise a set of aternative axioms that will work in the opposite way: in other words,
assuming the postcondition Q (register, file) is known, each axiom should yield a
precondition deduced from Q.

4.8 Dropping the register

It was mentioned on page 117 that to prove a property of a program pr, of the form
{P (input)} pr {Q (file)}

one must prove the corresponding property of the program body, namely:
{P (register) A file = <>} pr.body {Q (file)}

However, the body of a program is an instruction and al the properties of instructions are
of the form

{P’ (register, file) inst {Q’ (register, file)}

so that you must drop any reference to file from the postcondition Q' of pr .body to
obtain the postcondition Q on pr. Give a general method for “dropping” the register
from postconditions. (Hint: Use the rule of consequence and a quantifier.)
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| ambda calculus

Functions play a central part in the mathematical modeling of computing processes, and
especially in the semantic specification of programming language constructs. Although
built from simple parts, some of the functions used may be quite complex.

To define and manipulate such functions, we need clear notations and a sound
theory.

5.1 FUNCTIONS AS FIRST-CLASS CITIZENS

How can we define a function?

One method, introduced in chapter 2, is definition by extension, which expresses a
function as an explicit set of pairs, asin

f, A [<a, 1>, <b, 2>, <c, 3>, <d, 45}

This works for ssmple finite functions.

In less trivial cases, however, we may need to define a function more abstractly, by
giving its properties rather than listing its member pairs exhaustively. The same need
arose for sets, for which definition by comprehension is available to specify a set through
a characteristic property of its members.

Functions may also be defined by comprehension through a powerful notation known
as lambda notation, which is the object of this chapter. The underlying theory (which
will only be sketched) is known as lambda calculus.
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The main advantage of lambda notation is that it treats functions as mathematical
objects in their own right, obviating the need to refer constantly to their arguments. For
example you can manipulate an object such as sgrt, the sguare root function, without
having to name the numbers of which the square root is being taken. This will be of
particular interest for the meaning functions of denotational semantics, such as M
which usually are higher-order functionals.

The phrase often used to describe this approach is that it treats functions as fir st-
class citizens, meaning that they acquire al the rights and privileges of mathematical
objects, such as the right to be used as operands in expressions. An example of an
expression having functions as operands is f ; g (composition), where f and g are
functions. This is different from an expression that simply involves functions (applied to
arguments), such as f (1) + g (2). In the latter example, the operator acts on function
values, not on the functions themselves.

Instruction’

A closely related issue in programming language design is whether to treat
routines and “functions” (in the programming language sense) as first-class
citizens. The Ada answer is no: routines cannot be passed as arguments to
routines, so they do not enjoy the status of ordinary objects. PL/l answers yes (as
it does to most questions) by going so far as to allow assignment to routine
variables. In functional languages such as Miranda, FFP and to some extent Lisp,
functions are actualy “upper-class’ citizens enjoying the most favorable
treatment. The solutions adopted by most current languages lie somewhere in-
between these extremes.

5.2 DEFINITION AND EXAMPLES

The genera form of alambda expression is:
Aid,, id,, ...id_ - expr

where the id are identifiers and expr is some expression which may involve these
identifiers. The external form of a lambda expression resembles that of a quantified
expression in predicate caculus, the A playing a role syntactically similar to that of a
quantifier suchas V or
In contrast to an ordinary expression, say a + b, whose possible values are members of
some basic mathematical set (integers, booleans, reals and the like), the value of a lambda
expression is a function.

This function has n arguments, where n is the number of identifiers between A and
the dot. The value it yields when applied to arguments a,, a,, ... a_ is given by expr,
with a, substituted for all occurrences of x,, a, substituted for all occurrences of x,, etc.
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In this chapter lambda expressions denote total functions. Chapter 8 will show how
to generalize them for specifying arbitrary functions (8.7).

Here are a few function definitions in this notation, expr being taken from various
application domains:

plus A Nab.-a+b

square A\ x-x?

successor 8 An-n+1

predecessor 2 An.n-1

even 4 X n. divides (2, n)

max A AXxy. ifx=ythen xelseyend
Id 8 Ax.x - Theidentity function

The identifiers between A and the dot are dummy variables, playing the same role as
guantified variables in mathematics, as in

Vid,id,..id_- P

or, in programming languages, as the formal arguments appearing in the header of a
routine declaration. The choice of nhames is not meaningful: max, as defined above, is the
same function as

Ap qg-if p=qthen pelseqend

It is often useful to spell out the sets to which the function arguments must belong, as in
the following more precise definition of successor on the natural numbers:

successor 2 An:N.n+1

Then you may group arguments belonging to the same set, asin

plus 2 Aa, b:N. a+b

This version of the notation is called typed lambda notation; section 5.10 will present
the underlying theory.

A function such as Id may be applied to arguments of any set and is said to be
generic. Generic features play an important role in some modern programming languages,
such as Ada and Eiffel; they are also used in formal specification languages such as Z or
Clear. This book makes very little use of genericity, relying only on a small number of
generic functions such as Id.

What do we gain from lambda notation? So far, not very much. You may have
noticed that the examples seen so far may be defined without lambda notation; for
example, you can fully specify the function max by the following property:
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Vx,y:N.max (x,y) = if x=ythen x elsey end

There is an important difference, however, between stating this property and writing the
above definition of max using a lambda expression:

e By writing the “V ...” property, you do not introduce max as an independent
object, but merely assert a certain requirement on the value of max when applied
to arbitrary arguments x and .

* In contrast, the definition of max by a lambda expression introduces a functional
object, to which functiona operations such as function composition may be

applied.
In other words, the “V ...” property expresses a certain statement about the function,
whereas the lambda expression defines the function entirely.

One benefit of such a definition is that it makes it possible to express properties of
the function without reference to members of the base sets on which the function
operates. A property involving integers, such as

V x:N. (x+1)-1=x
may be restated in terms of functions only as

successor ; predecessor = Id

5.3 HIGHER-ORDER FUNCTIONS
The major benefit comes with higher-order functions. Lambda notation proves
particularly powerful here because in the general form

Aid,,id,, ...id - expr

the expression expr may be itself a lambda expression, and the arguments for which
id,, id,,, ... id_ stand may be functions. As a simple example, consider the composition
of one-argument functions on integers such as successor and predecessor . For any two
such functions f and g, settingh 2 f ; g, the following holds:

V x:N. h(X) =g (f(X)
Another form of this property is:
Vfg:(N—> N+« h=Ax:N-.g (f (X))

but going up one more level you can define the composition of integer functions, infix
",", as afunction in its own right, of signature
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infix ";": (N - N)x (N - N)) - (N - N)

and value
infix";" & Af,g:(N - N)«Ax:N-g(f(X)

This expresses that function ";", when applied to two integer functions f and g, yields a
new function (previously called h but now anonymous) which, when applied to an integer
X, yields g (f (x)). Through this definition (which may be made generic by taking an
arbitrary set instead of N) composition becomes itself an object worth talking about, and
the game could go on.

These facilities are important for denotational semantics and are used extensively in
the next chapter.

As a simple example of the application of lambda notation to express higher-order
functions, consider the notion of characteristic function introduced in 2.7.6. Formally, the
connection between subsets of X and predicates on X, for an arbitrary set X, is given by
the function

characterigtic: P (X) - (X — B)
such that

characteristic 2 s+« Ax « x [Is

Function characteristic is one-to-one; the inverse function may be written
associated subset 2 Ap: (X - B)- {x: X | p (X)}

Note that lambda notation is realy what lies behind the Metanot conventions for defining
functions, as introduced in 2.6.5. From now on the notation

f(xX) 2 expression
will be taken as a synonym for

f 4 AX. expression

54 A FORMAL DEFINITION OF LAMBDA NOTATION

[This section and the remainder of chapter 5 may be skipped on first reading].

The above presentation of lambda notation has been mostly intuitive. Lambda notation is
actually part of a forma theory — lambda calculus —, with well-defined syntax and
semantics. Although an in-depth presentation of this theory falls beyond the scope of this
discussion, familiarity with its basic concepts is useful for understanding some key
programming language issues.
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A more formal definition of lambda notation follows. For the rest of this chapter,
“expression” is a shorthand for “lambda expression”. An expression has one of the
following three forms:

1 « Anidentifier, or atom.

2 * AX-e,wherex isan identifier and e alambda expression; this form is called an
abstraction.

3 < f (e), wheref and e are lambda expressions; this form is called an application.

The informal meaning of expressions in each case is the following.

1 « Atoms represent constants or functions; in fact it is convenient to consider all
objects of lambda calculus as functions, by treating constants as functions that
yield a constant result. In practical uses of lambda calculus, certain atoms would
be set aside with a predefined meaning: for example, if we are dealing with
integers, we might consider atoms such as one, two, three, ..., successor, plus
and less than as predefined. However for the time being we do not need any
predefined atoms.

2 + An abstraction represents a one-argument function: informally, A x « e is the
function which, when applied to an argument a, yields e with a substituted for x.
(A more precise definition of substitution is given below.) The name comes from
the observation that A X « e represents e “abstracted” from the particular choice
of identifier x, called the dummy identifier of the abstraction.

3 « An expression of the form f (e) represents the result of applying the function
denoted by f to the value denoted by e, which must be a suitable argument for f.

All this assumes that every non-atomic function has one argument. Such a convention
simplifies the discussion. It does not limit the scope of the theory: through currying
(2.8.2), you can associate a unique one-argument function (yielding a one-argument
function as a result) with any two-argument function, and this is easily generalized to
functions of more than two arguments. For example, two steps of currying will transform
the function

AX,Y,Z+X+y +2Z
into
AXeAy «AZ X +Yy +2Z

In practice, it may be convenient to deal directly with functions with more than one
argument; such a generalization is the object of exercise 5.2.

The above definition of lambda expressions (which is easy to trandate into BNF)
defines a concrete grammar for the language of lambda expressions. You may have noted
that this grammar is ambiguous: the expression

AX Ay «f(Q)

admits three possible interpretations, shown here by putting sub-expressions in braces:
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1o« Axe {Ay- {f (9)}}
2« Axe {{Ay-f} (9)}
3 « {Ax-Ay-f}(9)

The ambiguity could be removed by complicating the grammar (to account for precedence
rules) or the language (by requiring compulsory parenthesization). It is preferable to leave
the grammar as it is and add to Metanot the convention that function application has the
highest precedence, so that by default the interpretation of the above expression is number
1. Braces will be used (rather than parentheses, reserved for function application) to
override this precedence when needed.

An abstract syntax may be defined for lambda expressions (avoiding any problem of
syntactic ambiguity):

Lambda 2  Identifier | Abstraction | Application
Abstraction a dummy: Identifier; body: Lambda
Application 2  operation, argument: Lambda

Figure 5.1: Abstract syntax of lambda notation

5.5 FREE AND BOUND OCCURRENCES

An important notion arises in the description of lambda expressions, and has close
correspondents on the programming language side: the notion of freedom and bondage.

5.5.1 De€finitions

Informally, an occurrence of an identifier id in an expression is bound if it is within the
scope of an abstraction whose dummy identifier isid, and free otherwise. For example, in

Ay X (e y (O

the occurrence of x marked with an asterisk is free and the occurrence marked with a
plus is bound. As this example shows, an identifier may have both free and bound
occurrences in the same lambda expression.

The following predicate definitions, based on the above abstract syntax, express these
notions formally.
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occurs, occurs _bound, occurs free: Identifier x Lambda — B

occurs (x: Identifier, | : Lambda) 2

case | of
Identifier : x=1 |

Abstraction : occurs (x, | .body) |
Application : occurs (x, | .operation) V occurs (X, | .argument)
end

occurs _bound (x: Identifier, | : Lambda) 2
case | of
|dentifier : false |
Abstraction :
(x =1 .dummy A occurs_free (x, | .body))
V occurs_bound (x, | .body) |
Application :

occurs_bound (x, | .operation) V
occurs_bound (x, |.argument)

end

occurs_free (x: Identifier, | : Lambda) 2

case | of
|dentifier : x=1 |

Abstraction : x # |.dummy A occurs_free (x, |.body) |
Application :

occurs _free (x, | .operation) Vv

occurs_free (x, |.argument)
end

The following property holds for any identifier x and lambda expression | :
occurs (x, 1) = occurs_free (x, |) V occurs bound (x, I)

Here “occurrence” means actual usage, not just textual presence as dummy identifier in
an abstraction. For example x occurs (bound) in Ax « Xx (y), but not in
AXey.
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5.5.2 Freedom, bondage and programming languages

To a programmer, the notions of free and bound occurrence are not difficult to
understand, as they have a direct equivalent in block-structured languages such as Algol
60 and Pascal.

Call “entity” any program element such as a variable, constant, attribute, routine etc.
Call “scope” a unit in which declarations may be entered. A routine is a scope; in a
block-structured language where blocks may have local declarations, such as Algol 60 or
Algol 68, ablock is aso a scope; in Eiffel a class (which may have its own attributes and
routines) is a scope. If scopes may be nested hierarchically, as with Pascal routines or
Algol blocks, identifiers defined in an outer scope may be redeclared with a different
meaning in an inner scope. Here a declaration plays the role of a lambda binding.

An occurrence of an identifier in a certain scope is bound if the identifier denotes a
local entity and free if it denotes a global entity, to be provided by any outer scope in
which the scope is embedded. In a valid complete program, all identifier occurrences must
be bound.

5.6 CHANGE OF DUMMY IDENTIFIER

Informally, the meaning that should be attached to an abstraction of the form

AX-.e

is “the function that for any argument a yields e applied to a rather than x™.

Clearly this function exists independently of the choice of the dummy identifier x,
although it seems hard to express it without any such choice. (A companion theory of
lambda calculus, called combinatory logic, does permit the definition of functions
without explicit reference to any dummy arguments, but fals beyond the scope of this
discussion.) It is necessary, however, to know when x may be replaced by another
identifier without changing the mathematical object defined by the abstraction. Such an
operation is called a—conversion, or change of dummy identifier, and needs to be defined
formally.

When changing the dummy identifier x of an abstraction, you must perform the
same substitution, throughout the body e of the abstraction. For example replacing the
dummy identifier x by y in the expression

original 2 Ax -« Az . a (X (2)
will yield

new, 2 Ay-Az-a(y(2)
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You must be careful, however, when performing the substitutions in the body. Assume
for example that the chosen replacement for the dummy identifier, instead of y, was a.
Then you would obtain:

new, & Aa-Az-a(a(2)

This is obviously not a lambda expression equivalent to original . The problem is that the
identifier a occurred free in original, but its first occurrence in new, is now bound: a
has been accidentally confused with the newly chosen dummy identifier. This is incorrect:
we must exclude any change of dummy identifier for which the new dummy candidate
occurs free in the body of the abstraction.

A similar problem occurs when the candidate replacement occurs bound in the body
of the original. Assume for example that you attempt to choose z as the replacement for
x in original . Then you would get

new, 8 Az.-Az-a(z(2)

The innermost application sub-expression z (z) now denotes the application of a function
to itself, whereas the corresponding sub-expression of original involved two functions x
and z, which in the general case may be different. Again this change of dummy identifier
is invalid; we must exclude any change of dummy identifier for which the new dummy
candidate occurs bound in the body of the abstraction.

With these observations in mind, we may give a forma definition of change of

bound identifier. Because of the limitations just seen, the corresponding function
change_dummy, defined with respect to the above abstract syntax, is partia:

change_dummy: Abstraction x Identifier - Abstraction

dom change dummy 2 {<I, x>: Abstraction x Identifier | = occurs (x, )}

change dummy (I : Abstraction, x: Identifier) &
Abstraction (dummy: X ; body: substitute free (I .body, x, | .dummy))

In this definition, substitute free (expr, repl, id), read “expr with repl for id”, denotes
expression expr with every free occurrence of identifier id replaced by expression repl .
A precise definition of substitute free is given below.

To understand the definition of change dummy, remember that x “occurs’ in | if it
occurs either free or bound in | . These cases correspond to the two counter-examples seen
above.

The second condition may be relaxed a little: bound occurrences of the replacing identifier are
al right if there is no free occurrence of the origina dummy identifier (x in the example)
within the scope of their binding. A correspondingly more libera rule is the object of exercise
5.3.
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In practice, you may need to change the dummy identifier of a sub-expression |
appearing in a larger expression; in such a case, you will need to avoid clashes with
names of identifiers bound in the context of |. To adapt the definition of change dummy
accordingly, we may add an argument f representing a set of forbidden identifiers (those
which are expected to be bound in |’s context); the expression giving the value of
function change_dummy does not change, but there is a further restriction on the domain:

change dummy: Abstraction x Identifier x P (Identifier) -» Abstraction
dom change dummy 24
{<I, x, forbidden>: Abstraction x Identifier x P (ldentifier) |
- occurs (X, |) A x [0 forbidden}

This version of change_dummy is the one used in the rest of this chapter.

5.7 SUBSTITUTION

To complete the definition of change dummy, there remains to express the function
substitute free. More generally, the notion of substituting an expression for an identifier
in an expression plays an important part in manipulations of lambda expressions.

The general idea should be intuitively clear: for example, defining

B Az-z(y)
replacement 2 A x - x (a)

>

SOUI’Ce1

then the substitution of replacement for y in source, is

substituted, & Az -z (Ax - x (a))

To provide a valid definition of substitution, however, we must be careful to avoid
unwanted name clashes, which may result from two different causes.

The first rule is to substitute only for free occurrences of y. In substituting
replacement for y in

source, & y (u Ay - u(y))

we clearly want to replace the first instance of y but not the next two, in which y simply
represents a dummy identifier. The confusion with the outermost y, which is free, would
change the (informal) semantics of the expression.

The problem results from the “pun” on y in source,, which may be seen as the result of poor
taste or bad luck in choosing identifiers. A similar situation arises in block-structured
languages: the same name may be used for a global entity and an entity of an inner scope.
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The second risk of confusion results from a free occurrence of an identifier in the
replacement expression becoming incorrectly bound in the substituted expression, because
the identifier has the same name as an identifier bound in the original. For example in
substituting replacement for y in

source, & Aa-a(y)
mere textual substitution would yield
substituted, & Aa - a (Ax - x (a))

where the innermost occurrence of a, which was free in replacement, is now bound.
What is wrong here is that this occurrence became bound by mere chance; if a different
name, such as b, is used for the dummy identifier in source,, not affecting the intuitive
meaning of source,, the resulting substituted expression

substituted’ ; & Ab b (Ax - x (a))

is clearly not equivalent to substituted ,.

To avoid this second risk, you may have to perform changes of dummy identifiers.
Identifiers have not yet been precisely specified; all that is required is that the set of
possible identifiers be infinite. This will be satisfied if valid identifiers are taken to be all
finite strings constructed from a fixed alphabet (for example letters and digits). Then since
the set of identifiers occurring in any lambda expression is finite, it is always possible to
find a “fresh” identifier not occurring in a given lambda expression and use it as new
dummy identifier. This makes it possible to postulate a function

sfresh: P (Identifier) - Identifier
dom sfresh 2 {id_set: P (Identifier) | finiteid_set}

such that, for any finite set id_set of identifiers, sfresh (id_set) 1 id_set.
Rather than using sfresh directly, the definition of substitution will rely on a total
function of two lambda expression arguments:

fresh: Lambda x Lambda — Identifier

such that fresh (e, f) is an identifier occurring (as defined by function occurs) neither in
e nor inf. The formal definition of fresh in terms of sfresh isimmediate.

Using these conventions, we may now define function substitute free, which yields
the result of systematic replacement of all free occurrences of an identifier. The definition
is shown on the adjacent page.

Care has been taken to perform a change of bound identifiers (through fresh) only
when strictly needed, which requires both of the following conditions:

» The identifier to be substituted for, id, appears free in the body of the original
lambda expression source.

* The dummy identifier of that expression appears free in the replacement repl .
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substitute free: Lambda x Lambda x Identifier — Lambda

substitute_free (source, repl : Lambda, id: Identifier) 2
case source of

Identifier : if source = id then repl else Lambda(source) end |
Abstraction :
if source.dummy = id then Lambda (source)

-- Here any occurrence of id in source is bound
-- and so should not be replaced

else
given
clean source A
-- Remove any potential name clash
if
occurs free (id, source .body) A
occurs_free (source.dummy, repl)
then
-- Choose new dummy identifier
change_dummy (source, fresh (repl, source.body))
else
-- No problem
source
end
then
Lambda (Abstraction (
dummy : clean_source.dummy;
body : substitute free (clean_source.body, repl, id)))
end
end |
Application :

Lambda (Application (
operation: substitute free (source.operation, repl, id),
argument : substitute free (source.argument, repl, id)))
end

Figure 5.2: Substituting an expression for the free occurrences of an identifier

This is the case exemplified above with source,. The solution in such a case is to
perform the substitution not on the original expression source but on a new version
clean _source obtained from source by using a fresh dummy identifier, which averts

potential clashes.
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To make sure you understand the mechanics of substitution, you are invited to apply
the function definition by computing substitute_free (replacement, source,, y).

The definitions of change dummy and substitute free are mutually recursive.
Although recursive definitions have not been studied formally yet (see chapter 8), these
definitions seem intuitively safe since (as you should check for all cases above) every
recursive application uses as actual argument a sub-expression of the corresponding actual
argument; this means that the size of the argument decreases at each step, and hence that
the process is grounded.

5.8 CONTRACTION

The operation of a-conversion replaces a lambda expression by a mathematically
equivaent one, but does not simplify or complicate it. The other fundamental operation
on lambda expressions is meant to simplify expressions through function application. It is
called contraction (or [3-conversion).

Contraction corresponds to the informal semantics of abstraction and application, as
given above: when A x - e is applied to any argument b, the result is e with b
substituted for free occurrences of x. This removes one abstraction (one A) from the
expression.

The basic contraction operation, called contractl, acts on applications, more
precisely, this operation can produce a new lambda expression, with one abstraction
removed, from aredex. A redex, for “reducible expression”, is an expression of the form

{Ax - e} (b)
which contractl will reduce to substitute free (e, b, X). The function may be defined as:
contractl: Application — Lambda

contractl (a: Application) &
given
f 4 a.operation
then
case f of

|dentifier, Application : Lambda (a) |
-- Nothing interesting can be done in these cases

Abstraction :
-- Thisis the redex case
substitute free (f.body, a.argument, f.dummy)
end
end
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For example contraction may be applied to reduce

{A x « x (three)} (successor)

to

successor (three)

This definition of contraction may seem to provide enough basis for defining the formal
semantics of lambda calculus. Since every contraction removes one A, it appears that if
you repeatedly apply this operation all unnecessary As will eventually disappear and you
will get a normal form. Here a A is said to be “unnecessary” if it is the A of a redex,
and an expression is said to be in normal form if it contains no redexes.

An expression in norma form has a straightforward mathematical interpretation as a
function; so if every lambda expression may be reduced, through a finite sequence of
contractions, to an expression in normal form, this expression seems to be a good enough
candidate to describe the meaning (denotation, as defined in chapter 4) of the origind
expression. In the example above, successor (three) is the normal form.

A function that appears to do the job of reducing a lambda expression to its normal
form may be written as follows:

contract: Lambda — Lambda

contract (I: Lambda) 2
case | of
|dentifier : Lambda (I ) | -- Leave it asit idl

Abstraction :
Lambda (Abstraction
(dummy: | .dummy, body: contract (I .body))) |

Application :
contractl (Application (operation: contract (I .operation);
argument : contract (I .argument))

end

The figure on the next page shows an example sequence of contractions, leading to a
normal form. At each step, the redex chosen for contraction is underlined. One of the
steps, marked = * * , is actually not a contraction but an a—conversion; as you are invited
to check, a change of dummy identifier is required there to avoid a name clash.

In this example there is only one redex at each step. If there were more than one, the
question would naturally arise of which one to contract first and, even more importantly,
of whether this decison may affect the final result. The answer to the latter question is
unfortunately yes; however this question is beyond the scope of the present discussion.
The problem will not arise in the examples studied.
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{{Ausdve  Aw-w@Ax-x) V) }YNAz-Ay-z(y))

{ _Au-Av-vAx-xU) )} GAz:-Ay-z())

Av-vAx-xy)} (Az-Ay-z(y))

{Az-Ay-z ()} Ax-x(y)

Az-Ay -z )} Ax-x(y)) * %k *

Ay e _{Axex R} ) )

Ay -y (y)

Figure 5.3: Contraction to normal form

5.9 DIVERGENCE AND SELF-APPLICATION

The idea of defining the semantics of lambda calculus by reducing first every expression
to normal form (for which a simple mathematical denotation exists) by a sequence of
contractions is attractive but, unfortunately, does not work as simply as suggested by the
preceding example.

The problem is that, since every contraction step (contractl) removes a A, we have
deduced a bit hastily that it decreases the overall number of As. We have neglected the
possibility for a contraction step actually to add one A, or even more, while it removes
another.

This unpleasant possibility may indeed arise, as shown by the following example of
application expression, which will be called SELFSELF:

{Ax e (X (A - {x (x)})

SELFSELF is a dlightly pathological case of self-application. Call SELF the function to
be applied: A x « {x (x)}. SELF takes an argument x and applies it to itself. This
argument must be a function, which is no surprise since the ability to describe functions
that take functions as arguments is one of the prime goals of lambda notation. SELFSELF
may seem to be overdoing it a little, since it is itself the application of function SELF to
argument SELF; yet nothing in the definition of lambda expressions excludes such
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expressions, which are readily expressed in the abstract syntax introduced at the beginning
of this chapter.

If you try to contract SELFSELF, you will replace every occurrence of x in the body
of SELF by the argument SELF. However as this body is x (x) you will get as a result
SELF (SELF) which is nothing else than the original expresson SELFSELF. Seen from
an operational viewpoint, the “computation” of the recursively defined function contract
would never terminate.

With SELFSELF, al contractions yield back the original expression, keeping the
number of As constant. In other cases, an (ill-named) contraction may actually increase
this number, making the expression grow indefinitely. (You are invited to devise an
example.)

What went wrong? The problem is recursion. In al previous cases, recursion was
grounded: every time a function was applied recursively, the actual argument was a sub-
expression of the original argument; so, intuitively at least, the recursive definitions made
sense. But for contract this is not the case: for an Application expression e the definition
recursively applies contract, and hence contractl, to an expression which is not
necessarily “smaller” than e. Hence the potential undefinedness.

This is but one instance of a more general issue — how to interpret and handle
recursive definitions — which will be discussed in chapter 8. We may address the
immediate problem by associating types with the objects of lambda calculus.

5.10 TYPED LAMBDA CALCULUS

In practice, even if higher-order functions are used, the aberrant behavior of lambda
expressions such as SELFSELF should not occur in common uses of lambda notation.

This is because the set of expressions defined by the grammar of lambda calculus
(5.4) is broader than what we need in practice. Some lambda expressions definable in this
formalism may not enjoy an interpretation as functions on some well-defined
mathematical sets — even though defining functions is the very purpose of lambda
notation. SELFSELF provided an example: what concretely useful function could this
expression represent?

We may therefore seek to restrict the class of acceptable lambda expressions.

One way to do this is to associate type information with lambda expressions. The
resulting variant of the theory — typed lambda calculus — will include rules for
determining the type of a lambda expression, and type constraints which a valid
expression must meet. As a result of these constraints, the set of valid typed lambda
expressions is a proper subset of the class of untyped lambda expressions. The following
discussion introduces the rules and constraints.

The path followed here is similar to the introduction of static semantic constraints in the
formal specification of programming languages (see 3.3 and 6.2). In both cases we start from a
grammar defining a set of potential construct specimens, and impose additional requirements
(called “validity functions” in denotational semantics) for the specimens to be valid.
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5.10.1 A type hierarchy

First we need an appropriate notion of type. The type system of lambda calculus will be
defined by structural induction. A type is of either of two forms:

* A basic type, taken from a number of predefined types such as N, B etc.

« A function type, written (a — [3), where a and 3 are types. This describes the
type whose instances are functions taking arguments of type a and yielding results
of type B.
We may drop redundant parentheses with the convention that the arrow associates to the
right, that is to say

a—-pB-y

means
a—->@B-y

It is easy to introduce an abstract grammar defining a construct Ltype representing this
structure; this would remove any potential ambiguity and the need for a convention on
parentheses. The language of types is simple enough that we can keep the concrete
notation, with arrows, for this discussion.

This makes it possible to assign a type to every valid lambda expression. Let us
look at this process first for identifiers, then for other expressions.

5.10.2 Typing identifiers

For every occurrence of an identifier in an expression, the identifier must be given a type.
Here there is a difference between free and bound occurrences. For bound occurrences,
the type will result from an explicit declaration. For free occurrences, however, there is no
information in the expression itself that specifies the type.

To assign a type to free occurrences, we must assume that every identifier x has a
default type default (x). This will be used as the type of the identifier when it occurs free
in an expression.

Typing bound occurrences requires the presence of a type declaration at the point
where the dummy identifier is introduced in an abstraction. This means that we must
change the abstract syntax for abstractions to

Abstraction 2 dummy: Identifier ; btype: Ltype ; body: Lambda

The btype thus attached to a bound identifier may be called its bound type. In the
concrete Metanot notation used above for typed lambda expressions, such as

An:N. ..

the bound type of the dummy identifier was written after the colon in the A-binding.
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This suggests how to assign a type to every identifier occurrence in an expression:

» If the occurrence is bound, its type is the bound type of the identifier in the
innermost enclosing binding.

* If the occurrence is free, its type is the default type of the identifier.

This convention corresponds to the intuitive typing of lambda expressions. For example
in

A n: N . successor (successor (n))

the type of the (bound) occurrence of n is its bound type, N; on the other hand, the
occurrences of successor are free, so that their types are the default type
default (successor ), which we may assume to have been defined as N — N if successor
denotes the predefined successor function.

This suggests a correct interpretation of lambda expressions which bind predefined
identifiers in some sub-expression (assuming one indulges in such a practice, similar to
redefining library primitives in a programming language). Consider for example

A n: N . successor (
A successor: (N — N) — (N — N)-. {successor (predecessor)} (n))

The first occurrence of successor is free and so has the default type. The second is
bound, and has its bound type: it denotes a new dummy identifier with no connection to
the original. Although bizarre, such a redefinition is permitted by the above conventions.

5.10.3 Typing rules

We can now proceed to defining the type of general lambda expressions:

1 < The type of an atom occurrence is as just explained: for a free occurrence, the
default type, for a bound occurrence, the bound type.

2 « Thetype of an abstraction A x: a . e isa — [3, where 3 is the type of e.

3 ¢ Thetype of an application f (e) is 3, where the type of f isa — [ and the type
of e isa.

Rather than resorting to words, it would be preferable to introduce a function
exp_type: Lambda — Ltype

defining precisely the type of any lambda expression. This is the topic of exercise 6.1.
Although such a definition does not require any new mathematical concept, it will benefit from
the techniques of denotational semantics (type maps, or static environments), introduced in the
next chapter. You may want to try your hand at exp_type without waiting for the presentation
of these techniques.

Chapter 9 will introduce yet another formal definition of typing in lambda notation, using the
axiomatic approach (see 9.3).
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As announced above, introducing typing into lambda calculus implies adding validity
constraints (“static semantics’). Here the single constraint appears in case 3. for any
application f (e), the expression f must be of type a — [ and e of type a, for some
types a and B. This is a reasonable rule if application has the intuitive semantics of
applying a function to an argument. To say that f is of typea — [3 isto express that it
expects an argument of type o and will yield a result of type . An expression applying f
to an argument of another type would not be valid.

5.10.4 An example

To see how to apply the typing mechanism to determine the type of a valid expression,
consider the expression

AX:N = N«Ay: N - N« AzZ: N« x ({AX: Ny (X)} (2)

The application of the above rule is pictured below; the process is self-explanatory. The
type of the whole expression appears on the last line.

AX:NoNe Ay:NoNe  Az:N- X ({AX:N- y x)} (@)

N-N N

N - N

(N—- N) - (N> N)

(N—->N) - (N->N - (NN

Figure 5.4: Typing a lambda expression

You will see this example again in 9.3, where it will be treated as the proof of a property
in an axiomatic theory.
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5.10.5 Consequences of the typing constraints

The semantic constraint imposed on applications has important consequences. In contrast
with untyped lambda calculus, not all syntactically correct lambda expressions are now
acceptable; the class of valid expressions has been restricted. For example, the
troublesome SELFSELF is no longer valid. This expression was written

{Ax e {x O {Ax -« {x (X)}}

which cannot be made into a typewise valid expression: if you choose a type a for x,
then x would also need to have type a — a, which is a contradiction.

The typing constraints introduced still allow higher-order functionals to an unlimited
level, but they prohibit self-application. Types, and correspondingly lambda expressions,
have implicitly been classified into levels: at level 0 are basic types; at level i (i > 0) are

types
a - f3

where one of a and (3 is at level i -1, and the other at level i-1 or, less. So no function
may take itself as argument. Note that a type of level i has at most 27" — 1 arrows.

In typed lambda calculus, the normal form property holds:

Theorem: Any expression of typed lambda calculus may be reduced
into normal form through a finite number of contractions.

To prove this result, note that the application of contractl to any redex removes one
arrow from the expression’s type. O

5.11 BIBLIOGRAPHICAL NOTES

Lambda notation was introduced in [Church 1951]. The reference work on this theory
and more generally on “combinatory logic”, which goes even further towards permitting
manipulation of higher-level functions without reference to the base elements is [Curry
1958, 1971]. A very readable introduction may be found in [Hindley 1972].

One of the first authors to study the formal connections between lambda calculus and
progranming languages was Peter Landin [Landin 65], athough the Lisp language
[McCarthy 1960], explicitly based on lambda calculus, had been available as early as
1959.
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EXERCISES

5.1 Higher-order functional operators

Consider the operations on functions defined in chapter 2: intersection, overriding union,
restriction, image, quotient. Call X and Y the base sets. Express each of these operations
as a higher-order function defined by a lambda expression, as was done on page 133 for
composition.

5.2 Functions with multiple arguments

Modify the abstract syntax of lambda expressions (page 135) to account for functions
with an arbitrary number of arguments. Discuss how the rest of the presentation, in
particular the discussion of typing, must be adapted.

5.3 Change of dummy identifier

Redefine the domain of the function change dummy to account for the more liberal
constraint mentioned after the definition of that function on page 138.

5.4 List operators as lambda expressions

Using lambda expressions, define formally the functions corresponding to the operators on
lists introduced in chapter 3 (TAIL, EMPTY etc.), which treat lists as finite functions from
N to some set X.

5.5 Computing the type of a lambda expression

(Programming assignment) Write a program that, given an expression in typed lambda
calculus (as defined in 5.10), will determine if the expression is valid and, if so, compute
its type.

You may either start from a concrete form of the calculus (in which case you will need to
write a simple parser) or from data structures representing the abstract form, along the
lines of the *“Note on the exercises’ for chapter 4. Any programming language supporting
recursion and composite data types may be used.

(Prolog programmers may investigate how the resolution mechanism makes it possible to
define a single Prolog predicate that will both determine the type validity of an expression
and, if it is indeed valid, its type.)
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5.6 The paradoxical combinator

In untyped lambda calculus, define a lambda expression Y such that, for any f, if
U, AY (f), then the expression f (u;) contracts to u,; in other words, u, may be viewed
as a fixpoint of f (see chapter 8 for a more general treatment of fixpoints). Hint: Y (often

caled the *paradoxical combinator”) is a variation on the expresson SELFSELF
introduced in 5.9.

Would Y be possible in typed lambda calculus?
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Denotational semantics:

fundamentals

This chapter presents the method of denotational semantics on an simple programming
language.

The language is Graal, introduced in chapter 3 for the discussion of syntax. In
contrast to Lullaby (the toy example of chapter 4), Graal embodies some of the essential
features of common programming languages. Since the discussion will frequently refer to
details of Graal, the abstract grammar has been reproduced on the inside back cover for
ease of reference.

We may occasionaly need to look at program fragments in a more user-friendly
form than abstract syntax. In such a case the discussion will use an “Ada-hoc”
(ad hoc Ada-like) concrete syntax.1

Since the constructs of Graal — instructions, loops, conditionals, blocks, expressions
and others — are present in some form or other in al maor imperative languages, the
discussion will assume that you informally understand their intended effect, and will
devote itself entirely to the formal specification of that effect.

Graal will be extended in the exercises and in the following chapter, allowing us to
study the formal semantics of more advanced constructs.

1 Ada-hoc may or may not be a trademark of the US Department of Defense (Ada Joint Program
Office).
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6.1 OVERVIEW

The denotational method expresses the meaning of a programming language by
associating with each construct T two functions:

V.:T - B
M.:T & D,

The validity function V. defines the construct’s static semantics; validity functions are
also called “context conditions” or “constraints”. The meaning function M gives the
construct’s dynamic semantics, or denotation. The name of each validity or meaning
function will be subscripted by the corresponding construct T. Recall that constructs are
also caled syntactic domains; the sets of denotations D.. are called semantic domains.

The V and M functions serve different purposes:

* A validity function is a predicate, that is to say a boolean-valued function. It
yields the value true if and only if its argument is a valid specimen of the
corresponding program construct. Chapter 3 explained the reason why we need
validity functions: To complement syntactic descriptions with the context-sensitive
constraints that they cannot handle, such as typing constraints.

« The M functions describe the effect of each valid construct by specifying its
mathematical denotation.

By distinguishing between the V and M functions, we can obtain more modular language
descriptions than if we lumped static and dynamic semantics into a single mechanism. In
particular, the definition of the meaning functions will aways assume that the argument a
to the function is valid from the point of view of static semantics, in other words that V..
[a] istrue. Thisis essential to keep the M function definitions simple.

The convention that M functions are only applied to statically valid elements
corresponds to normal programming practice, as enforced by all reasonable
language systems. one does not attempt to execute a program which has a
compilation error (such as a type incompatibility). In typed languages, compilers
can perform significant static analysis and catch many errors which, if undetected
until run time, could cause considerable damage.

Because M functions are only applied to statically valid arguments, they will need to
be specified as possibly partial functions. There is aso another, deeper reason that
prevents these functions from being total; it has to do with the possibility of non-
terminating computations and will be explained later in this chapter (6.5.7).

The denotational descriptions below will use a variety of functions; in particular, the
denotations returned by M will usually be functions. A convention will help us distinguish
the fundamental functions V and M, whose source sets are syntactic domains, from others
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whose source sets are semantic domains. enclosing the arguments to these functions, and
to them only, in square brackets. For example:

V; [pel
M [pe]

where pe is some program or program element. Other functions will use ordinary
parentheses.

6.2 STATIC SEMANTICS

Static semantic constraints will affect four syntactic categories in Graal: programs,
instructions, expressions and declaration lists. So we need four validity functions:
Vprogram: Program — B

Insruction - |NStruction — B

V
Y/ : Expresson — B
V

Expression

Declaration, list- Declaration list — B

The signatures given for the last three functions are provisional; the actual forms, given
below, need more arguments.

It is convenient to examine these four predicates in bottom-up order, from
declaration lists to programs.

6.2.1 Validity of declaration lists

The abstract syntax for declarations is:

Declaration liss 2  Declaration*
Declaration 4 v Variable; t: Type
Variable 2 id:S

Here the only possible cause for non-validity would be for the same variable to be
declared twice. Hence the first validity function:

_ Lo A
VDedar(,ﬂion_Ii 4 [dI: Declaration_list] 2

(Vi,j O1..d.LENGTH - i # j = di(i).vzd().v)

This may also be expressed as the requirement that the function Ai - dli(i).v be an
injection (a “one-to-one into” function).
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A more tolerant form would have permitted multiple occurrences of the same
variable provided it has the same type each time. But this is only because Graal’s type
system is so simple: as soon as we extend the language with constructed types (such as
arrays, records etc.), we would need to define what it means for two types to be equal, a
non-trivial question. Declaring the same variable twice is silly anyway in a language
without block structure, so the definition should just exclude this case. Such
complications in the formal definition are early warnings of trouble which would
eventually plague the compiler writer.

6.2.2 Type maps

To define the V functions on the other constructs of Graal requires a little more work.
There is no such thing as an intrinsically “valid” or “invalid” expression or instruction:
these notions are only meaningful with respect to a particular set of declarations. For
example, the expression a + b or the assignment a := b are valid if a and b have been
declared with compatible types, and invalid otherwise.

The notion of type map addresses this problem. A type map (also caled a static
environment) is a function from variables to “type values’, where a type value represents
a Graa type: bt for boolean and it for integer. For example the following declarations
(in concrete notation)

X, ¥: INTEGER; z: BOOLEAN

yield the type map

t & {<x it>, <y, it>, <z bt>}

Formally, the set of possible type maps (a static semantic domain) is defined as:
Type_map 2 Variable 4 Type value

with
Type value 2 {bt, it, ut}

The type value ut will be needed later for variables used but not declared.

A type map must be a finite function since a program may only declare a finite
number of variables. Only those variables that appear in declaration list belong to the
domain of the corresponding type map.

From the compiler writer's viewpoint, a type map is the mathematical
representation of a symbol table, that is to say a data structure which serves to
record the type of each variable (and other properties if necessary).
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The target set defined for type maps is not the syntactic domain Type, but the static
semantic domain Type value introduced specialy for this purpose. One reason for not
identifying the two is the need for the “undefined type” value ut. For languages more
complex than Graal, another reason would be the desire to treat certain type definitions as
defining the same type even if they are syntactically different. For example, an
implementation of Pascal may consider that the following type definitions, syntactically
different, denote the same type:

record a, b: integer end;
record a: integer; b: integer end;

For Graal the following simple function serves to trandate a type (viewed as a syntactic
object) into a type value:

typeval: Type — Type value

typeval (t: Type) A
case t of
Boolean type : bt |

Integer _type : it
end

We now have al the elements needed to define the function that associates a type map
with any list of declarations. Let us call it typing:

typing: Declaration_list — Type_map

Then typing (dl), for a declaration list dl, will give the set of variable-to-type bindings
implied by dI:

typing (dl) & {<v,t,> <v,, t,> ... <v ,t >}

where nisdl.LENGTH and for i O1.. n:
* v, isdl(i).v, the variable of the i-th declaration.
o t istypeval (dl(i).t), the associated type.

The value of typing may be expressed as follows (using the over... notation introduced
in 3.9.3):
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typing (di: Declaration list) 4

given

associate type 2 A d: Declaration - {<d.v, typeval (d.t)>}
then

over dl apply associate type combine "[j" empty O end
end

Function associate _type, when applied to a declaration d involving variable x and typey,
yields the one-member-domain function {<x, typeval (y)>}. The over... operator yields
the union of al these functions when d ranges over the declaration list di, which is
precisely the type map that should result from applying typing to dl .

Function typing is total: it is defined for erroneous declaration lists that include two
declarations for the same variable. In such a case, the last declaration takes precedence:
from the definition of the overriding union operator, {<v, t>} [ {<v, t'>} is equa to
the second operand, {<v, t'>}. If, on the other hand, dl satisfies the constraint expressed
by the validity function V.. . then the overriding union used in the definition is
equivalent to a standard union.

If you studied the section on typed lambda calculus (5.10) you will have noted that
the notion of type map may fruitfully be applied to that language as well. It was noted
there that the type of an atom occurrence in a lambda expression depends on the context;
for example the two occurrences of X in

AX:N - NeAy:N - N<AZ: N+ x ({AX:N-y (xX)} (2)

have different types. The type of an atom occurrence depends on the types that may have
been assigned to the atom in the enclosing bindings; the notion of type map conveniently
captures this property. Defining properly the function that determines the type of a
lambda expression is the object of exercise 6.1; similar ideas will apply to type
declarations in block-structured languages in the next chapter.

6.2.3 Valid expressions

A validity function is needed to express the type constraints for expressions.
First we need the notion of type of an expression, given by the following auxiliary
static semantic function:
expression_type: Expression x Type map — Type value

which is defined below.

Here the special type value ut accounts for the possible presence of an undefined
variable in the type map. Function expression type is total and so assigns a type to any
expression, even an invalid one.
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The abstract syntax of expressions is:

Expresson 2  Constant | Variable | Binary
Constant a Integer_constant | Boolean_constant
A

Binary terml, term2: Expression; op: Operator

The following function serves to determine the type of an expression.

expression_type (e: Expression, tm: Type map) 2

case e of
Constant :
case e of
Integer_constant : it |
Boolean_constant : bt
end |
Variable :
if eJ dom tm then ut
else tm () end |
Binary :
case e.op of
Relational_op, Boolean_op: bt |
Arithmetic_op: it
end
end
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Constants have an innate type; for declared variables, the type map tm gives the type
(which otherwise is ut); for binary expressions, expression_type just looks at the operator.
This method of assigning types to binary expressions is rather coarse, but it is adequate

for our present purposes.

The advance work being completed, we can now express the validity condition for
expressions. The validity of an expression is only meaningful with respect to a certain

type map, so that the signature of the validity function will be
: Expression x Type map — B

Expression *

The function is defined as follows:
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Expression [e: Expression, tm: Type map] 24
case e of
Constant: true |

Variable: e Odom tm |

Binary:
given
typl 2 expression type (e.termil, tm);
typ2 2 expression type (e.term2, tm);
oper 4 e.op
then
Expression [e.terml, tm] A
Expression [e.term2, tm] A
case oper of
Boolean op: typl = bt A typ2 = bt |
Relational _op, Arithmetic_op:
typl = it A typ2 =it
end
end

end

Note the interplay between functions expression_type and VEXpron. The former gives
what may be termed the “candidate type” of an expression, which coincides with its
actua type if the expression is valid; however expression type is total and will always
return a result. Based on the candidate types supplied by this function, VExpron
determines whether the expression is valid or not. Having two separate functions in
charge of finding the candidate type of a (possibly invalid) expression and of ascertaining
its validity keeps the specification simple. (See also exercise 6.2.)

6.2.4 Valid instructions

Instructions are syntactically defined as:

Instruction & Skip | Assignment | Compound | Conditional | Loop

As with expressions, we may only define the validity of an instruction with respect to a
certain type map; this suggests a validity function of signature

V neruction - INStruction x - Type map — B
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defined by case analysis on the syntactic type of an instruction:

ingruction L1+ INStruction; tm: Type_map] 4
casei of
Sip: true |
Assignment :
VExpron [i.source, tm] A
i.target Jdom tm A
tm (i .target) = expression_type (i.source, tm) |
Conditional :
[i.test, tm] A

[i.thenbranch, tm] A

VExpr on

Vlnstruction

V natruction L -€lSebranch, tm] A

expression_type (i.test, tm) = bt |
Loop:

Expression [i.test, tm] A
Vlnstruction [i-body, tm] A
expression_type (i.test, tm) = bt |

Compound:

over i apply
A inst - Vlnstruction [inst, tm]
combine " A" empty true end

end
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This definition is straightforward. There is no way a Skip instruction can be invalid. An
assignment instruction must have a declared target variable, a valid source expression,
with the same type for both. A conditional or loop instruction must be made of a valid
boolean expresson and of one or two (respectively) valid instructions. Finaly, a
compound instruction is valid if and only if all the instructions it contains, if any, are

valid.
The lambda expression in the Compound branch is necessary because V.

instruction

isa

function of two arguments, an instruction and a type map, but the over operator needs a

function of just one argument (a list element).
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The condition in the Compound branch could have been written without the over ...
notation, using recursion:

if i.EMPTY then true else

V [I .FIRST, tm] A V [Instruction (i . TAIL), tm]

Instruction Instruction

end

This form obviates the need for a lambda expression. The argument to the second
recursive application of V, . . =~ cannot be just i.TAIL, which is syntacticaly a

Compound, not an Instruction; the notation Instruction (i.TAIL) elevates i .TAIL to the
status of instruction.

6.2.5 Valid programs

It is now an easy task to define the validity function for programs:
V, : Program — B

Program *

The Graal grammar gives:

Program 2 decpart: Declaration _list; body: Instruction

A program has two components, a declaration list and an instruction; it will be valid if
and only if the declaration list is valid and the instruction is valid under the type map
induced by the declaration list:

Vorogram [P Program 4

VDecIaration_IiSt [p.decpart] A Vlnstruction [p‘bOdy’ typi ng (p.decpart)]

This concludes the static semantics of Graal.

Although such a static semantic specification does not exhibit the realy salient
features of the denotational method, and could in fact be used as a prologue to a
specification of the dynamic semantics based on another method, it combines particularly
well with a denotational description of the dynamic semantics. the structure of the M
function definitions, to be studied now, closely parallels that of the V functions.
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6.3 DYNAMIC SEMANTICS: BASICS

6.3.1 Dynamic semantic domains

The meaning functions will need the following domains:

» Z, the set of integers (positive, zero or negative);
» B, the set of boolean values, with two members true and false
* Value, the set of values: Value 2 Z 0O B O {unknown}

The specia value unknown will be discussed below.

An essential ingredient in defining the semantics of a language is the choice of an
appropriate mathematical domain to model the notion of program state. A state represents
an instantaneous snapshot taken during program execution, which includes all useful
information about what the program has computed so far.

In the case of the simple Graal language, the only relevant information is the value
of program variables. The set of possible states may simply be defined, then, as the set of
functions from variables to values; more precisely, since any program may only have a
finite number of variables, only finite functions need to be considered. Hence the
semantic domain representing the set of possible program states:

Sate & Variable & Value

In other words, the state of a program a some instant of its execution is defined
mathematically as the finite function which, to each of the program’s variables, associates
the value of the variable at that instant.

Assume for example that a program has the declaration part used above as example:

X, Y: INTEGER; z: BOOLEAN

Then one possible state o of this program is the function

0 = {<x, 3>, <z, false>}

This represents a state in which variable x has value 3 and variable z has value false;
variable y has not yet been assigned a value.

A state such as o is a function which, for every variable in its domain, yields the
value of the variable in the state. In the example, o (x) is 3, the value of x in the
computationa state that o represents.

The structure of states will become more complex in the next chapter as we add such
features as input and output, pointers and others.
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A programmer may view a state as a snapshot of the computer’s memory, given
by all the values it contains. This is not, however, the memory of an actua
computer, which, if modeled by a function, would have domains of the form

0.memory size—1 + Value

but a more abstract notion of memory, whose states are functions from variables
to values. The intermediate functions from variables to memory locations are
implicit. In other words, the states considered here are more like symbolic
dumps as produced by debuggers for high-level languages.

To model the state for a language with block structure, where the same variable
name may refer to several run-time objects, an intermediate domain representing
memory locations will be needed, as discussed in 7.6.4.

6.3.2 Dynamic semantic functions

The specification needs the following meaning functions:

M

Program - Sate

Program:
Instruction - Instruction + Sate b Sate
Expression” Expresson — Sate — Value

The signatures of these functions have been determined as follows:

» The denotation of a program is the state in which its execution terminates, as

given by the final values of all the program’s variables. This is the only way the
program’'s effect can be determined since Graal has neither input nor output
instructions.

Any instruction, when executed in a certain state, will yield a new state upon
termination. In other words, an instruction’s denotation is a state-to-state
transformation, modeled by a function in Sate + State.

The computation of an expression yields a value; this value depends on the state.
As a result, the denotation of an expression is a function from states to values.

Why some of the above arrows indicate total functions and others indicate possibly partial
functions is the subject of exercise 6.3; this question is examined briefly later in this
chapter (6.5.7) and in more detail in chapter 8.

The next sections give the values of the three meaning functions in bottom-up order,

from expressions to programs.



86.4 THE MEANING OF EXPRESSIONS

6.4 THE MEANING OF EXPRESSIONS

6.4.1 Definition

Case analysis gives the denotation of expressions:

[6.1]
[e: Expression] A

Expression
A o: Sate -
case e of
Constant :
case e of
Integer_constant : e .value |
Boolean_constant : e .value
end |
Variable :
if e [0 dom o then unknown
elsec (e) end |
Binary :
apply_binary (e.op,
[e.terml] (0),
Expression [e.term?2] (0))

-- apply_binary is defined below.

Expression

end

Here are a few explanations.

Expression [e] is afunction from states to values: hence the initial A ©.

* |f e is a constant, MExpron
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[€] is the associated boolean or numeric value. The
state is not involved in the result for this case, as is appropriate for a constant.

* Assume now that e is a variable; then for any state o, by the definition of the
notion of state, o (e) is the value of the variable e in state 0. This is only
meaningful, however, if the variable belongs to the domain of . When this is not
the case, the function yields the special value unknown, included in set Value

(page 163) for this purpose. More on unknown values below.

* If eis a binary expression with operands e.terml and e.term2 and operator e.op,
then its value in an arbitrary state o is the result of applying the operator to the
values of the two operands, as evaluated in that same state o; to know the values

of the two operands, we must apply M recursively.

Expression
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6.4.2 Applying mathematical operators

§6.4.2

The as yet undefined function apply_binary should apply a binary operation to two integer
or boolean operands. A sketch of its definition is:

[6.2]

apply binary: Operator x Value x Value + Value
apply_binary A
AOp, VvV, V, -
case op of
Arithmetic :
case op of
Plus : v, +v, |
Times 1 v, * v, |
etc.
end |
Relational :
case op of
Lt v, <v, |
Le:v, <V, |
Eq:v,=v, |
etc.
end |
Boolean : etc.
end

Function apply_binary establishes the relationship between the programming language
descriptions of computations and their mathematical counterparts. In a more complete
programming language, it would be complemented by other similar functions (such as

apply_unary).

6.4.3 Unknown values and a first view of strictness

You may have noted that the above partial definition of apply _binary does not specify
how to handle unknown values. This is representative of the more general problem of
undefined values.
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Special values such as unknown are a constant source of trouble in formal
descriptions (as the events they represent are in actual programming), and it would be
nice if one could avoid them altogether. Unfortunately, this is usually impossible.

Among the events of program execution considered so far, only one may yield an
unknown value: a reference to an uninitialized variable (in [6.1], page 165). As every
programmer knows, however, this is not an uncommon occurrence, and the specification
must take it into account.

There are three approaches to the problem of uninitialized variables.

1 + The most common solution (or rather lack thereof) is mirrored in the above
specification: it delays the problem until run-time; if a variable is accessed without
having been assigned a value, the value returned is “whatever happens to be
there” (in the memory cell assigned to the variable).

2 * Another solution is to prevent the problem from occurring by defining rules
ensuring that no variable may be accessed at run-time before it has been properly
initialized. It is best to define these rules as static semantic constraints; sufficient
rules are indeed not hard to find for a language such as Graal which has only
simple variables and no arrays, records etc. (General rules may be more restrictive
than is dtrictly necessary in some cases. for example a program inst ; y = x will
be treated as invalid if inst is a while loop whose body assigns to x, because the
loop may have zero iterations, although no error will occur if it has one or more.)
One of the principal tasks of the software engineering tools known as static
analyzers is precisely to check program texts for the possibility of a variable
being accessed before it has been assigned a value.

3 ¢ Yet another solution is to make initialization rules part of the official language
definition, by specifying an initial value for each type, such as O for numbers, true
for booleans etc.

The author definitely prefers solution 3 which has the advantage of ssimplicity and clarity,
and simplifies the programmers task if the initidlization values are well-chosen. Of
course, these values should be part of the official language definition, not
implementation-dependent. Examples of languages which use this approach are the
object-oriented languages Simula and Eiffel.

Adapting the definition of Graal to conventions 2 and 3 is the object of exercises 6.4
and 6.5.

However, most current languages rely on solution 1, so the specification of Graal
should reflect this convention for realism. This is achieved by having MExpron return
unknown for a variable which is not part of the state's domain. To be consistent, we must
also make sure that any unknown value appearing in an expresson makes the whole
expression unknown. It would be a very strange situation indeed if you were not able to
compute an operand of an expression (say a in a + b), but could still determine, through
some magical mechanism, the value of the expression as a whole!

Since the only non-simple expressions in Graal are binary expressions, this
requirement is easy to express in the definition of apply binary:
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apply_binary A
A op: Operator, v,: Value, v, Value -
if v, =unknown V v, = unknown then
unknown
else

... As above ([6.2], page 166) ...
end

This requirement that apply binary yield unknown whenever one or more of its
arguments is unknown is a special case of a genera property called strictness. Here
apply_binary is said to be strict on both its arguments. [f the language included other
kinds of complex expression (such as unary expressions), the associated semantic
functions would similarly be specified as strict on all their arguments.

Strictness will be studied in a more general context in chapter 8 (8.5.2 and 8.7).
Although strictness is a natural idea, it sometimes contradicts standard mathematical
properties: for example apply binary (Operator (Eq), unknown, unknown) is unknown
according to the above definition, even though it would seem to be a universa rule that
a = a istrue for any value a.

Value unknown may be used to denote the result of other erroneous operations — for
example, the result of a division by zero, which has been left unspecified in the definition
of apply binary. Alternatively, you could define different unknown values corresponding
to various abnormal situations (such as arithmetic overflow etc.). Then you should clearly
state their strictness priority (that is to say, the result of apply binary when applied to
different error values). A single unknown will suffice for this presentation.

6.4.4 Towards a more abstract approach to handling errors

[This section may be skipped on first reading. It assumes that you are familiar with the
notion of abstract data type].

The above approach to errors may be criticized as overspecifying: in particular, as just
noted, there is only one “unknown” value, which seems to imply that the value returned
for an uninitialized variable is aways the same, even though a program which tests for
the equality of two unknown values returns unknown rather than true.

The fault may be seen to lie with the explicit definition given for the semantic
domain Value, through a list of its members. A more implicit definition, in the spirit of
the theory of abstract data types, would just assert that there is a set Value, characterized
by a certain number of functions such as:
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is boolean: Value — B

is integer: Value — B
is_unknown: Value — B
boolean_value: Value — B

integer_value: Value — N

The idea is that a member of Value carries with it a certain number of boolean attributes
(is_integer, is _boolean, is_unknown) which express what information is known about it.
Clearly a value may not (in a typed language) be both a valid boolean and a valid integer,
so that the following property holds:

Vv: Value - - is boolean (v) V = is integer (v)

(This property is a “state invariant”, which will be satisfied in every possible state; the
next chapter will introduce other examples of state invariants.)

The above property may also be expressed more simply, using the quotient operator of
chapter 2:

(Value / is_boolean) n (Value / is_integer) = O

We do not need, however, to prohibit a value from being both unknown and boolean, or
both unknown and integer; the understanding is that the value functions will only be
applied if the value is not unknown. They may also be defined as total functions, if they
are only applied to values such that is _boolean and is_integer, respectively, are true.

This is very much like the situation that prevails with the implementation of typed languages
on most common computers; athough the hardware permits interpreting the same memory cell
(bit string) as either a boolean or an integer, the static checking performed by the compiler
ensures that no bad-taste combination ever occurs at run-time.

With this approach we cannot completely specify the MExpr on function since its
result is not known exactly in some cases, for example when an expression includes an
uninitialized variable; but the above definition ([6.1], page 165) may be adapted to

express the relevant properties of this function, in the following style:
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V e: Expression, o: Sate -

given
val 4 Mepression [e] (0)
then
case e of
Constant :
- is_unknown (val ) A val = ... See[6.1] ... |
Variable :
if e Jdom o then - is_unknown (val ) A val = o (e)
else is_unknown (val ) end |
Binary :
characterize binary (e.op,
Expression [e.terml] (0),
Expression [e.term?2] (0),
val)
end
end

Function characterize binary yields a boolean result from four arguments rather than
three and is otherwise similar to apply_binary:

characterize binary 4
A op: Operator, v,: Value, v, Value, val: Value -
if is_unknown (v ) V is_unknown (v,) then

is_unknown (val )
else

case op of
Arithmetic :
case op of

Plus :val =v, +v, |

Times :val =v, * v, |

etc. (see [6.2], page 166)

Such implicit characterizations of semantic functions, which do not completely define
these functions but only express their relevant properties, are useful whenever you wish to
leave certain aspects of a language specification open.
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Leaving the result of a computation undefined in the formal specification is not the
same as requiring this result to be some specia “undefined” value. In fact, the result
may be perfectly defined in some implementations. For example, some operating systems
initialize the contents of memory to a fixed value (often corresponding to zero for
integers) before a program is loaded; on such a system, the result of a computation
involving uninitialized variables is well defined. By specifying the result to be unknown
in the formal specification, however, you prevent programmers from relying on any
implementation-dependent property of uninitialized variables.

In general, an axiomatic specification (chapter 9) may be preferable to a denotational
one when you wish to leave certain aspects of a language unspecified. By writing axioms
or inference rules which are only applicable under certain conditions, you can avoid the
need to specify explicit erroneous results for programs which do not satisfy these
conditions: you simply make it impossible to prove anything of interest about them.

6.5 THE MEANING OF INSTRUCTIONS

6.5.1 Overview

The meaning function for instructions has signature

Instruction - Instruction + Sate b Sate

So if i isaninstruction, M, .. [i] is afunction which takes a state as argument and
yield as a result a new state, the one in which execution of the instruction, starting in the
original state, will terminate — if it does terminate at all, of course, but let’s not anticipate.
The value of M, . .., depends on what kind of instruction i is, so a definition by
case analysis is once again appropriate. For convenience of exposition, and also for ease
of modification in the next chapter and in the exercises, the function definition uses
_auxiliar_y functions_ (M_Ski v Mg gnment etc.) corresponding to the various kinds of
instruction and detailed in the next paragraphs.
[6.3]

M [i: Instruction] 4

Instruction
casei of
Sip : MSkiID [i] |
Assignment : M
Compound : MCompoun g 01|
Conditional : M

Loop : M

Assignment [I] |

Conditional [I] |

[i]
L
end 0oop
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The auxiliary functions have signatures
MSkip: ip —» Sate — Sate

MAssignment: Assignment - State — Sate

M : Compound - Sate - Sate

Compound *
MConditi onal - Conditional - Sate - Sate

M| oo LOOP + Sate + Sate

oop

The question of why some of the functions considered may be partial and some are total
arises again and will be discussed later.

6.5.2 Skip instructions

The semantic function for Sip instructions is trivial:

Mg [S: SKip] 4 1d

Id is the identity function A 0 - o, applied here to set Sate. Execution of a Skip
instruction leaves the state unchanged, so MSkip [s](0) = o for any state 0 if s isa Sip
instruction.

6.5.3 Assignment

The following function gives the denotation of an an assignment instruction a, acting on
variable a .target and expression a.source:
M pssignment [8+ Assignment | a

Ao . (o {<a.target, M [a.source] (0)>})

Expression
In other words, the state ¢’ resulting from execution of a in an arbitrary state o is
identical to o except for the value of variable a.target, which is now the value of
expression a.source, as evaluated in state 0.

Remember that the states 0 and ¢’ are finite functions from variables to values. The
definition shows function o’ to be o “overridden” by the single-member finite function
{<a.target, v>} where v is the value of the source expression in state . This means that
the value of a variable x in state 0’ is
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o (x)=
if x # a.target then o (X) -- Same value as before the assignment
ese M [a.source] (o) end

Expression

6.5.4 Compound

The effect of a compound instruction (syntactically a list of instructions) is the composed
effect of its components:

M compound LGP+ Compound] a

over cp apply M, 4 «ion COMbine ;" empty Id end

The function composition operator ;" serves to describe the combination of the effects of
the successive elements of the list: the result of executing a compound made of

instructions i, i, ..., i _,, i, starting in a state o, is the state

M M (... M, (M, (©@)...))

where for each j O1.. n, Mj is the denotation M, . .., [cP(j)] of the compound's j -th
instruction. Function composition is the mathematical equivalent of the intuitive notion of
executing cp , then cp,,, ..., thencp__,, then cp_ .

As in the corresponding branch of the V function (6.2.4), a recursive definition could
have been used instead of the over... notation, as follows:

: A
MCompoun 4 [cp : Compound] 2

if cp.EMPTY then Id
ese M [cp .FIRST] ; MCompound [cp.TAIL] end

Instruction

6.5.5 Conditional

If cd is a conditional instruction, its effect depends on the value of the boolean expression
i.test, as evaluated in the state in which the conditional instruction is executed:
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M onditions €0 Conditional] 4
given
Where true & Sate/ Mpression [cd.test];
Where false & Sate — Where_true
then
(M

M

[cd.thenbranch] \ Where true) [
[cd.elsebranch] \ Where false)

Instruction

Instruction
end

This definition uses a partition of Sate into two subsets Where_true and Where_false:
Where true is the set of states such that MExpron [cd.test] (0) has value true, and

Where false is its complement. The minus sign in Sate — Where_true denotes set
difference.

The quotient notation used to define Where true was introduced in 2.7.6; it is
appropriate here since MExpron [cd.test] is a function from Sate to B, the set of
boolean values, thus a predicate on State. Recall that State / pred is the subset of Sate

containing all the members for which predicate pred (here the denotation of cd.test)
takes value true.

An equivalent definition for Where_true, written without the quotient notation, is

{oc O Sate | M [cd.test] (0) = true}

Expression

that is to say, the set of states in which the boolean expression of the conditional
instruction evaluates to true.

The effect of cd is that of its “then” branch on Where true and of its “else” branch on
Where false. Thisis expressed with the functional operators\ (restriction of a function to
a subset of its source set) and [j (overriding union): the semantic function for cd is the
union of the semantic function for its branches, each restricted to the set of states in
which it is applicable.

Since Where true and Where false are by construction digoint, the “overriding
union” operator is equivalent here to a plain union; however [ is not appropriate since,
as mentioned in chapter 2, ssmple union, when applied to two arbitrary functions, yields a
relation, not necessarily a function.

Function M 4o COUld also have been expressed without the help of the
functional operators [ ,/ and\ by referring explicitly to the state, as follows:
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AC-
if M [cd.test] (o) then

Expression

M [cd.thenbranch] (o)

Instruction
else

M [cd.elsebranch] (o)

Instruction
end

Some people prefer this style of denotational definition, which makes the state more
directly visible. The results also look more like programs. The use of functional operators
makes definitions more concise, and more abstract.

6.5.6 Loop

The last case is loops, whose semantic definition bears some resemblance to conditionals,
using the same partition of the set of states.

M\ oop [ LOOP] a

given
Where true & Sate/ Mgpression [.test];
Where false & Sate — Where true
then
(Id\ Where_false) [

[I.body] ; M [17) \ Where_true)

((M Instruction Loop

end

Here the denotation of the loop depends on whether the initial state is a member of
Where true, the set of states that satisfy the predicate associated with the continuation
condition | .test, or of its complement Where false:

* When executed in a state belonging to Where false, the loop is equivalent to a
ip.

* In any other state, the loop’s effect is that of executing its body | .body, and then
starting the whole process again; so its denotation is the composition of the
semantic functions for | .body and | again as a whole. It is as though | were a
compound instruction with two components: | .body and | itself.

You are urged at this point to check your understanding of M =~ by writing an

aternative version which does not use functional operators but refers explicitly to the
state, as done above for the Compound and Conditional cases.
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6.5.7 Comments on the meaning of expressions and instructions

Both M function definitions given so far — for expressions and instructions — are
recursive. Before proceeding, we must try to weigh the consequences of this property.

The definition of MEXpron ([6.1], page 165) is recursive in its branch for binary.
This recursion intuitively seems safe because the recursive invocations refer to
components of the expression e (the argument to the function), in other words to
“smaller” expressions. So we may feel relatively confident that the definition, although
recursive, does define a function in all cases. (Seen from an operationa viewpoint,
computation of M, oression should always “terminate”’.) This is of course no more than an
informal argument; we are not yet in a position to prove anything rigorously about such
recursive definitions.

For M, orucion® things are far less clear. This function is recursive for compounds,
conditionals and loops. The first two cases rely on a recursion pattern similar to the
scheme for expressions: arguments to recursive invocations are components of the original
instruction i. But the loop case is different. The definition of M [I] uses not only
M, grucion LI-POdY] but aso M itself — the function applied to its origind
argument!

True, the recursive call restricts the domain of MLoop [I] to a subdomain
(Where_true), but, still, we may wonder whether we have defined anything at all. A
detailed answer to this question — which turns out to be a deep one — will have to be
deferred until chapter 8.

One observation, however, is aready possible. You must realize that there can be
no a priori guarantee that the definition of loop semantics will always yield a result. This
corresponds to a fact of programming life: as every programmer knows, it is all too easy,
in any realistic programming language, to write an instruction that will not terminate.
Such an instruction does not compute anything; it is natural, then, that the function giving
the denotation of instructions should not be defined for that particular argument.

This necessity to account for the unfortunate but inevitable prospect of non-
termination is the key reason why some of the semantic functions of this chapter are
partial, as pointed out at their place of introduction (page 164; see also exercise 6.3).
More on this issue in chapter 8.

Loop [I]

6.5.8 The meaning of programs

To complete the semantic definition of Graal, there remains to express the function
Program’ giving the semantics of entire programs.

This meaning function is of signature

Mpmgram: Program - Sate
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that is to say, defines the semantic effect of a program as the state in which the program’s
execution terminates (if it does). Recall from the abstract grammar that a program
consists of a list of declarations and an instruction (which of course will usualy be a
compound):

Program & decpart: Declaration list; body: Instruction
so that the effect of the program should be that of its “body” instruction. The body is

executed in an initial state in which no variable has a value; such a state is represented by
the empty function O. This yields the meaning function for programs in Graal:

-- The state resulting from execution of p.body
-- in an empty initial state
Meprogram [p: Program] A

IVllnstruction [p-body] (T)
-- O is the empty set, which is here the empty function

6.6 COMPLETE SPECIFICATION OF GRAAL

As a conclusion to this chapter, it is useful to collect the various pieces of the
specification of the Graal language, as introduced in this chapter. This section reproduces
them without further comment; it may serve as a reference for the successive language
extensions studied in the next chapter, and as a checklist of the necessary components in
the complete denotational specification of any language.

6.6.1 Abstract syntax

The abstract syntax of Graal is reproduced on the inside back cover.
6.6.2 Static semantic domains

Type value 2 {ht, it, ut}
Type_map & Variable # Type value
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6.6.3 Static semantic functions

VDedaration_“st: Declaration liss — B
_ Lo A
VDedarfmon_Ii 4 [dI: Declaration_list] 2

(V i,j O1..d.LENGTH i # j : d (i).v # d (j).v)

typeval: Type - Type value

typeval (t: Type) A
case t of

Boolean type : bt | Integer_type : it
end

typing: Declaration list — Type map

typing (di: Declaration list) &

given

associate type 2 A d:Declaration - {<d.v, typeval (d.t)>}
then

over dl apply associate type combine " [j " empty O end
end

expression_type: Expression x Type map — Type value

expression_type (e Expression, tm; Type map) 2

case e of
Constant :
case e of
Integer_constant: it | Boolean_constant : bt
end |
Variable : if e 1 dom tm then ut elsetm (e) end |
Binary :
case e.op of
Relational_op, Boolean op: bt | Arithmetic_op: it
end

end
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VExpr on . EXpression x Type map — B

. I ' . A
VExpron [e: Expression, tm: Type map] 2
case e of

Constant: true | Variable: e Odom tm |

Binary:
given
typl 2 expression type (e.termil, tm);
typ2 2 expression type (e.term2, tm);
oper & e.op
then
VExpron [e.terml, tm] A VEXpron [e.term2, tm] A
case oper of
Boolean op: typl = bt A typ2 = bt |
Relational _op, Arithmetic_op:
typl = it A typ2 = it
end
end

end

- . N
V, rgruction Li: INStruction; tm: Type_map] A4
case i of
Sip: true |
Assignment :
i.target Jdom tm A
Vexpresson Li-S0Urce, tm] A
tm (i.target) = expression_type (i.source, tm) |
Conditional :
Vipression [i-t€St tM] A expression_type (i.test, tm) = bt A

V| gruction Li-thenbranch, tm] AV, . [i.elsebranch, tm] |

Loop:
VExpron [.i.test, tm] A expression_type (i.test, tm) = bt A
Vlnstruction [i-body, tm] |
Compound:
over i apply
Ainst <V, aion LINSL tM]

combine " A" empty true end
end
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Vprogram: Program — B

Vorogram [P: Program a

VDecIaraIion_Iist [p'deCpart] A Vlnstruction [p'bOdy’ typi ng (p'deCpart)]

6.6.4 Dynamic semantic domains

Value 2 Z O B O {unknown}
Sate & Variable 4 Value

6.6.5 Dynamic semantic functions

apply_binary: Operator x Value x Value + Value

apply_binary 2 A op: Operator, v, v, Value -
if v, = unknown V v, = unknown then unknown else

case op of
Arithmetic :
case op of
Plus:v, +v, | Minus:v, -v, |
Times 1 v, * v, |
Div : if v, = 0 then unknown elsev, /v, end
end |
Relational :
case op of
Lt :v,<v, | Le:v <v, |
Eq:v,=v, | Ne:v, #v, |
Ge:v,2v, | Gt:v, >v,
end |
Boolean :
case op of
And :v, A v, | Or:iv, Vv, |
Nand : = (v, A v,) | Nor:= (v, VVv,) |
Xor 1 (vy Vv )A= (v A V)
end
end

end
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Expression - XPresson — Sate — Value

Expression L&+ EXpression] a
A o: Sate -
case e of
Constant :
case e of
Integer_constant : e.value |
Boolean_constant : e.value
end |
Variable : if e 1 dom ¢ then unknown €else o (e) end
Binary :
apply _binary (e.op,
[e.terml] (0),
[e.term?2] (0))

Expression

Expression
end

Instruction - Instruction » Sate - Sate

ip- Sip —» Sate —» Sate

Assignment Assignment — Sate — Sate

: Compound — State » State

Compound *
Conditional - Conditional —» Sate - Sate

Loop. LOOP — Sate + Sate
oop

LT I L L5 L

<

ingruction L1 INstruction] 4

case i of
Sip : MSkip [i] |
Assignment : MAssignment [i] |

Compound : M, oing [i] |

Conditional : M
Loop : M

Conditional [I] |

Loop [i ]
end

181
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Mg, [s: SKip] 4 1d

. : A
MA%ignment [a: Assignment] 2

Ao . (o {<a.target, M [a.source] (0)>})

Expression

M compound LGP+ Compound] 4

over cp apply M, 4 «ion COMbine ;" empty Id end

M onditions €0 Conditional] 4
given
Where true & Sate/ Mepression [cd.test];
Where false & Sate — Where_true
then
(M
(M

[cd.thenbranch] \ Where true) [
[cd.elsebranch] \ Where false)

Instruction

Instruction
end

M |: Loop] &

Loop [
given
Where true & Sate/M_ . [l.test];
pression
Where false & Sate — Where_true
then

(Id\ Where_false) [

((Mlnstruction [l'bOdy];
MLoop [11) \ Where_true)

end

MProgram [p: Program] é Mlnstruction [p'bOdy] (D)
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6.7 BIBLIOGRAPHICAL NOTES

The origina articles on denotational semantics, by Scott and Strachey (writing separately
or together), are still recommended reading — not just for their historical interest.
Particularly noteworthy are [Strachey 1966], [Scott 1970], [Scott 1971], [Scott 1972] and
[Strachey 1973].

Many books deal with denotational semantics. Presentations of the theoretical aspects
(addressed in part by chapter 8) may be found in [Manna 1974] and [Livercy 1978].
[Gordon 1979] is an introductory monograph and [Tennent 1976] an overview article;
a the other extreme, [Milne 1976] is a complete treatise. Somewhere half-way is
[Stoy 1977], a classic. [Tennent 1981] develops principles of programming language
design based for a large part on the denotational theory. [Schmidt 1986], which aso
addresses language design, covers the denotational semantics of many language
constructs.

The emphasis in the above publications is on the method and on the description of
individual language features rather than on the full description of an actual programming
language. VDM (the Vienna Development Method) includes a set of techniques and
notations for this purpose, using the the META-IV metalanguage. The reference on this
effort is [Bjorner 1982], which includes descriptions of Algol 60 and Pascal.
[Bjorner 1980] gives a VDM specification of a language close to full 1979 Ada; see also
[Donzeau-Gouge 1980]. It appears from [King 1989] that the officia standard for
Modula-2 will be its VDM specification.

Static analysis was mentioned on page 167 as a technique to detect uninitialized
variables. Examples of tools which apply this technique to various programming
languages are RXVP-80 [Deutsch 1982] and Lint [Johnson 1978]. A theoretical basis for
static analysis is given in [Fosdick 1976].

[Barringer 1984] investigates mathematical techniques for dealing with undefined or
erroneous values (6.4.3)

EXERCISES

6.1 Semantics of the typed lambda calculus

Consider typed lambda calculus, as introduced in 5.10. Define the abstract syntax and the
static semantics of this language rigoroudy; for static semantics, some of the methods
used in the present chapter, such as the concept of type map and the interplay between
functions expression_type (page 159) and V, (page 159), will be useful.

Expression
Define the denotational semantics of this language by contraction to normal form (5. 8).
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6.2 Doing both jobs at once

(This exercise is for readers familiar with Prolog.) Using Prolog-like notations for defining
functions with more than one unknown, write a variant of the validity function on
expressions (6.2.3) which does the task of both VEXpron and expression_type,
determining the type of an expression and its sub-expressions as part of the process of
verifying its type validity.

6.3 Definition of the meaning functions

For each of the meaning functions introduced in 6.3.2 and each function space involved,
explain why a norma arrow (for total functions) or crossed arrow (for functions which
may be either total or partial) is used.

6.4 Forced initialization

Augment the static semantic constraints of Graal so as to ensure that at run-time no
instruction may reference a variable unless some previously executed instruction has
assigned a value to the variable, as suggested by solution 2, page 167.

6.5 Default initialization

As suggested by solution 3, page 167, modify the definition of Graal to include explicit
initialization for all variables (0 for integers and false for booleans).

6.6 Indexed loops

Most languages have an *“indexed loop” instruction of the form

for j: first, last, step do
inst
end
where | is a variable, first, last and step are integer-valued expressions and inst is an
instruction (which may involve j).

1 - Add this instruction to the abstract syntax and the denotational semantics of Graal
given in this chapter. Rely on your intuitive understanding of the effect of this instruction.

2 - Actua languages differ in some of the features of indexed loops. For example:
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* In most languages, the expressions first, last and step are considered to be
evaluated once and for al upon loop initidization, so that the number of
executions of the loop body inst may be determined upon loop entry from the
initial values F, L and S of the expressions, even if these expressions involve one
or more variables whose values may be changed by inst; but the Algol 60
convention is that the expressions are evaluated anew on each iteration to
increment j and determine whether execution should continue.

* In some languages (Pascal, Ada, older versions of Fortran), the step can only be 1
or —1.

* In Algol 68 and Algol W, j is considered to be an integer variable declared by
context through its appearance in the loop, and does not conflict with any declared
variable of the same name; in other languages (such as Pascal), ] must be declared
as a normal variable of type integer (or a subrange in Pascal).

» If j isindeed treated as a normal variable, then its value upon loop exit may be
considered undefined, or equal to the value of last, or to the last value obtained by
successive incrementations (often the value of last + step if the loop body has
been executed at least once).

» Versions of Fortran prior to Fortran 77 even had the strange convention of not
specifying, in the language standard, the effect of an indexed loop when F > L
(for S = 1); this enabled most language implementers to gain a little efficiency by
placing the test at the end of the loop in the compiler-generated code, so that the
loop body was always executed at least once, even when F > L.

Examine your specification to see how it deals with these points. Does the existence of a
formal description bring any light to the discussion of these issues in language feature
design?

6.7 A denotational compiler (term project)

This project is a programming assignment. The aim is not to produce a *“good” program
in the standard sense, but to use the computer as a vehicle for experimenting with and
gaining insight into denotational definitions.

The assignment is to write a Graal Denotational Compiler which will trandate a Graal
program into a set of denotations, and a Denotation Interpreter which will execute
denotations. (These programs are referred to below as just the compiler and interpreter.)

What distinguishes this assignment from a true compiler writing effort is the nature of the
“intermediate code” and the emphasis of the project. The intermediate code should
consist of computer representations of the denotations used in the denotational semantics
of Graal, as given in this chapter — in particular functions such as states; the emphasis is
on producing a compiler which will mimick as closely as possible the denotational
specification of this chapter.
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Striving to make the program resemble the specification as much as possible means that
you will have to implement the high-level operations of the metalanguage: composition
(";™), quotient ("/"), restriction ("\"), “over ... apply ...”, dom, overriding union etc.

Several choices of programming language are possible for the implementation. Lisp is an
obvious candidate as you will be able to represent the compiler, the interpreter and the
denotations themselves in the same formalism. On the other hand, this may also result in
some confusion and you may prefer to use a language such as Pascal or Eiffel in which
data structures are completely distinct from programs. Whatever language you choose
should support recursion and complex data structures. (Hint: do not use Fortran.)

The output of the compiler, which is aso the input of the interpreter, consists of
denotations, representing functions. You will need to find a suitable symbolic
representation for these denotations. As with exercise 4.5, make sure that your
representation supports higher order functions (whose arguments and/or results are
functions). If you are using Lisp, do not treat these objects as Lisp functions, but
introduce your own implementation. The interpreter will need a representation for states;
remember that states are finite functions, for which a specia representation may be found
(Hint: look at the Lisp notion of *“association list” for ideas).

Evaluation of your work should be possible even though the compiler will produce just
data structures and the interpreter produces no actual result (as Graal has neither input nor
output). Thus you should equip both the compiler and the interpreter with a well-
designed tracing facility that will allow monitoring their execution. At each traced step,
the tracing facility should report what the tool (compiler or interpreter) is doing and give
a readable description of the data structures involved.

A final issue is the input to the compiler. Normally, the compiler should start from data
structures representing abstract syntactic constructs. It is recommended that you provide a
more friendly user interface by designing a simple concrete syntax for Graal and writing a
parser that will produce the abstract syntactic form from it. This may be done through a
standard parser generator such as the Unix yacc, or just as well by designing a special-
purpose parser. However this is not a parsing project; a compiler that works on abstract
constructs only will be preferable to a perfect parser accompanied by an incomplete or
inadequate compiler/interpreter.

The result of the project should include the listing of the compiler and interpreter,
commented trace listings of the execution of both tools, and a report on the solutions
chosen.

Make sure you avoid the pitfall of writing a Graal interpreter. The aim is not to execute
Graal programs directly (this would be a less than exciting assignment), but to compile
them into data structures representing high-level mathematical denotations, and then to
interpret these denotations.
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Denotational semantics:

language features

This chapter extends the denotational definition of the example language Graal, as given
in the previous chapter, to account for various features of actual programming languages.

The features under study are:

* Records.

* Arrays.

» Pointers and dynamic data structures.

 Input and output (limited to sequential files as in Pascal).
» Block structure with associated scope rules.

* Routines, including recursive ones.

» Classes of object-oriented languages, with inheritance (for which the problems will
only be sketched).

Other interesting extensions are considered in the exercises.

Every section describing such an extension (except for those which only outline a
solution) has the same general structure: first an intuitive, informal description of the
extension; then the corresponding modifications to the abstract syntax; then changes to the
static semantics;, then new semantic domains and/or auxiliary functions, if necessary;
finally, required changes to the M meaning functions.

You will have another opportunity to look at records, arrays and routines, from an
axiomatic perspective, in chapter 9.
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7.1 CONVENTIONS

7.1.1 Independence of the extensions

This chapter introduces extensions independently, not cumulatively. For example the
discussion of pointers assumes that there is no input or output, and conversely.

The reason is that each extension complicates some aspects of the specification; for
example, it is usually necessary to add new components to the State semantic domain.
Accumulating these additions would make the descriptions too complex. Instead, each
new feature will be described as a single extension to the specification of Graal from the
previous chapter.?!

As an exception to this general convention, it will be convenient to base the
specification of routines (7.7) on the mechanisms developed for block structure (7.6)

To highlight additions to the base specifications of the previous chapters, new
components in aggregates or choice productions will be underlined.

7.1.2 Notations

Some notations will aid in describing this multiple extension process.

First, descriptions of objects having a fixed number of components will
systematically rely on aggregates (3.2.2, 3.4.1) rather than cartesian products. In other
words, instead of introducing a composite syntactic or semantic domain as

A
X 2V, xV,x ... xV
the definitions will use named components:
A . o . . .
X 2tV itV otV
where the t, are members of atag set T.
With this convention we can easily refer to an individual component of a member e of X

by using the component’s tag, as in e.t.. This is particularly useful to describe states
which, as we add features to our languages, will get more components.

Section 3.9.1 established the mathematical respectability of these notations and
showed how to interpret cartesian product as a specia case of aggregation, with natural
integers as tags.

Semantic descriptions may similarly benefit from the notations and operators for
digoint union (3.2.3, 3.4.2, 3.9.2) and lists (3.2.4, 3.4.3, 3.9.3), initialy introduced for
syntactic domains.

1 To remove this restriction, Metanot would need a mechanism similar to the classes of object-
oriented programming, based on abstract data types rather than just sets, and the power of multiple
inheritance to combine various extensions.
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In describing the effect of various constructs we will sometimes need to define an
aggregate element e’ which differs from a given one, e, by the value of one or more
fields. The except notation will be used for this purpose. If e is a member of X as
defined above, the expression

eexcept t.: b

denotes another member of X, identical to e except that its i -th component is b (which
must be a member of V,). This notation in an abbreviation for

X(tprettret,;..;tb . tret)

or more simply
e d {<,b>}
if we remember (3.9.1) that an aggregate is simply a finite function, a member of

T + V (V being the union of the V; ).
The notation also applies to more than one field, as in

e except (t : b; tj 1 C; ..)

provided the tags given are all different.

7.2 RECORDS

The first extension addresses the notion of record type, aso called structure type. This is
in fact the programming counterpart of the mathematical concept of aggregate, discussed
above.

7.2.1 The feature and its purpose

Record types describe composite data structures. An instance of a record type consists of
one or more fields, each of which is a value of a given type. For example, a record type
describing books may be declared in Pascal as:

type BOOK =
record
author, title, ison_code: STRING;
publication_year: integer
end

Similar declarations are permitted in such languages as ALGOL W, C, PL/l, Ada, C++
and C#.
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Object-oriented languages such as Simula, Smalltak and Eiffel have generalized
records by introducing classes, whose components may be not just data fields but aso
routines. Classes will be studied below (7.8).

If b is a variable of type BOOK, the value of b at execution time will be a
guadruple with four fields, each with the type given. The fields of this object are denoted
in Pascal, C or Ada through dot notation: b.author etc. Syntactically, this notation is
equivalent to a variable: you may not only access the value of b .author but assign to it,
asin

b.author := "Victor Hugo"

A language implementing information hiding (usually as part of support for object-
oriented programming) would not permit this direct assignment; in Eiffel, for example,
you must call a procedure which sets the field to the appropriate value, as in

b.set_author ("Victor Hugo")

This discussion will, however, use the Pasca modd!.

Records are similar, at the programming language level, to the aggregates of
Metanot. The model developed for aggregates in 3.9.1, treating them as finite functions
from tags to values, will provide the inspiration for the denotational specification of
records. record types will be viewed as functions of tags to types, and the values of
record variables as functions of tags to values.

7.2.2 Changes to the abstract syntax

The required changes affect not only the notion of type but also variables, to account for
qualified variables of the form x.t.

Declaration_list 8  td: Type declaration list; vd: Variable declaration list
Variable_declaration list 4  Variable declaration*
Variable declaration 24  v: Variable; t: Type
Type declaration list 4  Type declaration*
Type 4  Boolean_type | Integer_type | Type _name
Type_declaration a name: Type_name; components: Record_type description
Type name 24 id:S
Record_type description 4  Component*
Component &  ctag: Tag; ctype: Type
Tag 2 name:S
Variable 4  dmple variable | Qualified variable
Smple variable & id: S
A

Qualified_variable root: Smple variable; qualifier: Tag
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Making the qualifier a list of Tag elements rather than just one Tag would allow
multiply qualified variables of the form x.t,.t.....t (exercise 7.1).

7.2.3 Changes to the static semantics

The constraints on declaration lists now reads
A
V [dI] & VV

Declaration _list ariable declaration_list

[dl .vd] A [dl .td]

VType_decI aration_list

where V. able declaration_lis is the old Vg ation 1igw StAING that no variable is declared

more than once, and V., ype declaration list’ left to the reader, says the same for types. (A

constraint prohibiting recursive type definitions will be added below.)
A constraint V also left to the reader, should express that no two

Record_type description’ .
components of a record type have the same tag (ctag field).

The notion of Type value must now support record types in addition to bt, it and ut
(boolean, integer and undefined types). Here is a way to include them:

Type value 2 Smple type value | Type name
Smple _type value & {bt, it, ut} -- Thisis what Type value was before

Function typeval , which associates a type value with every type, becomes:

typeval (t: Type) 2
case t of
Boolean type : Type value (bt) |
Integer_type : Type value (it) |
Type name : Type value (t)

-- The type name, t itself in this case
end

Taking the “type value” of a record type to be its name is an important decision: it
means that the specification will treat two separately declared types as different even if
they have the same structure. This policy is known as name equivalence; the reverse one
is structural equivalence. Exercise 7.2 explores the differences.

Function typing remains applicable but it only captures the meaning of a variable
declaration list. It may be replaced by
variable typing (vdl: Variable declaration list) 2
... As typing before ...

It is aso necessary to record the meaning of a list of type declarations. Using the same
techniques as in the specification of aggregates, we may take as denotation of a record
type the function from its tags to the associated type values. For example, the denotation
of atype defined by
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record
full_time: BOOLEAN; age, salary: INTEGER; birth: DATE
end;

will be the finite function

[7.1]
{<full_time, bt>, <age, it>, <salary, it>, <birth, DATE>}

(where the second components of the pairs are abuses of language for Type value (bt),
Type value (DATE) etc.). Such denotations are members of the static semantic domain
Record_type denotation 2 Tag + Type value

and we may attach record types to them, as in the above examples, through the following
function:

record_mapping: Record type description — Record type denotation
record_mapping (r: Record _type description) 2
over r apply
A c: Component - {<c.ctag, typeval (c.ctype)>}
combine "" empty O end
The denotation of a list of record type declarations will be a function from a set of type

names to the corresponding record type denotations; such functions are members of the
domain

Record_type environment 2 Type name+> Record_type denotation
For example, the denotation of the single declaration

type EMPLOYEE =
record
full_time: BOOLEAN; age, salary: INTEGER;

birth: DATE
end;

will be the one-element “record type environment”

{<EMPLOVYEE, {<full_time, bt>, <age, it>, <salary, it>, <birth, DATE>}>}

Such a Record_type_environment is a second degree function, of signature
Type name > (Tag + Type value)

A record type environment will result from processing a list of record type declarations,
just as a type map results from processing a list of variable declarations. The function
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type binding: Type declaration_list — Record type_environment

serves this purpose in the same way as typing for variables. It is defined as follows:
type binding (tdl: Type declaration_list) 2
given
bind_a type & A td: Type declaration -

{<td.name, record_mapping (td.components)>}
then

over tdl apply bind_a_type combine "[j" empty O end
end

The context condition VEXpr on» Which previously had two arguments, an expression e

and a type map tm, must now include a third: a record type environment rte. The only

change is the branch for Variable, which previously read e [Jdom tm and must be
replaced by

VVariabIe [e, tm, rte]

where V.., takes care not only of simple variables but also of qualified variables of
the form vroot .vqualifier :

Vyariaple [V Variable, tm: Type_map, rte: Record_type_environment] A
case v of

Smple variable : v Odom tm | -- Same as before
Qualified_variable :

if v.root [ dom tm then false-- Root is not declared

else
given
root_type 4 tm (v.root)
then
if root_type [J dom rte then
false -- Root type is not record
else
v.qualifier Jdom rte (root_type)
-- The qualifier must be a proper tag
end -- for the root’s type
end
end

end

The second case expresses that vroot .vqualifier is only valid if vroot has been declared
and its type is a record type whose type denotation in the type environment rte, given by

rte (vroot), is a function from tags to types, {<tag,, type,>, ... <tag_, type >} such that
one of the tags is v .qualifier .
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Function expression_type requires a similar change: in addition to the arguments
e: Expresson and tm: Type map, it should now have an argument rte:
Record_type_environment, and its Variable branch, previously

if el dom tm then ut else tm (e) end

should now read variable_type (e, tm, rte), with

variable type [v: Variable, tm: Type _map, rte: Record type environment] 2
if vl dom tm then ut

else
case v of
Smple variable : -- As before:

if v [0 dom tm then ut else tm (v) end |
Qualified_variable :
if v.root 1 dom tm then ut

else
given
root_type 2 tm (v.root);
tag 2 v.qualifier
then
if root_type [ dom rte then ut else
if tag [1 dom rte (root_type) then ut

end else rte (root_type) (tag) end
end

end end

In the above example, this function will yield type if v.qualifier istag. .

The context condition V, . ... must be adapted accordingly. It too needs the extra
argument rte, and its branch for Assignment must be rewritten as follows:

Vyariaple LI -target, tm, rte] A -- Replacesi.target Udom tm
-- from previous version
Expression [i.source, tm, rte] A- Unchanged except for extra argument

variable type (i.target, tm, rte) = expression_type (i.source, tm, rte)
-- Left-hand side replaces tm (i.target)
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7.2.4 Changes to the dynamic semantics

The essential change to the dynamic semantics is the necessity to take into account
composite values, for example, an “employee” has a composite value with four
components.

We might be tempted to describe such values simply as tuples, that is to say
members of cartesian products. Tuples, however, do not include the tags. viewed as
tuples, both a book (with author, title, ISBN code and publication year) and a car (with
make, owner, license plate and price) will be objects with three string fields and one
integer field. This loses some of the intuitive semantics of records.

As announced at the beginning of this discussion, the mathematical interpretation of
aggregates as finite functions (3.9.1) provides guidance here. In static semantics, the
denotation of a record type was a function from tags to type values;, similarly, the
denotation of an instance of a record type will be a finite function from tags to values.
For example, the denotation of a certain book object may be the function

{ <author, "MARCEL PROUST">,
<title, "A LA RECHERCHE DU TEMPS PERDU">,
<isbn_code, "XXX">, <publication_year, 1919>}

This model has the further advantage that it readily adapts to the case of records having
components that are themselves of record types; in this case one or more function values
will themselves be finite functions. For example, EMPLOYEE above had a component of
type DATE; assuming a proper declaration for this latter type, the denotation of an
instance of EMPLOYEE may be:

{<full_time, false>, <age, 32>, <salary, 50000>,
<hirth, {<day, 8>, <month, 8>, <year, 1964>} >}

This interpretation enables us to redefine the semantic domain Value, which becomes
Value & Smple value | Record value
with
Smple value 2 Z O B O {unknown}
A

Record_value (Tag 4 Value)

The only other parts of the specification that need updating are those which involve the

notion of variable: MEXpron and Mmgnmt, which now includes qualified variables of

the form x.t. The changes to the abstract syntax (repeated here for ease of reference) are
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Variable
Smple variable
Qualified variable

>

Smple variable | Qualified variable
id: S
root: Smple variable; qualifier: Tag

> 1>

The definition of MAssignment [a] (o), which previously read

(o {<a.target, M [a.source] (0)>})

Expression
should now account for the case in which a .target is a qualified variable. It becomes:

[7.2]

given
left & a.target;
right 2 MEX|Oron [a.source] (0) -- The value to be assigned
then
case left of
Smple variable : (o 0 {<left, right>}) | -- This case as before
Qualified variable :
given
initial_mapping 2
if left.root 1 dom o then O else o (left .root) end
then
(c 4 {<left.root,
initial_mapping 0O {<left.qualifier, right>}>})
end
end end

For example, in the assignment x.full_time := true, the initial_mapping represents the
value of x, of type EMPLOYEE, in the initial state. If x or any of its component has
previously been assigned a value, this will be a function whose domain is a subset of the
set of tags {full_time, age, salary, birth}; otherwise, initial_mapping is taken to be the
empty function. The result of the assignment is to associate the value true to tag full_time
in this function. So if the initial state was

{<y, 3>, <z true>, <x, {<full_time, false>, <age, 32>}>}

with only two variables other than x, both simple, then the state resulting from the
assignment will be

{<y, 3>, <z true>, <x, {<full_time, true>, <age, 32>}>}

The Variable branch in M [e] must be similarly updated. It previously read

expression

if e [0 dom o then unknown else o (e) end
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and should now be:

[7.3]
case e of
Smple variable : ... As before ... |

Qualified_variable :
if e.root 1 dom o then unknown else
given
record val & o (e.root)
then -
if e.qualifier 1 dom record val then unknown
else record_val (e.qualifier) end
end
end
end

This definition is correct only if we can be sure that the value of any record variable,
record val, is a Record value (a function from tags to values) rather than a ssmple value;
otherwise the notation record_val (e.qualifier) would be incorrect. This may be expressed
as Invariant (p) (o), where Invariant is the following function:

Invariant : Program — Sate — B

Invariant (p) (o) 2
given
typemap 2 variable_typing (p.decpart.vd);
Declared record_variables 2

{v: dom typemap | typemap (v) is Type _name and v 0 dom ac}
then
Vv : Declared record variables -

o (v) = Value (unknown) V o (v) is Record value
end

The constraint defined by this function is an example of state invariant; it must be
guaranteed by all the operations of the semantic specification that may create a state, and
maintained by all those that may transform a state.

Here it is indeed the case that the initial state of execution satisfies Invariant (p) by
default, and that the new branch of M Assgnment introduced above ([7.2]) for field
assignments of the form x.field := value. preserves it. In fact, the reason for taking the
empty function O as the value of a record variable which has not yet been assigned a
value (first case for initial_value in [7.2]) is precisely to maintain Invariant. As you can
easily check, the denotation of the other relevant instruction, the assignment x := y where
both x and y are record variables, also preserves the invariant.
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Because of this invariant, the new definition of the Variable case for MExpr on
([7.3]) treats record_val, that is to say o (e.root), as a member of Record_value. This
form has been used for simplicity but is not quite correct typewise. The correct (although
somewhat heavy) formulation for the property on record val (marked --* above) is

case record val of
Smple value : unknown | -- Although this case is impossible

Record_value : -- As before:
if e.qualifier [J dom record val then unknown
else record_val (e.qualifier) end
end

7.2.5 Avoiding recursive definitions

There remains a problem with the above definition of records. The abstract syntax as
given is
Type_declaration 2 name: Type name; components. Record_type description
Record_type description 24 Component*
Component 2 ctag: Tag; ctype: Type
Type £ Boolean type| Integer_type | Type_name

This allows mutually recursive definitions of the form

type A = record bb: B; n: INTEGER,; ... Other components ... end;

type B = record aa: A; n: INTEGER,; ... Other components ... end;
or even directly recursive ones (a record type A with one or more components of type A).
In fact, such definitions do not lead to any inconsistency: the above semantics gives them

an interpretation, and they can be used in programs. The trick is that the evaluation of any
uninitialized item will not have any bad consequences; it ssmply yields unknown.

For example, the following program fragment has the intuitively appropriate effect
under the above semantics:

al, a2: A; bl, b2, b3: B;
al.n:=5; bl.n:=10; al.bb := bl;
b3 := al.bb; -- Will assign to b3 a copy of bl
X :=b3.n -- Will assign to x the value 10
-- An attempt to use bl.aa or b3.aa here would yield unknown.
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The above recursive declarations describe conceptually infinite structures, but this raises
no particular problem as long as any computation only uses a finite part. This is close to
the notion of lazy evaluation, studied in the next chapter (8.7.6).

In practice, however, programming languages do not permit recursive record type
definitions since actual computers do not offer any simple implementation. An object of
type A above may have a component of type B, which may have a component of type A,
which... As noted, a terminating program may only create a finite structure conforming to
this pattern; but the compiler must generate data structures representing objects of type A
in such a way that the execution can insert new bb components into such objects by
repeatedly “writing smaller” as the components get expanded. There is no easy way to
achieve this in the memory of a computer.

In practice, this means that programming languages only allow recursive record type
definitions when the recursive components involve records indirectly, through references
(pointers). Pascal, for example, does not permit recursive record type definitions unless at
least one declaration in the recursion cycle “protects’ the corresponding record type
through pointers. The above declarations of A and B are then incorrect; you may,
however, write the following:

type
A =record bb: 1B; ... end;

B =record aa: tA; ... end;

where 1 T means “pointer to T”. This way the values of components such as aa are
pointers to records rather than the records themselves. Since a pointer holds a fixed
amount of memory space, the compiler can generate the proper data structure layout. (7.6
below sketches the denotational semantics of pointers.)

The precise Pascal rule is that any forward reference in a record type declaration must be
protected by a t. A forward reference is any mention of a record type not declared
previously (including the type in whose declaration the mention appears). So the above is
still correct if you drop the + for aa in B, but the one for bb in A is required.

An extreme solution is taken in languages such as Algol W or Simula where all
variables or record components declared of record types are understood as pointers. This
way, arbitrary recursion is possible.

An intermediate solution is to allow components and variables with actual record
values, but to prohibit recursion. This is the approach used in Pascal. In Eiffel, record
components are either of “expanded” types, in which case no recursion is permitted, or of
class types, in which case the corresponding fields are references and there is no
constraint on recursion.

A simple way to implement the Pascal rule in Graal extended with records is to add
a clause to the constraint VType declaration lig (P80€ 191). The constraint prohibits forward
references and so it avoids recursion: if the type R declared for a component of a record

type S isitself arecord type, then R must have been declared before S.
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To express this, we may define functions Needed and Previous as follows. Each
applies to a type declaration list and yields a list of sets of types. If the i-th element of a
type declaration list tdl is the type declaration td, then:

* The i-th element of Needed (tdl) is the set of type names mentioned in the
declaration of td.

* The i-th element of Previous (tdl) is the set of type names declared in tdl, up to
and including td.

Then the constraint is simply that every element of Needed (tdl) be a subset of the
corresponding element of Previous (tdl ). The following predicate expresses it:

No_forward references (tdl : Type declaration list) 2
Vi:1..tdl .LENGTH . Needed (i) O Previous (i)

with

Previous, Needed: Type declaration_list — (P (Type_name))*

Previous 2
given
type name & A td: Type declaration - td .name
then
A tdl : Type declaration_list -
over tdl apply
A td : Type declaration -«
{<#,ran ((tdl ; type name) \ 1.. #)>}
combine "" empty O end
end
Needed &
given
Component_type names 2 A td : Type declaration -
[] {td .components( j).ctype}
{j:1..td.components.LENGTH |
td . components( j ). ctype is Type_name}
then
A tdl : Type declaration_list « (tdl ; Component_type names)
end

Recall from 3.9.3 that the symbol # occurring in the over... apply... expression for
Previous denotes the index of the current list element. Needed uses the composition of a
list and a function on list elements (see the definition of TAIL in 3.9.3).
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7.3 ARRAYS

Arrays are in many ways similar to records; the extension is in fact smpler because all
elements of an array have the same type.

As with records, the notion of variable must be extended, here to include array
elements, such ast [i] in the Pascal notation. In a manner similar to the above “qualified
variables”, we may view these as “indexed variables”.

For dynamic semantics, we may model the run-time value of an array as a list
(3.9.3), extending the domain Value accordingly.

Arrays have bounds, and the specification should describe a mechanism for checking
that an element is within the bounds.

Mathematically, it is not much more difficult to model dynamic array allocation
(with a special instruction, say allocate a bounds m, n) than static allocation (where the
bounds must be constant and are given in the array declaration).

The details of these extensions are left to the reader as an exercise (7. 3).

7.4 POINTERS

Another important mechanism for building composite types and data structures is pointers,
also known as references.

7.4.1 The feature and its purpose

In some languages such as C or PL/I, pointers simply give programmers access to the
physical memory addresses of the program’s entities (exercise 7.5). In others such as
Pascal, Ada, Simula or Eiffel, pointers (references) are used in connection with
dynamically allocated objects. This is the more interesting application, and the one
examined here.

More precisely, assume pointer types may be defined from base types, using the
Pascal concrete syntax, if T is atype, 1T is the type whose specimens are pointers to
objects of type T. T may be a pointer type itself; also, it is essential here to permit
mutual recursion, so that T may be 1S where Sis1T.

In practice, the interesting pointer types + T are those for which T is a record type,
so that a pointer will point to an object which has some fields of non-pointer types, as on
the figure below.

To introduce the formal specification techniques, however, it suffices to consider a
simple model where the only base types (the possible T) are Graal’s types, integer and
boolean. We may alow an infinite number of possible pointer types, of the form
11 ... 1T, where T isinteger or boolean.



202 DENOTATIONAL SEMANTICS: LANGUAGE FEATURES §74.1

— §
}__ ‘Sﬁmi@ H‘&.’a&tﬁﬁ&a §

Pointer to object Void pointer

Simple (non-pointer) value

]
§ o

B
"
@

Figure 7.1: Pointers and records

At run-time, a pointer may be attached to an object; if attached to no object, the
pointer is void. There are four fundamental operations on a pointer variable p:

» Creation: create a new object and attach it to p.

* Re-attachment: attach p to an existing object — de-attaching it from the object to
which it was previoudly attached, if any.

» Forget: make p void.
» Dereferencing: access the value of the object attached to p.

In Pascal, creation uses the new predefined procedure; re-attachment is obtained through
assignment to the pointer variable p; “forget” is assignment of the special “null” pointer
value; and the expression denoting the object to which p is attached is written p 1.

You may treat a dereferenced variable pt as a standard variable; in particular, it
may be the target of an assignment, denoting a change to the object to which p is
attached. In contrast, the effect of an assignment to p itself is to attach p to another
object.

An important property of pointers in this model is that they may only be attached to
objects in the heap. Call “basic store” the memory area which hosts the values of
variables; the basic store is usualy either a fixed area of storage or (in the presence of
block structure or routines, discussed later in this chapter) a stack. Pointers may occur as
the values of either variables or heap objects. The possible relations are summarized on
figure 7.2: there may be pointers from the basic store to the heap, or from the heap to the
heap, but not from the heap or the basic store to the basic store. C and PL/I do not
enforce these restrictions, opening up al sorts of risks at run-time, since pointers may be
kept to deallocated areas of the basic store.

In their more disciplined version, pointers are both useful and dangerous. They are
useful for describing linked data structures such as linked lists, trees (in many of their
implementations), circular chains and the like. The danger comes from the phenomenon of
dynamic aliasing introduced by pointers: if p and g point to the same object, a
assignment to pt changes gt even though it does not officially name q.
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In practice, dynamic data structures also raise the problem of space reclamation: after
re-attachment operations, some objects may become inaccessible, wasting memory space;
programmer-controlled deallocation is tedious and error-prone, requiring implementors to
provide efficient automatic mechanisms for “ garbage collection”.

Because of their low level of abstraction and the dangers of misuse, pointers have
been compared to the infamous “goto” instruction. For the goto, however, higher-level
replacements exist, with the consequence that no reasonable programming language
should include a goto construct (and that such a construct is not addressed in this book).
No such generally agreed upon replacements exist for pointers. Whether or not we like
pointers, any program that deals with non-trivial data structures will need them.

. -

Stack Heap

Figure 7.2: What a pointer may point to

7.4.2 Outline of the modification

The abstract grammar must extend the notion of type to include pointer types with an
arbitrary number of t signs, and the notion of variable to include dereferenced variables
xt. The new instruction must also be added to the list of choices for Instruction.

For static semantics, we must express not only the context condition on pointer
assignments (written in Pascal x := y where both variables are of pointer types) but also
the constraint on assignments to dereferenced pointers: in xt := e, X must be of type 1t
where e is of typet.

For dynamic semantics, we may redefine the state as

Sate & static: Smple_state; dynamic: Heap

where Smple_state is the previous notion of state and Heap is

values: (N # Value) ; top: N

The choice of N for addresses assumes a linear, “von Neuman” model of the memory.
More abstract models are also possible. The one used here closely follows the standard
implementation technique.

The domain Value of values should now include pointers, represented by integers in
this model.
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The M function for expressions must be redefined to account for dereferenced
pointers. In the denotation of instructions, we must not only account for the new
instruction (allocate a new position in the heap and make the variable point to it), but also
adapt the semantics of assignment instructions to deal with targets which are pointers or
dereferenced values.

You are invited to carry out the details of this construction (exercise 7.4).

7.5 INPUT AND OUTPUT

Graa supported neither input nor output. This section shows how to add Pascal-like file
manipulation, generalizing simple techniques introduced for Lullaby in chapter 4.

7.5.1 The feature and its purpose

Input and output do not require justification: a program without communication with the
outside world is of little use.

There are two general methods for dealing with input and output in programming
languages. Some designs, such as those of Fortran, Cobol, PL/I and Pascal, expressly
include input and output constructs; others keep the needed mechanisms outside of the
language proper. The first among these was Algol 60, whose designers felt that input and
output were too machine-dependent to be made part of the definition of a universa
language; as a result, the origina language definition did not include any input or output
construct, which led every compiler writer to design his own — not a very pleasant
situation for users concerned with portability. (Later versions of Algol 60 defined a
standard mechanism.) More recent designs such as C, Ada and Eiffel keep input-output
mechanisms out of the language, in the Algol tradition, but do not shirk their
responsibilities since they define one or more standard input-output libraries. This, of
course, still leaves compiler writers with the task of finding a language that does support
at least some primitive input and output operations.

The following discussion limits itself to sequential file manipulation, similar to the
Pascal model.

Bringing a Pascal-like concept of files to Graal means a few extensions:

» Two new types, “file of booleans” and “file of integers”.

A Read instruction, which reads an element and advances the read cursor.

A Reset instruction, which moves the read cursor to the beginning of the file.
A Write instruction, which writes a new element after the last written position.
A Rewrite instruction, which erases all written positions.
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7.5.2 Changes to the abstract syntax

Type & Smple _type | File type

Smple type 2 Boolean type | Integer_type

File type 2 basetype: Smple type -- The type of the elements in afile
Instruction 2 ... Asbefore... | Reset | Rewrite | Read | Write
Reset 2 file: Variable

Rewrite 2 file: Variable

Read 2 target: Variable; file: Variable

Write 2 source: Expression; file: Variable

7.5.3 Changes to the static semantics

First the notion of Type value (6.2.2) must now include the two file types:
Type_ value 2 {bt, it, ut, bft, ift}
Function typeval must be redefined accordingly:
typeval (t) 2
case t of
Smple type : -- as before:
case t of
Boolean type : bt | Integer_type : it
end |
File type :
case t.basetype of
Boolean type : bft | Integer_type : ift

end
end

205

There is no need to change the V function for expressions. Instructions (6.2.4) need the

following new cases:
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v
Reset, Rewrite : tm (i.file) = bft v tm (i.file) = ift |
Read :
i .target Jdom tm A
((tm (i.target) = bt A tm (i.file) = bft) V
(tm (i.target) = it A tm (i.file) = ift)) |
Write :
Expression [i .source, tm] A
((expression_type (i.source, tm) = bt A tm (i.file) = bft) V
(expression _type (i.source, tm) = it A tm (i.file) = ift))

7.5.4 New semantic domains

For dynamic semantics, the notion of Sate does not change but the domain Value of
values (6.3.1) must be extended with file values:

Value & Smple value O File value
with
Smple value 2 Z O B O {unknown}

File value 2 contents: File contents; cursor: N
File_contents 2 Smple value*

A “file value” is a pair whose first element is a possibly empty list of simple values, the
second element is an integer which indicates the position of the read “head” in the file.
Writing is always done at the end.

7.5.5 New semantic functions

It is convenient to introduce the following functions to represent file manipulations:

past_eof: File value — B
past_eof (f) 2 f.cursor > f.contents.LENGTH

current: File value - Smple value
dom current = {f O File value | not past_eof (f)}
current (f) 2 f.contents (f.cursor)



§7.5.5 INPUT AND OUTPUT 207

advance: File value + File value
dom advance = {f O File value | not past_eof (f)}
advance (f) 2 f except cursor: f.cursor + 1

append: File value x Smple value — File value
append (f, v) & f except contents: f.contents+ <v>

Function current returns the value of the element at cursor position, if any; advance
moves the cursor one position ahead; append writes a value at the end of the file, without
affecting the cursor position.

7.5.6 Changes to the meaning functions

The M function for instructions (6.5.1) needs new cases for Reset, Rewrite, Read and
Write. Here are the corresponding functions.
Mo, [r: Reset] & | _
-- Do not change file contents; reset cursor to start of file.
ANo. oly {<r.file, o (r.file) except cursor: 1>}

M r: Rewrite] A

-- Empty file; reset cursor to start of file.
ANo. ol {<r.file File value (contents: <>; cursor: 1)>}

Rewrite [

Mo [r: Read] 2
-- Assign value of current file element to variable; advance cursor.
if past_eof (r.file) then Id
-- Attempt to read past end of file. No effect.

else
ANo. o[y
{<r.target, current (o (r.file))>,
<r.file, advance (o (r.file))>}
end
Mo [W: Write] A

-- Append value of expression to the file; do not move cursor.

Ao (o {<w.file, append (o (w.file), MEXpron [w.source] (0))>})
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7.6 BLOCK STRUCTURE

Block structure, introduced by Algol 60, found its way into many of its successors such
as Algol W and Algol 68. Restricted forms are present in Pascal, Ada and Eiffel.

The term actually covers several related facilities for structuring programs
hierarchically, and our first task will be to clarify the variants.

7.6.1 The feature and its purpose

We may distinguish three successive levels of block structure:
1 « Syntactic grouping of instructions.

2  Static scope for local variables.

3« Unit of dynamic storage allocation.

The first level, syntactic grouping, simply supports compound instructions, as present in
Graal. They serve to make sure that a list of instructions may be used in any context
where the language syntax requires one instruction. The Algol 60 concrete syntax uses the
keywords begin and end as parentheses and the semicolon as separator:

begin
instruction .

instructi on_
end

A compound of this form is acceptable wherever the grammar requires an instruction, for
example as a branch of a conditional or body of a loop or routine. This aso permits
compound instructions to be nested without ambiguity; begin and end play the same role
as parentheses in mathematical expressions.

Although this method is simple and uniform, the current fashion trends in designer
syntax tend to favor a different convention, first introduced by Algol 68: implicit blocks.
What this means is that the grammar permits a list of instructions, without parenthesis-like
delimiters, wherever it accepts a single instruction. For example, in the Ada or Eiffel
syntax for conditional instructions

if expression then instructions else instructions end

one or more instructions, separated by semicolons, may appear in either branch. This is
consistent with the idea of a language whose concrete grammar is an operator grammar,
containing constructs al of the form

operator operand operator operand ... operator

where operators are keywords and special symbols (such as semicolon), and operands are
user-chosen identifiers.
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The second level of block structure adds the notion of static scoping. Here blocks
are not only compounds but also units for the declaration of variables. Blocks may
contain declarations as well as instructions; in this way they resemble the “programs”’ of
Graal, a similarity which will be put to good use in the formal specification. The scope of
every variable is the block in which it is declared.

The main consequence of static scoping is to allow digoint blocks to use the same
variable names. Furthermore, an embedded block may declare a variable with a name
aready used in an enclosing block; a reference to a name will always denote the
innermost variable declared with that name. Consider for example the following structure,
where all variables are declared of the same type:

begin-- Block B1
X, y: INTEGER,

... Body of B1 ...

begin -- Block B2
X, Z INTEGER,;

end -- Block B2

begin -- Block B3
Y, Z INTEGER;

end -- Block B3
... Body of B1 (continued) ...

end -- Block B1

There are here two variables associated with each of the names x, y and z. The two
variables called z appear in digoint blocks; on the other hand, the redeclarations of both
x and y appear within the scope of their original (B1) namesakes. The name x refers to
the outermost (B1) variable bearing that name when it appears in the body of B1 or B3,
but to the B2 variable when it appears in B2, and similarly for y.

It is impossible to refer to the outermost x in B2, or to the outermost y in B3.
Blocks B2 and B3 are said to be holes in the scopes of the outermost x and vy,
respectively.

The purpose of these conventions, as introduced by Algol 60, was to enable
programmers to pick names freely for separately developed program parts without risk of
conflict. While nobody would deny programmers the right to choose identical names in
digoint program units (after all, even Fortran subroutines permit this), the usefulness of
overriding the declarations of enclosing blocks is more questionable. Critics have pointed
out risks: a program whose author has forgotten to declare a variable may still appear
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valid to the compiler if the variable happens to have the same name as another declared
in an enclosing block. For example, a misspelling of y as x in B3 will remain undetected
by the compiler since the name matches that of a variable of the enclosing B1.

Pascal distinguishes between compound instructions and static scoping units. Normal
begin ... end blocks may not include declarations; the only scoping units are main
programs and routines. A similar distinction is made in such languages as Ada or Eiffel.
(The latter offers only two levels: classes may contain routines; routines may not be
nested.) The only disadvantage is the inability to write a block of the form

if y>xthen
-- Swap the values of x and y
local
var t: T -- Tisthetype of x andy
begin

ti=x;x=y,y:=t
end

which is too ssimple to justify a routine. In such a case, you will need to declare the local
variable t in the enclosing program unit rather than in the more restricted scope where
you really need it.

Finaly, the third level of block structure concepts, dynamic scoping, extends the
previous static scoping rules to the dynamic (run-time) life of the program: variables
declared local to a block are allocated anew every time the block is executed.

Since block inclusions form a tree hierarchy, the execution may only leave a block
once it has left al its internal blocks; this means that block invocations follow a simple
last-in, first-out scheme, and that implementers may use a stack to alocate the local
variables.

With this last interpretation of block structure, the static scope of a variable (the
portion of the program in which its name is meaningful) coincides with its dynamic scope
(the portion of the program during whose execution the variable is physically allocated).

This association of static and dynamic scope was introduced by Algol 60. It is an
elegant idea but suffers from a practical drawback: a block will often need persistent
variables, whose values are kept from one activation to the next; but these may not be
declared local to the block, since every execution would allocate them again. This means
that the declaration of a persistent variable must be at least one scoping level higher than
the block which needs it.

In Pascal, for example, this often leads to declaring all persistent variables at the
highest possible level (the main program). The result is a loss of clarity, since many
variables are declared in a context broader than the one in which they are actually used,
simply because they must be persistent.

In C (for variables declared in a routine) and PL/I, the dynamic scope of a variable
IS its static scope by default, but variables declared as “static” are persistent throughout
the execution; in other words, their dynamic scope is the outermost block. A similar
possibility existed in Algol 60 (own variables), but raised consistency problems with
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dynamically alocated arrays. Object-oriented languages make it possible to attach
persistent values with an object; the corresponding variables (called “attributes” in Eiffel)
are declared at the level of the associated class (the program structure enclosing a
routine).

Graal aready has compound instructions. The following discussion assumes that

compound instructions are extended to represent blocks with local variables (level 2) and
dynamic allocation (level 3). The latter extension only affects the dynamic semantics.

7.6.2 Changes to the abstract syntax

The changes to the abstract grammar are ssimple. A new construct Block is needed:

[7.4]
Block 2 variables: Declaration_list; body: Instruction

The definition of Instruction must now include Block as one of the alternatives. The
structure of blocks is identical to what the structure of programs was before, hence the
redefinition

Program 2 b: Block

7.6.3 Changes to the static semantics

We must extend the validity function for instructions (6.2.4) with a new branch for
blocks:

Block : V [i.body, tm [ typing (i.variables)]

Instruction
In other words, if a block is checked in the context of a certain type map tm, its
constituent instruction must be checked against tm overridden by the local declarations of
the compound. This is nicely expressed by the overriding union operator "[j".

This is al there is to do for static semantics. Note how simple this modification is
thanks to the [ operator and the notion of type map. They express concisely the gist of
scope rules in block-structured languages — declarations of the outer block remain in
effect in the inner blocks unless there is a name clash, in which case the inner name takes
precedence.

7.6.4 Semantic domains

The dynamic semantics of blocks at level 3 (with dynamicaly allocated variables)
requires some new semantic domains.
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The notion of state as finite function from variables to values is not sufficient any
more: variables were defined as identifiers, that is to say names, but now the same
variable may refer to more than one run-time object.

One technique is to introduce explicitly a notion of location, as an intermediary
between variables and values, representing the set of available addresses. ** Storage maps”’,
also caled environments, then serve to describe the mapping from variables to their
assigned locations:

Location & N

Environment 2 Variable 4 Location

Memory 2 Location 4> Value
As with heaps (page 203), the choice of a linear memory model may be considered
overspecifying, but keeps the discussion simple. See exercise 7.9 for a more abstract
specification.

The next step is to redefine the state:

[7.5]
Sate & addresses: Environment; content: Memory

A state o is now a pair; the environment component, addresses, gives the correspondence
between variables and memory locations and content gives the value associated with each
useful memory location.

Since o.addresses is a finite function for any state g, we may define the following
function:

top: Sate — N
top (0) & max (ran o.addresses)

For any g, top (o) is the highest memory address that has been allocated in state o.

7.6.5 State invariant

Not every pair made of an environment and a memory, as defined above, is acceptable as
state: locations must be allocated sequentially. This property may be expressed as the state
invariant

V o: Sate - Invariant (o)

with the following definition:
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[7.6]
Invariant: Sate — B
Invariant (o: Bstate) 24
given
highest 2 top (o)
then

ran o.addresses = 1.. highest A dom o.content [ 1.. highest
then

The domain of o.content is constrained to be a subset of 1.. highest; it will cover the
whole interval if all alocated variables have been assigned a value.

7.6.6 Accessing and modifying variable values

The value of a variable x in a state ¢ is not simply given by o (x) any more, but by the
function:

variable value (x) (o) &
given
address & ¢.addresses (x)
then

if address [[1 dom o.content then unknown

else o.content (address) end
end

The invariant ensures that address is in the interval 1.. highest, but not that it is in the
domain of o.content (a subset of that interval); this is why the value may be unknown.

Function variable value (x), applicable only to declared variables, is partial:

dom variable value (x) 2 {o: Sate | x Odom o.addresses}
The following function describes the effect of changing the value of a variable:

set value: Variable x Value — Sate - Sate
set_value (x, V) (o) 2
O except content: o.content [y {<o.addresses (x), v>}
The domain of set value (x, v) is the same as the domain of variable value (Xx).

Function set_value (X, V) preserves the state invariant: if o satisfies the invariant and isin
the domain of the function, then set_value (X, v) (o) also satisfies the invariant.
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7.6.7 Therun-time stack

Last, we must specify the process of alocating space for a new block and deallocating
Space after exiting from a block. Allocation is expressed by the function

allocate: Declaration list — State — Sate

with:
[7.7]
allocate (dl) (o) 4
o except
addresses: o.addresses [

over dl apply
A d: Declaration - {<d.v, top (0) + #>}

combine "" empty O end
The expression used for the new value of o.addresses represents:

o.addresses [y
{<dI(2).v, top (o) + 1>, <dI(2).v, top (0) + 2>, ... <dI(n).v, top (o) + n>}

for n 2 d .LENGTH. Loca block variables are allocated successive positions beyond the
previous top of the stack.

For given dI, function allocate (dl) preserves the state invariant since:
given

o’ A allocate (dl) (0);

highest” 2 top (0’)
then

ran o.addresses = ran o.addresses + n = 1.. highest” A

dom o'.content = dom o.content = 1..highest’—n [ 1..highest’
end

To express deallocation we may define a function

deallocate: Sate — Sate — Sate

with the understanding that deallocate (o) (0’ ), read as “o’ deallocated to the variables
of ¢”, is the same state as 0’ , but restricted to the variables of state 0. This means that
any variable of ¢’ that is not in o islost; any name associated with both a variable of ¢’
and a variable of o only retains its o connection. This is exactly what should happen on
exit from an inner block: the variables allocated in this block are lost; any variable of the
outer block whose name had been overtaken by a variable of the inner block becomes
active again (the hole in its scope is closed).
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Here is a definition for deallocate:

deallocate (o) (0°) 2

o’ except
(addresses: 0.addresses;
content: ¢’ .content \ ran o.addresses)

The result of deallocate will satisfy the invariant if both o and ¢’ did. The need to
preserve the invariant is the reason why the second part of the except modifies the state's
content component, so as to rid its domain of any member outside the range of
0.addresses.

7.6.8 Changes to the meaning functions

The above preparation yields the necessary modifications to the meaning functions.

In the definition of the M function for expressions (6.4.1), the Variable case should
no longer use o (e) but

variable value (e) (o)
with no more need for the test

e [Jdom o

which has been integrated into the above definition of variable value,

In the M function for instructions (6.6), a branch must be added for blocks, with
Mgioc [11 @ right-hand side; also, the M, fuNCtion must be adapted.

The modified and the new functions are:

[7.8]

M [a: Assignment] 2 set value (a.target, M

Assgnment [a.source])

Expression
. [b: Block] 2
A o - (allocate (b.variables); M

MBIoc
[b.body] ; deallocate (o)) (o)

Instruction
and finally, to specify the semantics of a whole program, now viewed (page 211) as a
block:
Merogram [ P+ Program] a
given
empty_state & Sate (addresses: O ; contents: 0)
then

M p.b] (empty_state)

Block [
end
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7.7 ROUTINES

Using some of the mechanisms defined for block structure, we can now see how to add a
routine construct to Graal. (Routines are also called subprograms, subroutines and
procedures.)

7.7.1 The feature and its purpose

Routines are computational abstractions. A routine describes a certain computation and
associates a name with that computation. Software elements can then trigger the
computation through calls, which refer only to the routine’s name, not to the details of the
computation.

In the software development process, routines serve two complementary purposes.

» Once you have written a software element performing a useful computation, you
may want to give it a name and existence of its own, independently of the original
context for which you produced it, so that it may be reused for other purposes.
This is the bottom-up use of routines.

* When developing a non-trivial algorithm, you may want to express it in terms of
simpler computations; you know the goa (specification) of each such
subcomputation, but may prefer to postpone writing its implementation until you
have finalized the higher-level picture. It is appropriate then to use routine calls to
capture the elements to be developed later. This is the top-down use of routines.

Technically, there are two categories of routines. A routine describing the computation of
one or more values is a function (a somewhat unfortunate name since it conflicts with its
use in mathematical metalanguages, but one which has stuck). If the computation only
produces changes in the state, without returning a direct result, the routine is a procedure.

In some contexts, as mentioned above, “procedure” is simply a synonym for “routine”, but this
book uses “procedure” in the more specific sense of a routine which does not return a resullt.

7.7.2 Actual arguments, actual results and calls

A routine usually describes not just one immutable computation but a set of possible
computations, parameterized by values supplied by the caller and producing results to be
returned to the caller. The data elements exchanged by the caller and the routine are
called arguments. (The term “ parameter” is a synonym in most contexts.)

This discussion will in fact use a more precise terminology: “arguments” will only
refer to the data elements passed by the caller to the routine (“in” arguments). The values
returned (sometimes called “out” arguments) will be called results.

Any particular call to a particular routine must include two lists of elements from the
calling unit:
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* A list of expressions, the actual arguments, whose values are passed to the
routine.

* A list of variables, the actual results, meant to be updated to the routine's results
as computed by the call.

This suggests an abstract syntax for call instructions:

[7.9]
Call & called: Identifier; input: Expression* ; output: Variable*

called is the routine name; input is the list of actual arguments; output is the list of actual
results. The elements of input represent values to be passed to the routine, so they may
be arbitrary expressions, including variables, constants or operator expressions. In
contrast, the elements of output will receive a new value as a result of the call, so they
must have a modifiable value. Besides simple variables, they may be array elements or
qualified variables in languages supporting arrays or records.

A possible concrete syntax for [7.9] is:

[7.10]
call called (input) return output

The abstract and concrete versions of the syntax describe a call instruction. As noted
above, function calls are commonly thought of as expressions rather than instructions. We
do not lose any generality, however, by removing the distinction between procedures and
functions, and treating all calls as instructions. If the output list is empty, the routine
corresponds to a procedure. If not, the concrete syntax [7.10] stands for what many
programmers would write as an assignment with a function call on the right-hand side:

[7.11]
output := called (input)

Although the notation of [7.11] is often convenient in concrete syntax, it is less
appropriate for the theoretical model. The denotational specification of expressions (and
consequently of assignments) in chapter 6 assumed that expression evaluation cannot
change the state — produce side effects. Of course, functions producing arbitrary side
effects are bad programming practice. But many practical routine cals may need to
change the state in legitimate ways even if they return a result. For example, as soon as a
routine performs some input, or creates a new object, it affects the state. (The next
chapter will return to this question.) So even with good programming practice it is more
convenient to treat all routine calls as instructions of the general abstract form [7.9].

This convention need not affect the concrete syntax; when specifying denotationally
a language supporting function calls as expressions, we may first perform the conceptual
transformation from [7.11] to [7.10] (or a form including more routine calls and
assignments if the right-hand side is a more complex expression than in [7.11]). You
may view this as an example of two-tiered specification, as described in 4.3.4.
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7.7.3 Abstract syntax for routines

A routine declaration must specify the name of the routine and the numbers and types of
the arguments and results. It aso includes a body, which is a possibly complex
instruction. Finally, the body needs its own local names for referring to the actual
arguments and results of any particular call; these local names are called formal
arguments and formal results. Any particular call will associate an actual argument
(expression of the calling unit) to every formal argument, and an actual result (variable of
the calling unit) to every formal result.

This suggests the following abstract syntax for routine declarations:

Routine & name: Identifier; body: Instruction; argument, result: Declaration list

7.7.4 Static semantic constraints

Some constraints must apply to routines and calls:

« All forma arguments must have different names and all formal results must have
different names (this is captured by the standard constraint on Declaration_list, as
seenin 6.2.1).

* No forma argument may have the same name as a formal result, since this would
lead to ambiguity in the body.

» The actual arguments and results for any call must match their formal counterparts
in number and type.

The formal specification of these constraints is left to the reader.

7.7.5 In-out arguments

Many practical programming languages support not just “in” arguments and ‘“out”
results, but also “in-out” arguments. As with an in argument, the original value of an
actual in-out argument is available to the routine, but, as with a result, that value may be
updated by the routine. This means that the actual argument must be a variable or other
modifiable entity.

This discussion will not consider in-out arguments, however, because we can easily
simulate their effect by allowing a given variable of the calling program to appear in both
the actual argument list and the actual result list. This works because the mode of
argument passing assumed for this discussion will be “vaue-result”, whose conceptual
effect is to have all formal arguments initialized to the corresponding actuals at the time
of call, and all actual results updated to the final value of the corresponding formal results
at the time of return.
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7.7.6 Getting rid of arguments and results

To make the specification of routine calls simpler, and allow it to concentrate on the most
original aspects of routines, it is convenient to limit our attention to routines with empty
lists of arguments and results. This can be done through a theoretical device: treating
argument and result passing as assignment.

The ideais to consider a call
Call (called: r; input: i; output: 0)

as roughly equivalent to a call to a routine r’, with no arguments or results, and the
following body (expressed in concrete syntax):

[7.12] -- Approximate equivalence only
argument =i ;
r .body ;
0 :=result

where r’ is a routine with no arguments or results, but with the same body as r. The
assignments operate on lists i, o, argument, result; the notion of list assignment will be
clarified below.

For this to make sense, we must be able to treat the arguments and results as local
variables within the body of r’, alocated anew for each routine call. To do this, we may
simply consider that body as a block, as studied above (7.6), and use all the properties of
this notion including dynamic storage allocation (level 3 of the classification on page
208).

Form [7.12] is not quite correct because it assumes that the actua arguments and
results, i and o, are statically accessible to the routine. This is only the case if the routine
is declared in a scope which is internal to the calling unit. To get away from this rather
severe restriction, we may introduce special global list variables, in_actual and out_actual,
declared in the outermost scope, and hence accessible to both the caler and the routine
body. (To avoid any ambiguity, we must then prohibit programmers from using these
names for any other variables.) Then a more correct equivalence for the call is

[7.13]
in_actual :=1;
cal r’;
0 := out_actual

where r’ itself has the body:

[7.14]
argument :=in_actual;

r .body ;
out_actual := result
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Variables in_actual and out_actual are only used temporarily at the time of call and
return (respectively), so that they may safely be global. You may view them as modeling
techniques actually used by language implementations for routines: the result of a function
is often available, on function return, through a fixed register, corresponding to
out_actual. (The corresponding technique for arguments is less common because routines
may have a variable number of arguments, whereas in most languages functions have
exactly one result.)

Since the previous discussions have given us precise denotational models for
assignments and compounds, we can restrict the discussion of calls to routines without
arguments or results. This is again an example of two-tiered language specification.

A direct specification of routines with arguments, not going through the preceding
conceptual device, is of course also possible (see the bibliographical references of chapter
6). The two-tiered approach simplifies the discussion, which will concentrate on the more
original features of routines.

7.7.7 List assgnments

The above technique for dealing with arguments uses assignments involving lists, such as

out_actual := result

As specified in chapter 6, however, assignment only applies to individual variables of
simple types. To clarify the techniques just introduced for getting rid of arguments and
results, we need to know what a list assignment means.

If a isalist of variables and e a list of expressions of identical length and matching
type, we should view the assignment

[7.15]
a.=e

as representing the sequence of assignments

[7.16]

a(i):=e(
fori: 1..a LENGTH. In terms of the denotational specification, this means replacing a
state o with

[7.17]
ol

over a apply
A v Varigble « {<v, Mg . [e (#)] (0)>}
combine "" empty O end
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If, however, a variable appears twice or more in a, the effect of the sequence of
assignments [7.16], as evidenced by the forma semantics [7.17], depends on the order in
which variables are listed in a. Although the specification [7.17] is still meaningful in this
case, it is clearly inappropriate; the order of variables in the list should be immaterial, and
we should be able to interpret the assignments [7.16] as simultaneous. As a consequence,
we should only accept list assignments of the form [7.15] if a contains no duplicate
variable.

Let us check what this rule means for the list assignments used to model argument
passing ([7.13] and [7.14]). For the assignment to argument, the static constraint on
declaration lists covers the rule. For the assignments to in_actual and out_actual no
problem will arise, since these are lists of “artificial” variables under the specifier's
control. But we must take the rule into account for the assignment to o, the actual result
list in a cal. This yields a static semantic constraint (left for the reader to express
formally): in any routine call, the elements of the actual result list must all be different
variables.

It is easy to see the practical importance of this constraint: without it, the result of a
call would depend on the order in which the final values of out formal arguments are
copied into the corresponding actual arguments on return — a decision best left to the
compiler writers and kept out of the language manual.

Many programming language specifications indeed explicitly include the above static
constraint.

7.7.8 Abstract syntax of routine declarations

The rest of this discussion assumes Graal extended with routines without arguments.

We may allow every block to include declarations of such routines, with the usual
rules of block structure at level 2: different routines may have the same name if they are
declared in different blocks; in case of conflict with the name of a routine declared in an
enclosing block, the innermost name wins.

It is convenient to separate (as in the concrete syntax of Pascal) routine declarations
from declarations of variables. This means updating the syntactic specification of blocks
(see [7.4], page 211) to:

Block 2 routine_part: Routine list; variables: Declaration_list; body: Instruction
with

Routine list 2 Routine declaration*

Routine_declaration 2 name: Identifier; body: Instruction
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7.7.9 Semantics of a call

This section and the next outline the required changes to the semantic specification,
beginning with the semantics of calls.

For dynamic semantics, M, . ., needs a new branch for calls; because the effect
of calling a routine without arguments is to execute its body, the denotation of a call to a
routine of name r should be of the form

M, [c: Call] 4 X\ o - routine_denotation (r, o) (o)

This assumes a function routine _denotation such that routine denotation (r, o) is the
denotation of the routine of name r in state 0. The denotation of a routine must be a
state-to-state transformation, which the above branch applies to o itself to yield the state
resulting from the call.

To define routine_denotation, we must make sure that every routine declared in a
block has the proper *“routine denotation” attached to it as part of the state generated on
block entry.

For Graal extended with block structure, the state is of the form ([7.5], page 212):

Sate & addresses: Environment; content: Memory

where the Memory component describes the values stored in used locations, and the
Environment component describes the mapping from variables to locations.

Neither of these components is really appropriate for storing procedure denotations:

» Common languages do not have “routine variables” to which the execution may
assign different routines at run time, the “value” of a routine being computable
dynamically.

» Even in a block-structured language where different routines declared in different
blocks may share the same name, a given routine name aways refers to the same
routine in a given block, so that we should not model routine names as being
“reallocated” on each execution of their block, the way variables are.

These comments do not necessarily apply to al languages. Lisp and other functional
languages effectively support routine variables and the run-time fabrication of routines,
object-oriented languages with dynamic binding make it possible to have the same routine
name refer to different actual routines at run-time.

For the routine mechanisms of classical languages, however, it is more appropriate to
introduce a third component into the state, giving

Sate 2 routines: Routine_environment; addresses: Environment; content: Memory
with

Routine_environment 2 Variable 4 (Sate - Sate)
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In a given state, then, the following function gives the routine denotation of a routine of
namer:

routine_denotation: Identifier x State - (Sate - Sate)

dom routine denotation & {<r, o> | r Odom o.routines}

routine_denotation (r : Identifier, o: Sate) 2 o.routines (r)

To complete the specification, we must see how to record routine denotations into a
routine environment. This can be done at block entry. The semantics of blocks becomes:

. [b:Blockl 2 Ao
( record routines (b .routines); M [b.body];
allocate (b.variables); deallocate (0)) (o)

where the underlined part is the addition to the earlier specification ([7.8], page 215).
Function record_routines is easy to define:

IVIBIoc

record _routines: Routine list — (Sate — Sate)
record_routines (rdl: Routine list) 2

given
record one 2
A rd: Routine_declaration- A o: Sate -
O except routines: o.routines [j
{<rd.name, M, . i, [rd.body]}
then

over rdl apply record _one combine "" empty O end
end

According to this specification, every execution of a block enters the denotation of the
block’s routines into the state. You may view this as the formal representation of the
fundamental notion of “stored program computer” .

In light of the above discussion, it is unpleasant to have the denotation of each
routine formally “recomputed” on every execution of the block in which the routine is
declared. In ordinary programming languages, you may determine the meaning of a
routine once and for al through static analysis of the program text. To model this better,
however, we would need to associate record routines with the function that decodes
declarations. This function is called typing and produces a Type map, that is to say a
finite function from variable names to types (6.2.2). We would need to complement it
with a function producing a “Routine_map”, in other words a finite function from routine
names to routine denotations.

This approach is certainly feasible and you are invited to try it. It results in a
blurring of the distinction between static and dynamic semantics, since type maps must
contain routine denotations, which themselves contain instruction denotations referring to

the M functions (see M, i, [Fd-body] in the definition of record_routines above).
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This reflects what compilers do: to process a variable declaration, it suffices to update the
symbol table (the Type map); but to process a routine declaration, you must also generate the
corresponding code (applying the equivalent of the M functions.)

The solution retained above is perhaps further from actual implementation techniques
but preserves a clear-cut distinction between static and dynamic semantics.

7.7.10 Recursion

The above specification brings a considerable amount of recursion to the definitions. A
routine itself may be recursive, so that its routine_denotation will use M, . .. applied
to the routine’s body; if that body contains a recursive call, the value of M . .
depends on the routine_denotation. But the problem is deeper, as evidenced by a look at
the semantic domain definitions. Sate is defined in terms of Routine environment, itself
defined in terms of State + State. This raises serious problems.

The following terminology will help clarify these problems. A set X is smaller than
aset Y if and only if there exists a one-to-one correspondence between X and a proper
subset of Y. For finite sets, this corresponds to the usua notion of X having fewer
members than X; but the notion applies to infinite sets as well. For infinite sets, X may
be smaller than Y and Y smaller than X at the same time. For example, N is clearly
smaller than Z, but there is also a one-to-one correspondence between Z and the even
subset of N (obtained for example by associating the value 4* i with every non-negative
number, and the value —4x i — 2 with every negative number).

Set theory indicates, however, that if Y has two or more elements none of the
following sets is smaller than X:

X =Y
X+HY
XHY

As a classical example, there is no one-to-one correspondence between the set of natural
integers, N, and the set of functions N — {0, 1}, which itself is in one-to-one
correspondence with the set of real numbers R.

Here consider the definition of State, which is of the form
Sate 2 routines: Routine_environment; ... other components ...

implying that Routine_environment is smaller than Sate (if you pick a member of
Routine_environment, there will be one or more members of State with the corresponding
routines component). Routine_environment itself, however, is defined as

Variable # (Sate - Sate)

implying that State +» Sate is smaller than Routine_environment. Then Sate - Sate
must be smaler than Sate (“much” smaller, in fact). But this directly contradicts the
above results on function spaces. We seem to be in trouble.
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Fortunately, such contradictions will only arise if we consider semantic domains
containing all the possible functions from one set to another. Here we need only consider
functions which are of interest for denotational descriptions. The next chapter will rescue
us by restricting the sets of relevant functions.

7.8 A PEEK AT CLASSES AND INHERITANCE

To conclude this discussion, it is interesting to take a brief look at a very important
concept of modern programming methodology: the classes of object-oriented
programming. This section will only introduce the concepts, making no attempt at a
complete specification.

The systematic use of classes exerts a profound influence on the software design
process. From the more restricted viewpoint of this discussion, classes are just a
generalization of records, with two important new properties:

* A class may inherit from one or more others, meaning it directly obtains al of
their components, adding its own specific ones if needed. The classes that inherit
from a class A, directly or indirectly, are A’s descendants. The inverse notion is
ancestor.

» The components of a class may include not just data fields (attributes), but also
routines, representing operations on the instances of the class (objects) at run-time.
The term feature covers both attributes and routines.

Inheritance is not hard to model, at least in principle, in the framework defined above for
records. Let A be a class, and T, the set of tags (feature names) of A. The preceding
specification of records models instances of A as finite functions from tags to values, with
domain T,. If we introduce inheritance, these will be called direct instances of A; the
word “instance”, unqualified, now refers to all direct instances of A or any of its
descendants. Then the instances of A are simply finite functions whose domain is a
superset of T,

This also applies to multiple inheritance (the case of a class inheriting from two or
more parents): the tag set of the new class includes the tag sets of both parents.

Language rules are needed to resolve name clashes — identical tags in parents, which
would prevent the union of two functions from yielding a function. Eiffel addresses this
problem through renaming rules.

In some cases the clash occurs for a feature inherited from a common ancestor. This
is called repeated inheritance in Eiffel; the language rules imply that the feature is
duplicated if inherited under different names, and shared otherwise. All this is easy to
model using finite functions and the [y operator.

The second key task of the specification is to model those features of classes which
are routines rather than attributes. As in the above specification of routines in a more
classical context, we must then associate with a feature name not just type information but
also a state-to-state transformation.
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The specification must also take another important aspect into account: the role of
the primary target of a routine cal. If routine r is declared in class C, calers will use it
under the form

[7.18]
x.r (... arguments ...)

where x is an entity (variable) of type C, or a descendant of C. In other words, every
routine has an implicit argument, the *“current object”, representing the primary target of
the operation (x in the above call).

Furthermore, r may have different denotations in C and its descendants. The
technique known as dynamic binding implies that the version of r to apply in a call such
as [7.18] depends on the actual type of the object to which x refers at run-time — not
necessarily A, but possibly a descendant of A. This fundamental software engineering
technique, essential to achieve modularity and decentralization of software architectures,
raises interesting specification problems.

7.9 BIBLIOGRAPHICAL NOTES

[Suzuki 1982] describes an attempt to restrict the use of pointers to avoid some of the
problems of dynamic aliasing.

For a denotational description of multiple inheritance, see [Cardelli 1984]. An
algebraic specification of related concepts, based on category theory, may be found in
[Goguen 1978]. The Eiffel conventions for renaming and repeated inheritance are
described in [Meyer 1988, 19914].

EXERCISES

7.1 Records: multiple qualifiers

Modify the specification of the record extension (7.2) to allow multiply qualified variables

of the form Xttt

7.2 Structural equivalence

Change the semantic specification of the record type extension (7.2.3, page 191) so that it
reflects structural equivalence rather than name equivalence. Discuss the pros and cons of
structural and name equivalence (see [Welsh 77]).



EXERCISES 227
7.3 Arrays

Extend Graal with arrays, as outlined in 7.3. Limit yourself to one-dimensiona arrays,
with dynamic allocation. The axiomatic specification (9.7.3) may provide some hints.

7.4 Pointers and dynamic allocation

Complete the extension of Graal for Pascal-like pointers and heap, outlined in 7.4.

7.5 C pointers

In C, pointers are not necessarily associated with dynamic allocation. If x is a variable,
the notation &Xx denotes a pointer to x; if p is a pointer variable, * p denotes the value
pointed to by the value of p. Hence the value of * (&X) is the same as the value of x.

Specify an extension to Graal along these lines. You may first assume that only one & or
* operator may be applied to a variable, and then extend the specification to handle
expressions of the form &&&..&x and * * .. p.

7.6 Records and pointers

Combine the specification of record and pointer types to account for a type system such
as exists in Pascal, where pointers may only point to records.

7.7 Records or pointers

To handle the problem of recursively defined records (page 198), the following approach
offers an aternative to the two solutions mentioned (treating as pointers al variables
declared as records, and prohibiting recursive declarations). When dealing with a
component ¢ of arecord type S, where c is itself declared of a record type R, implement
c as arecord of type R if R was declared before S, and as a pointer to a record of type
R otherwise. Is this a good idea?

7.8 Properties of block structure

In the specification of block structure (7.6):

* Can a local variable be assigned different locations in different activations of its
block?

» Does alocal variable keep its value from one activation of its block to the next?
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7.9 A more abstract specification of blocks

The specification of block structure (see page 212) associates with every state a binding
between the active variables and a linear set of accessible “memory” addresses. Devise
an alternative model where o (x), for any state o and variable x, is a list of values for x;
the list is managed as a stack, its top (first element) giving the value of x in o, and
subsequent elements giving values of x in states corresponding to enclosing blocks.

7.10 Pronouns: An exercise in language design

The article reproduced below in condensed and dlightly adapted form appeared in the
ACM SIGPLAN Notices, vol.19, no. 11 November 1984, page 7. (Reproduced with
permission from the author, K.L. Pentzlin, and the ACM.) Describe how to add the
proposed language feature to Graal, detailing the necessary extensions to abstract syntax,
static semantics and meaning functions.

An extension proposal for Pascal: The pronoun in assignments
(by Karl Ludwig Pentzlin)
Abstract

Updating a variable (assigning to it a new value which depends on the variable's
previous value) requires the variable to be specified in the target part of an
assignment instruction and again in the source part. Writing such instructions is
tedious and error-prone.

Description

The “commercia at” character (@), called pronoun by analogy with natural
languages, may occur in the source expression of an assignment, representing the
value that the target had before the assignment. Any function call necessary to
evauate the pronoun itself, for example to compute the value of an array index,
is not repeated when evaluating the pronoun in the source.

Examples
a=@+1
- Instead of a:=a+ 1
b[i+1] =@ + funcl (@)
- Instead of b [i +1] := b [i +1] + funcl (b [i + 1])
vector [func2 (x, y)] =@ * 2
-- Instead of vector [func2 (X, y)] := vector [func2 (x, y)] * 2,
-- but with func2 called only once.

Comments

The proposed solution is more general than, for example, the ALGOL 68 +:= and
—= operators or the Modula-2 INC and CEC standard procedures.
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The mathematics

of recursion

Severa of the formal definitions introduced in previous chapters, both for abstract syntax
and for denotational semantics, were recursive. Recursive definitions, although clearly a
powerful and elegant device, sometimes venture dangerously near to circularity. The
previous discussions mentioned some of the problems, but did not attempt to provide
solutions.

It is time now to take a closer look at recursion and to examine under what
conditions a recursive definition may be used safely. Since the aim of formal descriptions
is to specify programming languages precisely and unambiguously, we cannot let our
formalisms rely on a shaky theoretical basis.

You may view this chapter as exorcism: justifying the common uses of recursion —
not just in formal definitions, but aso in programming — and reassuring ourselves that we
can go ahead with them without fear of uncovering some menacing Dybbuk.

8.1 THE TROUBLE WITH RECURSION

A recursive definition is a definition of a certain class of objects, such that the body of the
definition refers to one or more objects of the class.

A definition may be indirectly recursive if it refers to objects whose definitions refer
(directly or indirectly) to objects of the class being defined.
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8.1.1 Recursion in denotational semantics

Two kinds of recursive definition were encountered in the preceding denotational
specifications: definitions of domains and of functions.

Examples of the first kind include both syntactic and semantic domains. A syntactic

domain defined by indirect recursion appears in the abstract syntax of Graa (3.2.6 and
back cover), which includes

Ingtruction 2 ... Other choices... | Conditional
Conditional 2 thenbranch, elsebranch: Instruction; ... Other components ...

so that Instruction is defined in terms of Conditional, itself defined in terms of
Instruction. Two other branches of the Instruction definition are constructs defined in
terms of Instruction: Compound (defined as list of instructions) and Loop. The definition
of construct Expression is similarly recursive.

Semantic domains were also defined recursively. An example was the domain of
denotations for values of record types (7.2.4): Record value was boldly defined as
Tag 4 Value, where Value is Smple value | Record value. The discussion of
routines in 7.7.9 introduced an even higher level of recursion, appearing to introduce a
one-to-one correspondence between Sate - Sate and a subset of Sate

As noted in 7.7.10, this seems to contradict basic results of set theory.

Examples of functions defined recursively are the semantic functions MEXDr on (N
the Binary case, 6.4.1) and M, . .., (6.5.1), several branches of which include

referencesto M, . o, the branches for Compound, Conditional and Loop.

As pointed out in 6.5.7, the last case, loop semantics, appears more disturbing than
the others. In the semantic functions for expressions, compounds and conditional
expressions, the denotation of an object is defined in terms of the denotations of its
constituents; this, intuitively, seems a legitimate use of recursion. But the formula for
M [i], when i is aloop, includes a reference to M [1] itself — a dubious

Instruction . )
practice, one might think.

Instruction

8.1.2 Recursion in programs

Recursion is a familiar tool for programmers in high-level languages. In modern
languages you may declare both recursive routines, which contain a direct or indirect call
to themselves, and recursive data types, which include a direct or indirect reference to
specimens of the same type.

It is well known that both cases require precautions. For example, the control flow of
any usable routine must contain at least one non-recursive branch; a typical form is
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routine (X, ...) is

do
if simplecase then
non-recursive actions
ese
routine (x’, ...)
end

end -- routine

since if al possible branches included a recursive call, executions of the routine would
have no hope of terminating. Only one recursive cal has been shown in the recursive
part, but of course it may contain more than one.

Another requirement (in the absence of side effects on global objects) is that any
recursive call must have at least one input actual argument, such as x’ above, whose
value is different from the initia value of the corresponding forma argument, here X:
otherwise the internal call would result in exactly the same sequence of events as the
initial one, and so would never terminate.

For data types, as noted in 7.2.5, language rules protect the recursive part using
pointers. In Pascal, for example, the declaration

type integerlist =
record

first: integer; rest: integerlist
end

is not permitted; rest must be declared of type tintegerlist (pointer to integerlist).
Although conceptually correct, the form without pointer would imply that an integerlist
contains an integer and an integerlist, which itself contains an integer and an integerlist,
which itself.... too much for a compiler to figure out an adequate computer
implementation.

In Eiffel, where the types are defined as classes, the convention is different: an entity
declared of a programmer-defined type is taken by default to represent references
(pointers) to instances of that type — not the instances themselves. This removes the
possibility of self-inclusion. An entity may also be declared as expanded, meaning that its
value is an object, not an object reference; an entity declared of one of the basic types —
integer, boolean etc. — is understood to be expanded. The language rules explicitly
disallow any cycle in the relation “class A includes an expanded component of type B”.

As seen in the previous chapters, these recursive programming structures yield
recursive denotational definitions, and similar problems may be expected, in a more
abstract form, at the semantic description level.
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8.1.3 Non-creativity

In genera, the use of recursive definitions may be seriously questioned. The issue is
circularity: when | define h using h itself, it is not clear whether | have defined anything
a al.

To understand the problem in a more general context, consider a definition of the
form

h 2D
Normally, the role of such a definition is clear: it alows us thereafter to use h to mean D .
As opposed, for example, to an axiom, a definition should be non-creative in the sense
that any property expressible with h may also be expressed without h, by replacing h with
D throughout.

But assume D is an expression of the form t (h), containing one or more
occurrences of h: then non-credtivity is not satisfied any more; if you take a text
containing occurrences of h and replace them throughout with D, the resulting text will
still contain occurrences of h.

It is therefore improper in this case to use the definition symbol 2 , and it is only
through an abuse of language that one talks about recursive * definitions”.

Because the standard, naive interpretation of such “definitions” is simply incorrect,
the problem we face in this chapter is to provide a mathematically correct interpretation
for them.

Before proceeding with the theory, it is useful to take a closer look at some actual
uses of recursion and their intuitive meaning. In the meantime, we must refrain from
using the 2 sign whenever the right-hand side (the value used for the definition, or
definiens) contains one or more occurrences of the left-hand side (the object being
defined, or definiendum). We shall be content in such a case with the more modest = sign,
which merely expresses equality between the two sides.

8.1.4 Examples

Four recursive “definitions”, expressed as equalities, will serve as working examples for
the rest of this discussion. The functions considered, caled f, g, d and e, are al in
N - N.

[8.1]
f=An.ifn=0then 1

elsenxf (n-1) end
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g=An-.ifn=0then1
g (n+1)
else— end
n+1

d=An-.ifn=0then1l
elseif n = 1thend (3)
elsed (n-2) end

e=An-.ifn=1thenl
n
elseif even (n) thene (—)
2

elsee (3xn + 1) end

Let us first take an informal look. The equality for f seems innocent enough; it is
satisfied by the factorial function. But compare it with the equality for g, which is aso
satisfied by the factorial function: there is an important intuitive difference, apparent if
you take a more operational view of these definitions — a programmer’'s view. A
computation of f (n) from the formula given will yield a result for any n 0ON, whereas
computation of g (n) will fail to terminate for positive n.

If the “definition” of d actually defines a function, then this function must take on
value 1 for all even integers, and yield the same value, say ov, for al odd integers. It is
not possible, however, to determine the value of ov from the definition alone. Taking
again the computational viewpoint, computation of d (n) will not terminate for an odd n,
so that it is perhaps preferable to consider ov as undefined.

The definition of e is even more intriguing. Assuming again that it indeed defines a
function, the value of that function is easily seen to be 1 for al powers of 2, for all
integers n such that 3*x n + 1 is a power of 2, for al integers m such that 3* m + 1 is
such an n etc. More precisely, the function must have value 1 for any member of the set
T whose members are obtained, starting with 1, by any number of applications of the two
functions

Ane«2xn
An-(n-1)/3\P withP & {n:N | dp:N-n=6xp +4}

The second function is restricted to the set P of numbers of the form 3x q + 1 for some
odd g — and then yields that q.

The question is whether T is the whole of N~ (the set of positive integers) or some
proper subset. Although T does appear to cover all positive integers, the author knows
no proof of this.
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8.2 “‘GOOD’’ AND ‘“‘BAD’’ RECURSIVE DEFINITIONS

8.2.1 Elementary criteria

A natural question to ask whenever you are presented with a recursive definition is
whether it defines anything at all.

In some cases, the answer is clearly no: if | say “Computer science is computer
science”, | hardly help you understand what that profession is. Saying “Computer
science is the formal study of program construction, programming languages, operating
systems, theoretical computer science, algorithms and other areas of computer science” (a
doubly recursive “definition”) is more informative but still subject to circularity.

To be sure, many recursive definitions do seem legitimate. For example, classical
recursive definitions of functions of the natural integers (such as the factorial function) in
the form

[8.2]
h (0) W, ;

A
h@)2F(G,<h(@-1,....,h(@©> (>0

where w, is an integer and F is a known function, are intuitively well-grounded, since
they allow the computation of the value of h (i), for any i = 0, from the initial value w
through a finite number of applications of F.

Such recursive definitions are an essential tool in mathematics. They may be
reconciled with the principle of non-creativity: clearly, for any given i, any occurrence of
h (i) may be replaced through a finite number of substitutions by an expression not
involving h.

It would be nice to have a simple characterization of recursive definitions into * safe”
and “unsafe” ones, whereby safe definitions would be easy to recognize. Unfortunately,
although it is possible to find conditions that are sufficient to ensure safety of recursive
definitions (such as being of the form [8.2] above), such rules are too restrictive: in other
words some perfectly valid definitions do not conform to the rules. Nor is the existence of
such exceptions of theoretica interest only: neither the recursive syntactic domain
definitions nor the definition of loop semantics conform to the restricted model of [8.2].

8.2.2 Undefinedness

What then is meant by a “safe” recursive definition? In the case of functions, we might
require the definition to specify unambiguously a total function. From this standpoint, the
definition of f would seem to be acceptable, but not that of d; the status of g is unclear
(does any function other than factorial satisfy the definition?), and that of e awaits
clarification of the underlying mathematical problem of whether T isthe sameasN .
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But the restriction to total functions would be too restrictive, at least in the case of
semantic functions. It is no accident that the most intriguing recursive definitions in our
specifications arise for loops. as any programmer knows, loops are subject to the
deplorable habit of not terminating at times. What is the denotation (semantic function) of
a loop that may not terminate?

In general, the denotation of a loop, as of any other instruction, is a function from
Sate to State. Termination of a loop depends not only on the loop but on the state in
which it is started; for example, the following loop will terminate if and only if it is
executed in a state where n, assumed to be a natural integer variable, is even:

whilen # 0 do
n:=n-2
end

In general, let | be aloop and Id 2 M\ oop [1] its denotation. If o is a state in which

execution of | terminates, ° 2 Id (o) is the state resulting from this execution. But if
the execution of | does not terminate when started in g, no value may be found for o’ .
As noted in 6.5.7, the best attitude here is to consider that Id is a partia function, whose
domain does not include o.

So the need for possibly partial functions arises naturally in connection with program
constructs whose execution may not terminate. This is why the semantic functions for
instructions and programs were introduced in chapter 6 as possibly partial, except for Skip
and assignment which are guaranteed to terminate (this would not necessarily be true of
assignment in a language with function calls). The only real culprit in Graal is the loop,
but its presence makes other instructions potentially unsafe, since compounds and
conditionals may contain loops.

8.2.3 Limitations of a theory of recursive definitions

The preceding observations remove any hope we may have entertained of finding a
general method to determine whether a recursive definition is safe or not. For in the case
of functions “safe” would mean “total”; and if there were such a general method, then
we could use it to ascertain whether a given loop does or does not always terminate. This
— the halting problem — is well known to be undecidable. So the best we may ever hope
for is sufficient conditions, of the form seen previously.

The limits imposed by computation theory are actually harsher: even if we were only
looking for a general method to determine whether a recursively defined function is
defined for a given argument in its source set, this too would be impossible, for it would
amount to a universal agorithm to find out whether a computation terminates when
started in a given state — another impossible goal.

So the aims of the theory must of necessity be more modest. We shall see that what
may be obtained in the general case is a sequence of approximations of a function which
satisfies a given definition.
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8.3 INTERPRETING RECURSIVE DEFINITIONS

The first step in building a theory of recursively defined functions and domains is to write
recursive definitions in such a way as to dispel any doubt over their legitimacy. The
circularity of such a definition — a class of objects being defined in terms of objects of
that very class — must be removed.

8.3.1 Fixpoints

One solution is to interpret a recursive definition as a fixpoint equation. In genera, a
fixpoint (or fixed point) of afunction t: X - X isan object x Jdom Tt such that

X =T (X)

Taking functions t in N - N as examples:
« A x + x2 has two fixpoints, 0 and 1.
* A X+ X+1 has no fixpoint.

* Any member of N is a fixpoint of the identity function A x - Xx.

The fixpoints of interest for this discussion will be fixpoints of high-level functionals,
taking functions as arguments. (As elsewhere in this book, the word *functional” only
applies to total functions.) Consider for example the functional

[8.3]
@ (N+H N) - (N+H N)

@ AAf:(NH N« An:N-ifn=0then 1esen*f (n-1) end

Then a fixpoint of @isafunction f: N+ N such that

[8.4]
f=o¢(f)

that is to say:

f=An:N.ifn=0then 1lelsen*xf (n-1) end
which means that for any n [IN:

f(n)=ifn=0then 1esenxf (n-1) end

We are a priori looking for possibly partial functions; since two possibly partial functions
are equa if and only if they have the same domain and coincide on that domain, an
equation of the form [8.4] means “¢ (f) and f are defined for the same arguments and,
for any such argument, yield the same value”.
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Clearly, the factoria function (total on N) is a fixpoint of @. It is not difficult in this
case to show that no other total function is a fixpoint: if f is a fixpoint of ¢ and is total,
then, by inductionon i, f (i) =i! for any i : N. Here no partial function is a fixpoint of
@ either, but for lack of proper notations to deal with partial functions we are not yet in a
position to prove this.

8.3.2 Recursive definitions as fixpoint equations

This example shows the way towards giving unguestionable interpretations of arbitrary
recursive definitions. interpret such definitions as fixpoint equations. Consider a recursive
“definition” of an object h, of the form

h & t(h)

As already discussed, the standard interpretation of the 2 symbol is not acceptable here.
By relying on the notion of fixpoint, however, we may re-interpret the “definition” in an
legitimate way. Assuming that T is a member of some appropriate set of functionals, we
should view the above as a fixpoint equation of the form

h=1(h)

and take it to mean: Let h be one of the fixpoints of T.

So the examples given in [8.1] should be construed as meaning: Let f, g, d, and e be
fixpoints of the functionals @, y, & and €, respectively, where the new functionals, all in
(N+ N) — (N N), are defined as follows:

[8.5]
Af+An.ifn=0then1

elsenxf (n-1) end

S
1>

Yy A2 Ag-An.ifn=0then1
g (n+1)
gdse — end
n+1

(o4
1>

Ad«An-.ifn=0thenl
elseif n = 1then d (3)
elsed (n-2) end

el Ae«An-.ifn=1then1l

dlseif even (n) then e ()
2

elsee (3xn + 1) end



238 THE MATHEMATICS OF RECURSION §8.3.2

Here the use of the definition symbol 2 is correct: the above define the functionals ¢, v,
0 and € unambiguously and of course non-recursively. To facilitate reference to the
original definitions ([8.1], page 232), the dummy A-bound variables have received
different names f, g, d and e.

The corresponding fixpoint equations are

f=q(f)
g =vy(9)
d =3 (d)
e=¢(e)

In each case, a solution must be a function in N+ N. Recdl that the functions
considered may be partial.

8.3.3 Aimsfor atheory of recursive definitions

We have obtained a way to interpret a recursive “definition”: consider it as a fixpoint
equation h =1 (h).

But of course this will only be acceptable as a definition of h if T has a fixpoint and,
in case it has more than one, we have a criterion to choose between them. So the rest of
this chapter is essentially devoted to three tasks:

» Defining sufficient conditions under which functionals are guaranteed to have
fixpoints.
» Defining which ones of these fixpoints are actually “interesting” as solutions to

the kind of fixpoint equations that arise in abstract syntax and denotational
semantics.

» Showing how to compute the fixpoints when they exist.

84 ITERATIVE METHODS

It is convenient to start with the third task listed: how to compute a fixpoint, assuming
there exists one. The discussion of when fixpoints exist and when they do not will come
later; the immediate aim is not to be entirely rigorous but to give you an idea of the
important notion of iterative method.

The discussion will use as example the definition of the ¢ functional, whose fixpoint
should be the factorial function:

@ AAf:(NH N)-An:N-if n=0then 1esenxf (n-1) end
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8.4.1 Fixpointsin real analysis

How do we compute a fixpoint of @? In ordinary real anaysis, fixpoint equations are
often solved using an iterative method. That is, to find x such that x =1 (X), where T
is a continuous function, you consider the following sequence:

X, A Someinitial value

x 8 T (x_,) fori>1
If this sequence has a limit x, it is easily shown that under the conditions of standard real
analysis x is a fixpoint of T; whether the limit exists depends on the function T and the
initial value chosen.

Y

Figure 8.1: Computing a fixpoint
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The above figure shows this process applied to computing the positive fixpoint of the
function on reals

1
TAAXR«1+—
X

Starting with the initial value x 4 5, the sequence takes on the values 1.2, 1.833333,
1.545455, 1.647059, 1.607143, 1.622222, 1.616438, 1.618644, 1.617801, 1.618123,

1.618, ... and converges towards the limit 1.6180341 (known as the golden ratio,
1+V5 L . . : :
), which is the abscissa of the intersection between the line y = x and the curve
2 1
y=1+"—".
X

8.4.2 Functions as limits of sequences

This method may be imitated to compute fixpoints of functionals such as ¢; here is how.
The presentation here is not entirely formal; the next sections will provide a rigorous
basis for the derivation.

A reminder on terminology: recall (2.6.2) that “function” without qualification means a
possibly partial function, that is to say a member of X - Y for some X and Y. “Partia
function” means a function which is not total, and so is undefined for at least one member of
X; in other words, dom f [0 X where the inclusion is strict.

We will look for a fixpoint as the “limit”, in a sense yet to be defined rigorously, of
a sequence of functions in X - Y, for some sets X and Y. First we need an element to
start the iteration. Since no function seems to emerge as a better candidate than others,
we might just as well begin with the least committing of all possible functions. the
nowhere defined function

Ux & v

This is the function whose domain is the empty subset of X, and which therefore never
yields any value in Y. Its fundamental property is that for any subset A of X:

Ox oy €A) = 0
where, for any function f, f ¢ A) denotes the image of A by f (2.5.3, 2.7.7). The O

symbol on the right-hand side denotes the empty subset of Y.
The notation O will be used for O,  ,, when there is no possible confusion. Note

(2.6.1) that a function is a special case of a relation, hence of a set of pairs, so that

Oy ., y isindeed correctly described as an empty set (a relation with no pairsin it).
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The iterative method will attempt to compute the solution of a fixpoint equation such

as f =@(f) as the “limit” of the sequence of functions f, f,, .., f, .., defined
inductively by
[8.6]
fo = Una N
f 2 @(f_) fori>1

What does this mean? Let us look at the first elements in the sequence. Function f is 0.
Next we compute f :

f a o (fy)
¢ (0)
So from the definition of :

[8.7]
f,=An-.ifn=0then 1esen*0 (n-1) end

O never yields a result, however, so that f, (n) is a very partial function, defined only for
n =0, for which it yields 1 — indeed the factorial of 0. Viewed as a set of pairs, f, is
{<0, 1>}.

Not much progress yet towards the factorial function — but at least there is one
correct value! Do not despair but look at f.:

f2 A (p(fl)
Hence:

[8.8]

f,=An-ifn=0 then 1esen*f (n-1)end

Since f, is only defined for n =0, the expression in the else clause is only defined for
n =1, and then yields 1. So f, is the function

{<0, 1>, <1, 1>}

In other words f, is defined only for n =0 and n =1, and agrees with the factorial
function for these two values.

The general pattern emerges: for every i, the domain of f, is the interval 1.. i-1
and f. (n) isn! for any n in thisinterval. This may be expressed more formally as

[8.9]
fi = factorial \ 0..i-1

where factorial is the factorial function and \ is the restriction operator (2.7.3). You may
wish to prove property [8.9] by induction (exercise 8.1).
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The f. may be viewed as successive approximations to the true solution of the fixpoint
equation (the factorial function). Each brings a little more information on that solution
than its predecessor f, _,: it is defined for one more value, and yields the same result for
any value for which they are both defined.

The factorial function was characterized above as the “limit” of the sequence of f,.
But this is a very simple notion of limit: factorial is simply the union of all sequence
elements, each of which (viewed once again as a set of pairs) is a subset of the next. The
union may not be computed by a finite number of iterations of ¢; however, for any
natural integer n, there exists a function in the sequence (namely f__,) attainable through
a finite number of iterations of ¢, which is defined for n, and yields the result (namely
n!) which would be returned by the union.

This construction is representative of a general technique for solving fixpoint
equations of the form h =1 (h) for some functional 1. start with the “least defined”
function O and iterate with 1. The union of al the functions obtained as successive
sequence elements is the desired fixpoint.

Such an iteration strategy, outlined here (not yet in full rigor) in the specific context
of computing a recursively defined function as fixpoint of a functional, is indeed fruitful
for understanding recursive definitions in the most general case. It serves as the basis for
the theory of recursive definitions developed in the rest of this chapter.

8.4.3 Bottom-up and top-down recursive computations

The just outlined interpretation of recursive definitions highlights the important difference
between “top-down” and “bottom-up” views of recursive computation.

When you write a recursive definition — of a routine, a grammar, a meaning function
— you take a top-down view of the computation: you define a certain mechanism in terms
of the same mechanism applied to other, normally simpler, elements. For example, you
define factorial as applied to n in terms of factorial applied to n—1. The act of faith —
the leap into the unknown — involved in using the mechanism itself in the definition is
justified by the intuitive understanding that the computation will go *“down” (be applied
to smpler and simpler elements) until it reaches cases for which the computation
produces a result without any further use of recursion.

The fixpoint interpretation is the bottom-up view of the same computation. The
process starts from the simplest components of the fixpoint and accumulates new ones
through successively higher levels. To produce each level, it applies the definition’s
functiona to the elements of the preceding level. For example, to compute factorial as a
fixpoint, you start at level 0 with the empty function, then apply ¢ once to get a function
with just one pair (level 1), then apply ¢ again to this function and so on.

Viewed in this way, a recursive definition covers all objects which may be obtained
through a finite, although unbounded, number of iterations of the definition’s functional.
Here no act of faith is required: we simply have a very pragmatic method for defining a
set by a recurrence equation, and using that equation to build the set from the ground up.
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8.5 SOLVING RECURSIVE EQUATIONS

It is time now to provide a correct mathematical framework for interpreting recursive
definitions in the above spirit.

8.5.1 Finding a fixpoint: stability

Not much is needed, in fact, to ensure that the above method yields a fixpoint. We are
trying to solve

h =1 (h)
where T is a total function whose possible arguments are (possibly partial) functions.
Since functions are a special case of sets, let us generalize the problem to T having

arbitrary sets as arguments. In the scheme illustrated by the above informal example
derivation, the candidate fixpoint is

T A00t(@OT@E@DO..

which may be defined more precisely and concisely as
t, & [] t
i:N

with the sequence t being defined inductively as

[8.10]
t, &40
t

tOT(t) forany i ON

> 1>

i+1

Defining t. . (in the last line) as just T (t,) would in the end yield the same T_; the form
given has the advantage of yielding a sequence t which is a subset chain, that isto say a
sequence of subsets such that each element is a subset of the next. A subset chain whose
elements are functions may be called a function chain.

It is easily seen by induction that for any i:

[8.1]
t = |:| T (tJ )

i+1
j:0.i

Under what conditions is T_ indeed a fixpoint of 17 In other words, what is required to
ensure that T (t ) = T _? The sought property means:

t(dty =0t
i N i:N
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We can omit t;, the empty set, from the right-hand side (in fact, since t is a subset chain,
we could remove any finite number of elements without changing the union). Using the
set N of positive integers, this means rewriting the right-hand side as

[t

itN°

or equivalently

il::|N ti +1

which, from [8.11], means:

[] r(ti)
N

i
In other words, T_ is afixpoint of T if and only if the following property holds:

[8.12]
(o) = Orow)
i N i:N

A tota function T which satisfies this property for any subset chain t, (not just for the
sequence t, as defined in [8.10]) will be called “chain-stable”, or just stable for short.?

For a total function T to have a fixpoint, then, it suffices that T be stable. Although
not necessary, this is a very general condition, and it seems appropriate to limit our
attention to those fixpoint equations whose functionals are stable.

This gives us a clear interpretation for recursive “definitions”: we will only accept
those which can be written in the form h =1 (h), for some stable 1. Then such a
definition will be understood to stand for T_.

What remains to be done, after making the above definitions more formal (next
section) is to show that the total functions of interest, especially for abstract syntax and
denotational semantics, are stable.

8.5.2 Precise definitions

The following are precise definitions of the previous notions.

The discussion uses infinite sequences. An infinite sequence s over a set X may be
formally defined as a total function from N to X. The i-th element of the sequence, is
s (i) — the result of applying the function toi. Thei-th element may also be written s..

1 Stability is a special case of “continuity” studied later in this chapter (8.8.15). The term
“stable” is used here for the set-theoretical property, to avoid any confusion with the more general
notion, applicable to total functions in ordered sets.
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This definition is a generaization of finite sequences (as introduced in 2.4 and
formalized in 3.9.3, with the corresponding operators definitions in 3.4.3). Severa of the
operators on finite sequences apply to infinite sequences as well (exercise 3.13).2 The
following figure (generalized from its correspondent for finite sequences, figure 3.4, page
77) illustrates the idea.

(o 1 2 3 4 5 6 . )N

X

Figure 8.2: An infinite sequence as function

Let s be a sequence over X and T atota function in X — Y for some Y. Function
S ; T, the composition of s and T, is a sequence over Y. As illustrated below, this is the
sequence obtained by applying T to the successive elements of s. (The notation T (s),
which might at first suggest itself, would not be correct mathematically.)

<I0123456'....>N

Figure 8.3: Composition of a sequence and a total function

2 For finite sequences, the domain is an interval of the form 1..n for some n. For the discussion
in this chapter, it is more convenient to start legal indices at 0.
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The only sequences of interest for this discussion have elements which are subsets of
a given set. As a specia case, this includes sequences of functions with the same
signature, since a function in A - B isasubset of A x B. In the rest of this chapter,
“sequence” without further qualification means “infinite sequence of subsets’; “set”
without further qualification means “set of subsets’. X and Y in the following definitions
and theorems denote such (arbitrary) sets. Because al objects involved are subsets, we
can freely subject them to subset operations such as [0 and [ .

The union of a sequence s over an arbitrary X is defined as the following subset of
X:

unions 2 [] s
i:N

In other words, a member of X belongs to union s if and only if it belongs to s for at
least one integer i .

A subset chain is simply a sequence of subsets such that each element is included in
the next, functions being again a special case:

Definition (Subset Chain, Function Chain): A subset chain in X is
an infinite sequence s over X such that, for any i : N,

S U sa

A subset chain whose elements are functions is aso caled a
function chain.

Function chains are particularly interesting. In a function chain, each element is a
subset of the next element. This means that each successive element may bring a little
more information — a few more <argument, result> pairs — than the previous one. An
example was the sequence of functions f used in 8.4.2, each of which extended the
partial factorial function to one more possible argument.

For chains, union s has a simple interpretation:
[8.13]

Theorem (Chain Union): If s isa chan of subsets of X, then

unions = {x:X | dn:N-VmON-
(m=zn) = x Us_}

Proof: x is a member of union s if and only if x Os, for some n; since s is a chain,
this is the same as saying that x Us_ for al m = n. O
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The next notion is strictness:

Definition (Strictness): A total function
T:X > Y

is strict if and only if, for any a, b: X such that a O b,
T(a)dT(b)

This may be generalized to total functions of two or more arguments. A total
function 1 of signature

T:..X XX ... - Y

is strict on its i -th argument, corresponding to X, iff for any a, b : X suchthat a O b:
T1(.,a,.)0T1(.,b,..)

all the arguments not shown being the same on both sides.

Saying that a function is strict, without specifying on what arguments, will mean that
it is strict on al arguments. This is justified by the following result:

[8.14]

Theorem (Separate Argument Strictness): A total function is strict
on every argument if and only if it is strict on all of its arguments
taken together.

Proof: Consider a function of two arguments (the generalization to more than two is
immediate). Assume for clarity that it is of the form infix "8", used in infix form. Being
“strict on al arguments taken together” means that, whenever a x b [0 ¢ x d, then
a 8b O c 8§8d. The theorem follows from the observation that a x b O c x d isthe
sameas(a Oc)A (b Od). O

Strictness is an important requirement on the functionals involved in fixpoint
eguations. Let T be such a (total) functional, acting on possibly partial functions. For T to
be strict means that, for any f, T (f) is defined wherever f is defined, and yields the same
value. In other words, applying T to f does not “lose” any of the values of f; it may only
add new values, at points where f was not defined.

As a counter-example, the following functional is clearly not strict:
bizarre: N+ N) - (N- N)
bizarre 2 A f - {<n,0>0ON x N | n [0 dom f}
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Function bizarre (f) is defined (and yields value 0) only for those arguments for which f
is not defined. A recursive definition specifying the values of f in terms of the values of
bizarre (f) would be meaningless.

Strict functions have a direct connection with chains:
[8.15]

Theorem (Chain Transformation): Let s be a chain over X and T be
a strict total functionin X — Y. Thens; T isachan over Y.

Proof: Lett & s ;1. For any i, tist(s)andt_, ist(s,,). Becauses is a chain,

s Us,,. Because 1 isstrict, thisimpliesthat t [ t. . O

The last needed notion is stability:

[8.16]
Definition (Stable Function): A tota function 1: X — Y is stable
if and only if:
1 e T isstrict.
2 » For any chain s over X, T (union s) [J union (s ; 1)

The previous theorem indicates that s ; T is a chain.

At first sight, this definition of stability seems different from the one given in the
earlier less formal discussion ([8.12], page 244). The apparent contradiction is resolved
by the following theorem:

Theorem (Stability and Strictness): A total function t: X — Y is
stable if and only if, for any chain s over X,

T (union s) = union (S; 1)

Proof: Call equal the condition on total functions given in the theorem and subset_strict
the condition given by the definition of stability [8.16]. We must prove that any T which
satisfies one of these conditions satisfies the other.

Assume first that T satisfies equal . We must prove that T is strict. Let x and y be
such that x 0 y. Then the sequence s such that sy=x and s =y forany i 21isa
chain. Property equal applied to that chain means that

t(ls)=1U ()
i N i:N

The left-hand side is simply T (y); the right-hand side is T (x) O 1 (y). It is a simple
set-theoretical property that, for any two subsets a and b, a = (b O a) impliesb [ a.
Therefore 1 (x) O T (y) and T is strict.
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Conversely, assume s satisfies subset_strict. We must prove that for any chain s

] T(SI)DT(D s)
N i:N

since subset_strict already guarantees the reverse inclusion. For every i, the following
property holds:

s00s
j:NJ

Since T is gtrict, this implies:

T(SI)DT(_D sj)
j:N

Since this inclusion is true for al i, every component of the union

U ts)
N

is a subset of the right-hand side. The entire union, then, is also a subset, proving the
desired property. O

To prove that a certain function is stable, you may find, depending on the
circumstances, one of the two forms of the property (subset_strict, which treats strictness
separately, and equal, which relies on a single property) more convenient than the other.
Both forms will be used below.

To understand stability better, it is useful, as always, to see a counter-example. Even
simple functions may not be stable! Consider

unstable: P (N) — P (N)
unstable (X) & if finite X then X else X 0 {0}

This function is strict since if X [0 Y and X isinfinite then Y must be infinite too. Let us
prove, however, that unstable is not stable. Let s be the sequence over P (N) such that,
for any i, s istheinterval 1..i+1. Then union s is N ", the set of positive integers.
This is an infinite set, so

unstable (union s) =N~ O {0}
=N
Since every s isfinite, the sequence s ; unstable is the same as s, so that

union (s ; unstable) =N~

meaning that unstable (union s) is not a subset of union (s ; unstable). O



250 THE MATHEMATICS OF RECURSION §8.5.2

As with strictness, we can extend the definition of stability to the notion of a multi-
argument function being stable on one of these arguments. * Stable” without qualification
will mean stable on all arguments. This is justified by the following result:

[8.17]

Theorem (Separate Argument Stability): A total function is stable
on every argument if and only if it is stable on all of its arguments
taken together.

Proof: The strictness part has already been taken care of ([8.14], page 247). What remains
to prove is that if a strict function infix "§" (assumed for smplicity to be of two
arguments) is separately stable on each argument, in other words such that for any subsets
X,y and subset chains a, b:

(Oaysy o [ sy - "§" is left-stable

i:N i:N

x8§& (LJb)o [ (x8b) -~ "§" is right-stable
j:N ] j:N ]

then, also for any x, vy, a, b:

[8.18]
(Oa)s (o) o [ (a8b) - "§" is stable
i:N j:N i:N

Note that [8.18] may be expressed more concisely as (using the "&" dispatching function
introduced in 2.8.1) as.

union a 8§ union b 0 union ((a & b) ; "8")

Developing the left-hand side of [8.18] (under the first form given), we get:
(ba)s (Ob) o O@s b))
i:N j:N J i:N j:N J

-- By applying the left-stability of "§"
0 0 (U asb)
i:N j:N

-- By applying the right-stability of "8"

-- to each element of the union

O [] a &b

i,j:Nx N ! ]
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The desired right-hand side is [] a 8 b ; the last union expression obtained contains
i:N

many more terms and so appears to denote a larger set. But this is not the case: for every
pair of integers i, j, there exists an integer q such that a 8§ bj O a, 8 bq; that q is
simply max (i, j). This property follows from the observation that our sequences are
chains, and from the strictness of "8". As a result, each element of the union in the last
expression obtained is a subset of a, 8 bq for some q, which implies that the whole
expression is a subset of

[]ashb

i:N

The next result is the main theorem of this chapter:

Theorem (Fixpoints of Stable Functions): Let T: X — X be a
stable total function. Let t be the sequence defined inductively by

. A
tO_D

st 8 T(t) foranyi: N

i+1
This sequence is a chain.
Lett_ & uniont. Then t_ isafixpoint of T.

The proof was given earlier (8.5.1) but may now be rephrased more concisely. First
the strictness of T implies that sequence t is a chain. (In other words, the sequence is the
same as defined in [8.10].) Applying the definition of stability to the chain t yields

T (T ) =union (t ;1)

Butt ; Tissmply t deprived of its first element; since every chain element is a subset of
the next, removing the first element does not change the union, so that the above means

T(t)=T1, O

8.5.3 The smallest fixpoint

For any stable function T, we now have a fixpoint, T (and even a computational
technique to obtain it, although in finite time the technique will only yield part of the
answer).

Of course there may be more than one fixpoint for a given function. How “good” a
fixpoint is T _ in this case?
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The following theorem gives the answer:
[8.19]

Theorem (Smallest Fixpoint): Let T be a stable functional and fp be
afixpoint of T. Thent 0O fp.

Proof: Let us prove by induction that t, [ fp for every integer i. Since t_ is the union
of all subsetst,, this will yield the result.

The base step is trivial: t, isd,and O O A for any A. For the induction step,
assumethatt [ fp. Thent  ist(t). Since T is strict:

t,, 0 1(fp)

But T (fp) = fp since fp is afixpoint of T. This proves the induction step. O

8.5.4 Why choose the smallest?

The last theorem provides insight into the nature of T . Being the smallest fixpoint of T
makes T_ the “least committing” one. This is the set containing objects that must be
members of every fixpoint — but those objects only. Set T_ is restricted to objects which
can be strictly deduced from the recursive definition f =t (f), without any *personal
initiative” from whoever (human or automaton) is entrusted with the task of solving the
corresponding recursive equation.

For fixpoints of functionals, “smallest” means “most partid”: t_ will be the
function which is defined for the fewest possible argument values compatible with the
recursive definition.

One of the recursively defined integer functions, as introduced above, provides an
immediate illustration. (We must accept that the corresponding functional is stable,
although this has not been proved yet.) For the functional

d A ANd«An.ifn=0then1
elseif n = 1 then d (3)
elsed (n-2) end
you can see immediately (by building the chain of successive functions d., as was done

for the f. in 8.4.2) that _ is the constant partial function defined only for even integers,
with value 1:

5, & {<n,1>| n ODEVEN}
(EVEN and ODD are the odd and even subsets of N.)
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Function &_ is not, however, the only fixpoint of &: as noted (page 233), there are
indeed an infinity of fixpoints, all of the form

5, odd

where odd  , for an arbitrary integer ov, is also a constant partial function, this one
defined only for odd integers and yielding value ov:

odd,, & {<n,ov> | n OODD}

Using any fixpoint other than o_, however, requires that we try to get more out of the
recursive definition d = o (d) than what it really says. By sticking to §_ and not choosing
any particular ov, we refuse to take any initiative not implied by the definition.

The choice of the smallest fixpoint is particularly significant for the functionals
involved in semantic specifications. If the definition of a meaning function is recursive,
we want to interpret the definition as denoting the function which expresses the essential
semantics of the language.

If T is the functional used in the recursive definition of a meaning function and 1_ is
not defined for a certain argument ¢, this means that the computation represented by c
may not terminate, at least on some hardware, in some implementations or under some
circumstances. If there are other fixpoints, the above theorem tells us that they must be
more defined (less partial) than T_, although they must agree with (yield the same results
as) T wherever T_ is defined, this being a formal version of the portability requirement
of language implementations.

What 1 gives us is the semantic properties that must be satisfied by all hardware,
with al implementations and under all circumstances. What any other fixpoint gives us is
a property of computations which only holds for some hardware, implementations or
circumstances. This would not be appropriate as semantic specification for the language: if
a computation may not terminate, its denotation must not be defined.

This discussion completes the theoretical treatment of recursive definitions. What
remains to be seen is that the functions involved in previously encountered definitions do
satisfy the stability requirement. This is the object of the following section.

8.6 STABLE FUNCTIONS

For some of the total functions used in recursive definitions of syntactic domains and
meaning functions, the arguments are arbitrary subsets; in other cases, the arguments are
functions. The corresponding stability properties will be studied in turn.



254 THE MATHEMATICS OF RECURSION §8.6

8.6.1 Stable subset operations

The first results cover the basic total functions on sets:

Theorem (Stable Subset Operations): For any set X, the following
total functions on subsets of X are stable:

1 -« Constant function: A a « m, where m is a subset of X.

Identity: A a - a
UnionnAa,b.a b
Intersection: Aa,b.anb

a b~ 0O N
o o

Composition of stable functions: A a - (T (a)), where T and
) are stable.

First projection: A a, b - a, as well as second projection and
the generalization to more arguments.

(o))
°

In the lambda expressions of the theorem, a and b range over P (X).
Proof: Clauses 1, 2 and 6 are trivial. Clause 5 states that if for any chains s and t
T (union s) = union (s ; 1)
Y (union t) = union (t ; Y)
then for any chain u
Y (Tt (union u)) =union (U ; T ; )

The conclusion follows directly from the premises if we take first s 2 u and then
t 4 (u;1).

Clauses 3 and 4 are a consequence of the following simple set-theoretical properties,
true of any sequences h and k of subsets of a given set X:

Ot ok)=(0n) o0k
i:N i:N i:N

O nk) o (dh)n (k)
i:N i:N i:N
O

The last property is only an inclusion, as written, if h and k are arbitrary subsets of X. In
the case of subset chains, however, it is an equality. (This is another way of expressing
that n isstrict)

Lest you conclude hastily that all subset operations of interest are stable, you may
wish to check two counter-examples. set difference and complement.
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8.6.2 Stable predicates and fixpoint induction

An important group of total functions is predicates, whose target set is B. At first, the
preceding theory seems not to apply, since it requires functions whose targets, as well as
their sources, are sets of subsets. We can easily correct this, however, by identifying B
with

{0, B

where E is some (arbitrary but fixed) non-empty set. In this way, B is viewed as a
member of P (E), with true being identified with 00, the empty subset, and false with E,
the full subset. (Not the reverse! See exercise 8.2.)

The interpretation extends immediately to boolean operations. we may interpret A as
0, Vas n, - (negation) as complement, and => (implies) as superset (that is to
say, X => y asy [Xx).

With B defined in this way, the stability of a predicate 1 means that, if 1tis true of
al elements of a sequence, 1t will also be true of the sequence’s union. Note that the
stability of 11 does not tell us anything if 1t is false for al sequence elements. To prove
that Tt is false for the union in this case, we must prove separately that the predicate not
TUis stable.

The basic result on predicates is the following:
[8.20]

Theorem (Stable Predicates): The following predicates are stable:
1 e« Equaity: A X,y « X =Y.
2 e lIncluson: A x,y « x Oy

3 « Boolean combinators: A X,y « g (x) 8§ & (y) where { and §
are stable predicates and § is any of the boolean operators A
(and), v (or) and => (implies).

Proof: Clause 1 will follow from 2 and 3 since x =y for subsets may be expressed as x
Oy Ay Ox. For clause 2, let us prove that [ is stable on its first argument. This
means that for any chain s, if for some b

Vi:N.s Ob
then
s Ob

i:N

which is certainly a correct deduction. Similar reasoning proves stability on the second
argument.
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With the chosen interpretation of the boolean operators, the stability of A and V
(clause 3) is simply a special case of the stability of [0 and n given by the Stable
Subset Operations theorem, and the stability of =—> is a restatement of clause 2. O

Since the Stable Subset Operations theorem allowed composition of stable functions,
the clauses given yield many other properties, for example (from clause 1) that for any
stable functions Y and & the following predicate is stable:

AX,y - w(x) = &(y)

Here too, you should not conclude that al interesting predicates are stable. For example
(as you are invited to check by devising a counter-example), applying the negation
operator to a stable predicate may not yield a stable predicate. Another non-stable
predicate is:

[8.21]
partiall & Af:X b Y .dom f #X

This predicate yields true if and only if its argument is a partial function. To see that this
is not stable, just look at a chain of function such as the f,: every f. is partial, but their
fixpoint, the factorial function, is total.

A stable predicate, if satisfied by all elements of a chain, will also be satisfied by the
chain’s smallest fixpoint (its union). This is what make this notion important as one of
the major tools for proving properties of recursively defined objects (sets or functions).
The resulting general method, which extends standard induction on integers, is called
fixpoint induction3 and is captured by the following theorem.

[8.22]

Theorem: Let T: X — X be a stable total function and 11 a stable
predicate on X. If the following two properties hold:

« m(0)
eVh:X.m(h) = mn(t(h))
Then 1t (1) holds, where T_ is the smallest fixpoint of t.

Proof: The theorem’s two premises imply, by ordinary induction, that Tt (t,) is true for
every element t, in the sequence that serves to define 1. The conclusion then follows
from the stability of Tt O

3 The generalization to “continuous” predicates (8.8.15 below) is aso known as Scott’s
induction. Continuous predicates are also called “admissible”.
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As an example of using fixpoint induction, consider the functional ¢ used in the
recursive “definition” of the factorial function ([8.3], page 236). Although the stability of
@ itself will only be proved later, let us accept that @ is indeed stable. Then it has a
smallest fixpoint @,_.

Function @_ is what the recursive “definition” of factorial yields when interpreted
rigorously according to the results of this chapter. Let us prove that @_ is indeed what the
informal interpretation of recursive definitions suggests it should be: factorial, the
factorial function. Consider the predicate:

is_factorial_approximation: (N + N) — B
is_factorial_approximation 2 A h . h O factorial

The stability of is factorial_approximation follows from the Stable Subset Operations
theorem since this predicate is obtained by composition of total functions shown to be
stable: the identity A h « h, the constant functional A h - factorial and the 'I' operation.
It is easy to prove that both of the following hold:

is_factorial_approximation ()

is_factorial_approximation (h) => is factorial_approximation (¢ (h))
By fixpoint induction, this yields

is_factorial_approximation (¢, )

In other words, ¢_ [ factorial holds.

We must prove that ¢ _ is the factoria function, not just a subset. To deduce
@ = factorial, it suffices to prove that @_ is totd; if both h and k are total functions
with the same source set, h 0 k is the same as h = k. For this part of the proof,
however, fixpoint induction is of no use. In fact, every f, is partial, so fixpoint induction,
assuming it were applicable, would enable us to prove that ¢@_ is not total! But we
precisely saw that the partial predicate [8.21] is not stable, excluding any use of fixpoint
induction here. So we must use other means to prove that @_ is total.

The proof is easy. If @ were partial, some integer n would not be a member of
dom ¢@_. But it is easily seen ([8.9] and exercise 8.1) that the domain of f__, is0..n.
This yields a contradiction. O

The stable predicates used in fixpoint induction bear a close relationship to the loop
invariants which we will encounter in axiomatic semantics in the next chapter (see 9.7.6).
The pattern seen in the last example, where the proofs require two separate parts — a
proof that the fixpoint enjoys certain properties, using fixpoint induction, and a different
proof to show that the fixpoint is a total function — anticipates the separate proofs of
invariance and termination used in the “partial correctness’ approach (which will be
studied in 9.4.3 and 9.7.7). Chapter 10 explores the relationship formally.
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8.6.3 Stable functionals

The Stable Subset Operations theorem applies to the specia case of functionas (total
functions on sets of functions), since their arguments, functions, are also subsets. In this
case, however, further properties are applicable, as given by the following theorem.

Theorem (Stable Functionals): The following total functions,
admitting functions as arguments, are stable:

1 e« Dispatching: infix "&"

2 < Parale application: infix "#"

3 ¢ Resdtriction: Af . f\ A, for any subset A of the source set of f.

4 « Overiding union: infix "[j", when applied to operands with
disoint domains.

5 « Composition: infix ";"

To avoid any confusion, remember that stability is only meaningful for total functions, and that
by definition a functional is such a total function, although its arguments, themselves functions,
may be partial. The functionals "&" and "#" were introduced in 2.8.1.

The theorem is generic, applying to functionals over any appropriate sets of
functions. More precisaly, for any U, V, X, Y, Z, the signatures of the functionals
involved are:

"&": (U b X)x (UbY) - (U (X xY))
"HUSH X)x (VS U) - (Ux X))+ (VxY)
Restriction: (X + Y) — (X + Y) (for agiven A).
"I X5 Y)x XbY) > (X-Y)
"X b Y)x (Y Z) 5 X Z)
Do not confuse the stability of the ";" functional operator (clause 5 of this theorem) with

the earlier result that the composition of two stable functions is stable (clause 5 of the
Stable Subset Operations theorem, page 254).

Proof: Clauses 1 and 2 are immediate: simply express the definition of stability and apply
it to "&" and "#'; this can be done for each argument separately thanks to the Separate
Argument theorem ([8.17], page 250). For restriction (clause 3), we must prove that for
any function chain s:

s \vA) = (U s)\A
i:N i:N
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But (see 2.7.3) for any functionh in X - Y, h \Aissmply h n (A x Y). Then the
property follows from the distributivity of n with respect to [ .

In clause 4, the overriding union is not overriding any more since it is restricted to
functions with digoint domains. Then we simply have a special case of the stability of the
"[" operation. Non-disjoint domains would still be acceptable for functions which agree
on their domains. Without this hypothesis, however, "[j" is not strict (and hence not
stable), as shown by the following counter-example. Take

h &4 {<0,a>}, k & O

h & {<0,a>}, kK & {<0,b>}
Thenh O h’ andk O k’, but:

hy k= {<0 a>}

h’ 0 k’ = {<0, b>}

and the first of these functions is not a subset of the second.

For clause 5, the proof is greatly facilitated by the Separate Argument theorem
[8.17], which allows us to prove left-stability and right-stability separately. Right stability
means that, for any function a and any function chain b with the appropriate signatures,

a; b =[ (@;b)
i:N i:N

Let us develop the left-hand side (omitting the declarations of x, y, z, which range over
the source, middle and target sets of the functions, and of i, which ranges over N):

a;Dbi
i:N

{<x,z>|Jy-<x,y>0a A <y,z>0[] b}
i:N

-- By the definition of composition

{<x,z>|dy-.di.-<x,y>0a A <y,z>0b}

{<x,z> [ di-dy.<x,y>0a A <y,z>0b}

-- By reversing the

{<x,z>| 3i-<x,z>0(;b)}

L @;b)
i:N

Left stability is proved similarly. O

This proof of the Stable Functionals theorem completes the magor aim of this
chapter: showing that the recursively defined meaning functions of denotational semantics
make sense. The definition of M, .. and auxiliary functions (6.5) only involves the
following kinds of operations on functions:
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* Functionals covered in the Stable Functionals theorem.
» Composition of functionals.

» Reasoning by case analysis on specimens of choice constructs, which may be
interpreted as overriding union on arguments with digoint domains (see below).

All these operations are stable; this guarantees that the recursive equations have fixpoints.

You may have noted that some definitions (for example the definition of MCon gitional 1N 6-5-5)
use non-stable functionals such as set difference. This is of no consequence, however, since
these functionas only serve to define sets such as Where_true, Where false, used as operands
to the restriction operator (itself stable). They do not otherwise participate in defining the
functionals of the recursive definitions.

What the fixpoints mean in practice corresponds to the intuitive interpretation of
recursive definitions. Taking as example one of the most interesting recursive definitions,
[1'] was defined (6.5.6) as

(Id\ Where_false) [

[1.body]; M

M Loop

[1D \ Where _true)

((M Instruction Loop

Now we know how to interpret this definition: MI_00p is the infinite union

ML, O ML, O ML,...

Starting with O as argument, ML, is the i -th iteration of the functional

loop_functional & A m .
(Id \ Where_false) [
(M [I.body]; m [I]) \ Where true)

Instruction

and M, . ion IS the fixpoint of loop_functional. Applying the functional to O, we only
get a contribution from the first operand of the "[" since the composition of any function
with O (in the second operand) yields O0:

ML, 2 Id\ Where false

ML , defines the semantics of all computations for which the loop body is executed zero

times because the initial state belongs to Id \ Where false — meaning that the loop test is

initially false. Then:

ML, & ML, O loop_functional (ML )
= (Id \ Where_false) [j

= (Id \ Where_false) [j

(M, gruction L1-POAY]; ML [11) \ Where_true)

(M, gruction L1-POdY]; 1d \ Where_false) \ Where_true)
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The first operand of the "[" is the same as ML the second describes the
computations for which the loop body is executed once, producing a state in which the
loop test is false. In other words, ML, defines the semantics of computations for which
the loop body is executed a most once. In general, ML, describes the semantics of
computations for which the loop body is executed at most i times.

For some i, of course, ML; may be the same as ML,_, if the program is such that the loop
cannot be executed exactly i times, or it may be the empty function if the program is such that
the loop is always executed at least i + 1 times.

M, oop+ the union of al ML, describes the full semantics of the loop — for any
possible number of executions of the body.

8.6.4 Abstract syntax constructors

We are now in a position to justify the recursive definitions of constructs in abstract
syntax (chapter 3). It suffices to check that the operators involved in defining constructs
are stable. There are three such constructors, corresponding to the three kinds of
production: aggregate, choice, sequence.

A mathematical model for these operators was introduced in 3.9. Referring to the
results of that section, we may consider that the following total functions are involved, for
al possible positive integers n, and all possible members x of the set of tags T used in
defining aggregates:

[8.23]
choice, 2 Ax - x x {n}

aggregate, & Ax « {f: T+ x | dom f ={z}}

liss & [J]Ax. (1..n > Xx)
n:N

Complemented by O and [ , these total functions suffice to build all useful syntactic
domains. For example, the choice expression Apple | Orange, the aggregate expression
v: Variable ; t: Type and the list expression List* are expressed as

choice, (Apple) I choice, (Orange)

aggregate, (Variable) [y aggregate, (Type)
list (Instruction)

The overriding union "O0" must only be applied (as here) to operands obtained from
aggregate, functions, all for different z. This corresponds to the obvious requirement
that the tags used in a given aggregate production must all be different. Similarly, the
union "0" must only be applied to operands obtained from choice functions with the
values of i forming an interval of the form 1.. n.
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Recursive construct definitions may be interpreted as fixpoint equations involving
(for al possible integers n and tags t), the functions choice, , aggregate,, list, "1" and
"J". The last two must only be applied under the restrictions mentioned. These fixpoint
equations are to be solved over the set C of constructs, which is the image of BC, the set
of basic constructs, through any number of applications of these functions. BC is the
digoint union of basic constructs on which the grammar is based:

BCAN|B|S]..

These basic constructs are assumed to be predefined, representing well-known
mathematical sets.

Theorem (Stable Abstract Syntax Constructors): Functions choice ,
aggregate, and list are stable for any choice of n and z.

Proof: Functions choice  and aggregate, merely “plunge” X into a bigger set, preserving
all subset relationships.

The case of list is alittle more subtle. We may note that list = [] list , where for
n:N
al integers n:
liss, 2 Ax «(1..n - Xx)

This sequence is not a chain since a member of 1..1 — X is not necessarily a member
of 1..i+1 — X. (Seeexercise 8.3)

The following general property will be useful, however: for any sequence of stable
functions T over any set X, the function

T A Ax:X-. [] T, (x)
n:N
is stable. This property comes from the following equalities (for any chain x):
(U x)=0r+ (O x)
i:N n:N i:N
=0 1, x)
n:N i:N
-- Because of the stability of each T

=0 (0 1, (x)

i:N n:N

=.D T (x)
i:N
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All we have to do, then, is to show that every list function is stable. Strictness follows
from the property that if x [0 y then, forany a, (@ — x) O (a — y). (The situation
would be reversed if we considered subset relations on domains rather than ranges.) Then,
for achan x:

list_(union x) 1.n - [ x)
i:N

union (x ; list ) [ @.n - x)
j:N J

Cdl A and B the right-hand sides of these two equalities; we must prove that any
member h of A is aso a member of B. Such an h is a function which takes its
arguments in 1..n and yields results in one or more of the x. . In contrast, a member of B
is a function all of whose values are in X, for the same .

What saves us, however, isthat 1..n isfinite. For every m in the interval 1..n, let
index (m) be an integer such that h (m) Ox .. m)’ Then the set of integers
index ¢€1..n) (the set of index values for al m in 1..n) isfinite. Let | be the maximum
of this set; then, because x is a chain, al pairs of h have their second element in x.,
meaning that h is a member of 1..n — x;. This proves that A I B and hence that list_
is stable — completing the proof that list is stable. O

The other functions used in syntactic definitions are union and overriding union, both
stable.

So we now know that all constructors used in recursive syntactic definitions are
stable, establishing the mathematical respectability of these definitions as fixpoint
equations.

By now you should have seen enough examples of fixpoint interpretations of
recursive definitions to understand the meaning of a grammar defined through productions
which are directly or indirectly recursive. To obtain the language defined by such a
grammar, we start from the productions which give us elementary language objects —
specimens of terminal constructs. Then we repeatedly apply the grammar’s recursive
productions to obtain successive levels of more and more complex specimens. Any
language specimen may be obtained through a finite number of such iterations.

8.6.5 A linear algebra analogy

To get a concrete understanding of this fixpoint view of recursion — the iterative, bottom-
up view — as applied here to the “computation” of a grammar’'s specimens, it is
interesting to express it in terms of notations borrowed from another field of mathematics
— linear algebra. In contrast with the previous sections, this will not be a rigorous
discussion, but merely an illustration of the concepts through mathematical analogy.

The extremely simple language Lewd (“Language Easier than your Wildest
Dreams”) will serve to introduce the ideas. Lewd is defined by the following abstract
grammar, whose terminal constructs are Variable and Constant.
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Program 2  Instruction
Instruction & Write | Assignment
Write &  v: Variable
Assignment &  target: Variable; source: Expression
Expression 2  Variable | Constant | Sum
SUm & first: Variable; tail : Expression

To simplify the discussion, this grammar only uses choice and aggregate productions; in
practice, Sum would better be described by a list production.

Since this discussion is only an informal explanation, we may take a few poetic
licenses with the above grammar. Dropping the tags of aggregate productions, we rewrite
the disoint union operator "[* as + and the concatenation operator ;" as % . This is
justified by an informal property of distributivity of "' with respect to ";". To simplify
notations, we replace each construct name by its first initial, using upper-case for non-
terminals (I for Instruction) and lower-case for terminals (v for Variable). Findly, the

definitions being recursive, we should really use "=" rather than " 2 ". The grammar’s
resulting form resembles standard algebraic equations:

P=1

| = W+A
W=v

A= vxE
E=v+c+S
S=vxE

which, by expanding some “sums’ and getting rid of intermediate “variables’, we may
rewrite as

P
|
E

|
vV +v+xE
v+c+Vv+xE

It is convenient to express the above as a single equation using matrix notation:

P 0 010 P
[ = \Y; + 0 0 vx |
E V +C 00v E

As we know from earlier discussions, “0” realy means [0, the empty function, and *“1”
means |d, the identity function. The use of "*" follows the rules of matrix multiplication.

Written in this form, a grammar such as that of Lewd may be viewed as a matrix
eguation
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[8.24]
N=T+G*N

where, as above, N, the unknown, is the vector of non-terminals (P, I, E for Lewd), T is
a vector made only of terminals, and G is the matrix representing the productions of the
grammar.

The preceding theory tells us, then, that a language defined by such a grammar is a
fixpoint of the total function

yAAN. T+G*N

The fixpoint is a set, whose members are vectors of construct specimens. The addition of
semantic constraints would restrict acceptable vectors to a subset of that fixpoint.

If [8.24] were an equation on a set equipped with both a subtraction and a division
(inverse operations of "+" and "* "), we could rewrite it as

T
N=—"
1-G

which under the appropriate conditions would admit the solution

[8.25]
N_=Tx(1+G +G2+..)

=T +T+G +T+G2+ ...

Here the infinite sum denotes the limit (if it exists) of the sequence defined by
i

A - P
N 2 2 M Foranyi:N
j=0
with
M, & T
M, & GxM, - Foranyi:N

i+1 —

Sequence N, is indeed used to compute approximate solutions to matrix equations on real
numbers when the matrix G has suitable properties — even though no division operation is
defined on such matrices.

For a language-defining equation, N, is the chain whose “limit” (digoint union) is
the language that the grammar, as given by T and G, defines. Even though the last
derivation was informal, it is essentially correct since the stability of al operators
involved implies that a fixpoint does exist.

Continuing on the informal interpretation, we may see more clearly what the fixpoint
means. Remember that + stands for digoint union; in other words, every successive
element of the sequence M. brings a new set of possible specimens for the language’s
terminal constructs. The first element, M ,, yields the simplest specimens of Lewd:
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PO 0
Io = \Y;
E V +C

These are the language specimens obtained directly from terminals. no programs yet;
instructions which are limited to Write; and expressions limited to variables and constants.
The first iteration of y (the total function whose fixpoint is Lewd) defines M ,, adding
specimens at the next level of complexity:

P, 010 P,
I = 00 v * 1y
E, 00 v E,
v
= VxV +V*C
VXV + V*C

Here we get the programs consisting of a single Write, the Assignment instructions whose
right-hand side is a variable or a constant, and the Sum expressions having just two
operands, of which the second is a variable or constant. (The grammar of Lewd restricts
the first operand of a Sum to be a variable in all cases.)

By applying successive iterations of y, we get more and more of the Lewd construct
specimens. Any given specimen is obtained after a finite number of iterations of y. But
no finite number of iterations will cover the entire language.

The grammar of Lewd was contrived so that matrix G would contain terminals only,
making equation [8.24] “linear”. In al but trivial cases, this will not be the case. But the
pattern shown above remains applicable: obtain al language constructs through the
iterative process which starts with the terminals and repeatedly applies the productions.

8.7 DEALING WITH PARTIAL FUNCTIONS

The preceding discussion has developed a theory which covers all the recursive
definitions encountered in syntactic and semantic specifications of previous chapters.
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The functionals involved in those specifications did not use lambda expressions®.
Instead, they were entirely defined in terms of a powerful group of stable higher-level
functionals, also called combinators — overriding union, restriction, dispatching, parallel
application, identity and others — defined so as to accept possibly partial functions as
arguments.

In contrast, some of the definitions used earlier in this chapter to illustrate the basic
issues, such as the recursive definition of the factoria function, involved lambda
expression. As introduced in chapter 5, however, lambda notation was only applicable to
total functions, whereas most of our fixpoint computations involve partial functions, such
as the f, in the computation of factorial as a fixpoint. To clear up any remaining question
on the meaning of recursive definitions, then, we must provide a clear interpretation of
lambda expressions involving possibly partial functions.

The discussion will lead us to a closer look at the notion of strictness. We
encountered strictness as part of the stability requirement, which any recursive definition
must satisfy if it is to be tractable. Beyond this theoretical role, however, strictness has
important practical implications in such diverse areas of computer science as concurrent
computation, functional programming and compiler construction.

8.7.1 Undefinedness in lambda expressions

Consider a functional defined by a lambda expression, such as

@ AAf:(NH N)-An:N-ifn=0then 1esen*f (n-1) end

We proved above (see page 257) that, assuming @ is stable, its smallest fixpoint is indeed
the factorial function. We still have to prove that @ is stable.

How do we interpret the application of ¢ to partial functions, such as those which
arise in the computation of its fixpoint? For example, the second element of the chain is
defined [8.7] as:

f,=An-. ifn=0 thenlelsenO (n-1) end

But since O (n-1) is not defined for any n the meaning of the product in the else clause
isnot clear. So far we have relied on the intuitive interpretation that a* b is “undefined”
if a or b is undefined, so that the else clause does not bring any useful contribution to the
definition of f,. On the other hand, the expression n* f, (n—1), occurring in the definition
of f, ([8.8]), should contribute one value since f is defined for n = 1.

Such extensions of operators to handle possibly undefined arguments are called strict
extensions. We need a consistent and rigorous definition of these extensions.

4 You may have noted that Mpggumen (6.5.3) includes a lambda expression which, however,
appears in a non-recursive part and so does not impact the stability of the definition’s functional (it
may be viewed as a constant functional).
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8.7.2 Combinators

As noted, the earlier discussions were able to avoid the undefinedness problem thanks to
the use of combinators, defined so as to handle partial functions properly.

Rather than develop a new theory, it is simplest to show lambda expressions may be
interpreted in terms of these combinators. Then the results of the previous sections may
be applied directly.

Carrying out a full proof of correspondence would require that we list al the basic
mathematical operations that may be used in our lambda expressions. Rather than
attempting exhaustivity, we will consider a few examples, which should suffice to show
that al practically useful lambda expressions may be interpreted in terms of combinators.

Any successive application of two functions to the same argument may be
understood in terms of the composition combinator. For example, defining | as

I & Ax-«k(h(x)),
is equivalent to defining it as
| & h;k

The dispatching combinator "&" (2.8.1) is useful whenever you need to refer twice to the
same object in an expression. For example,

square 28 A X . X*X
may be restated, using the identity function Id, as
square & (Id & Id) ; "x"

The parallel application combinator "#' (2.8.1) serves to apply two different functions to
two different arguments. For example (using the functions plusl and minusl which add
and subtract 1) you may restate

w & Na,b-(@+1)x (b-1

>

w (plusl # minusl) ; "x"

The approach may be pursued by introducing other appropriate combinators; each must
have suitable rules defining the domain of its result. For functions with more than two
arguments, you may need combinators such as &3, &4, ..., #3, #4, ....

To dea with predicates, the following four combinators are useful; they correspond
to boolean operations (not, and, or, implies). All are generic; when applied to a set X,
they have signatures

not: (X — B) — (X - B)
and, or, implies: (X - B)x (X - B) - (X — B)
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and are defined by:

[8.26]
not A Ap+Ax+ =p(x)
and 8 Ap,gAXxe p(X)Aq(X)
or 8 Ap,g-AXx- p(xX)VQg(x)
implies & Ap,g+-AXx- p(x) = g (x)

Finaly, to deal with the conditional expressions used in the definition of ¢ and many
other functionals, we need a generic “if-then-else” combinator, the conditional
combinator. This may be called “?’ and defined (for generic sets X and Y) as

[8.27]

2 A Ap,h,k-Ax- ifp (x)thenh (x)esek (x) end

Note that p must be of signature X — B, that is to say a predicate on X.

Instead of [8.27], the conditional combinator may be defined in terms of the other
combinators:

[8.28]
2 8 Ap,h,k-h\(X/p) O Kk\(X/not(p))

This is the style of definition used in chapter 6 for M. ., and MLOOp, by
distinguishing between two digoint subsets of a function’s source set. As will be seen
below, this last definition yields a conditional combinator which differs in a subtle way
from the result of the preceding definition [8.27].

The combinators defined so far are sufficient to cover many practical instances of
function definitions, provided they are complemented by an appropriate set of basic
functions (such as plusl, "x ", and constant functions to represent constants such as 0 or
true). For example, the function ¢ as defined ([8.5], page 237) yields for any function
f:N — N:

[8.29]
©(f) 2An-. ifn=0 thenlesenxf (n-1) end

which may be rewritten as

[8.30]
@ (f) & ?(Iszero, One, ((Id & (minusl ; f)); "*"))

Here Iszero is the obvious predicate on N; One is assumed to be the constant function
An:N-. 1L
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With this approach, many fixpoint equations may be expressed ash =1 (h) withat
defined purely through combinators.

There is of course no need to carry out the transformation explicitly if you prefer to
manipulate expressions in lambda form or equivalent. What is important is to know that
the transformation is theoretically possible, so that the results obtained using functionals
may be directly transposed to lambda expressions.

8.7.3 Strictness and lambda expressions

For lambda expressions involving possibly partial functions, strictness has a natural
intepretation. Consider a lambda expression of the form

[8.31]
AX,Y, ... EXP,

where EXP is an expression obtained by applying some possibly partial functions to the
forma arguments x, y, ... Then [8.31] also denotes a possibly partial function.
Informally, the strict interpretation means that this function, when applied to well-defined
arguments, will yield a result.

This indeed reflects the earlier rigorous definition of strictness (page 247), which
stated that a functional T is strict on its i-th argument if and only if, for f 00 g, t (..., T,
.)dTt(.,qg,..),withf and g a the i-th position and all arguments not shown being
the same on both sides. Since " O ", on functions, means “less or as defined, but equal
where defined”, this corresponds to the informal property stated above.

For example, under its strict interpretation, the function

Ane.nx0(n-1)

(appearing in the else clause of the definition of the first element of the factorial sequence,
f,) is defined for al n such that:

» n defined, which is aways the case.

* n — 1lisdefined, that isto say (since only natural integers are considered) n > 0.

* Thisbeing given, n — 1 Jdom 0O.

* Finaly, <n, O (n —1)> Odom "x", which (assuming the previous condition is

satisfied) is not a problem since "x " is total.

Of course, the third condition is always false since O is nowhere defined, so that the
domain of the function is N x O (where O here denotes the empty subset of N), that is to
Say empty.

Applying the same reasoning to the second element of the factorial sequence:

[8.8]
f,=An-.ifn =0 then1esen*f (n-1)end



§8.7.3 DEALING WITH PARTIAL FUNCTIONS 271
we may interpret the else part as denoting z (n), where z is the partial function
An. nxf (n-1)

and the domain of z is the intersection of the domains of the arguments:
N n dom (minusl; f,).

The domain of minusl is the set of positive integers; let us accept (although this has
not been proved yet) that the domain of f, is the single-element set {0}. Then the domain
of their composition is {1}; so the domain of z under the strict interpretation is
N n {1}, orjust {1}.

This, then, is the practical meaning of strictness: accepting only the components of a
complex expression that “make sense” both by themselves and as components of the
expression.

Since al basic combinators have been shown to be strict, this seems to close the
discussion.

In spite of appearances, however, we need to devote a little more of our attention to
strictness.  The remaining issues involve the boolean combinators ([8.26], page 269) and
the conditional combinator "?" ([8.28], page 269).

Although not, defined in terms of negation, is not strict (which is not a problem in
our uses of recursion since it only serves to define subsets on which to apply restrictions
"\"), the other combinators under consideration, and, or, implies and "?' are immediately
seen to be strict from their definitions in terms of basic combinators.

This is misleading: the strictness of these combinators is actually less obvious than at
first sight. This is the last major issue we must settle in this chapter.

8.7.4 Semi-strict interpretations of the conditional combinator

Consider the first element of the factorial chain:

f, 4 ?(Iszero, One, ((Id & (minusl ; O));"*"))

If we use the straightforward strict interpretation of "?", deriving from [8.27], we note that
in the right-hand side of this definition the first two operands of ? have N as their
domain, but the last one involves O and so has an empty domain: the most significant
consequence of the strict interpretations is that a single O in a functional expression
corrupts the whole expression, giving it an empty domain.

So the domain of f,, as defined by this expression, appears to be

NnNnDN

that is to say O, So f, turns out to be, like f ,, an empty function, whereas we would like
it to be the one-element restriction of the factorial, {<0, 1>}.
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What went wrong? The problem is an overly strict interpretation of "?'. To be able
to make sense of the expression

?(p, h, k) (x)
that is to say
if p (x)then h (x) elsek (x) end

we certainly want that x belong to the domain of p (otherwise we cannot even perform
the test), but not, as the strict interpretation would have us believe, that x belong to the
domains of both h and k. Two further cases in which the expression should have a
perfectly valid meaning are when either:

* X belongs to the domain of h and p (Xx) is true.
* X belongs to the domain of k and p (x) is fase.

It does not matter whether x is outside the domain of k in the first case or h in the
second, since by the very nature of conditional expressions only the other function will be
used to evaluate the result of the expression.

These extensions of the strict interpretation are not just for the sake of completeness.
The ability to specify a value through a set of aternative formulae, each of which may
not be defined in the cases where it is not needed, is one of the main reasons for using
conditional expressions. For example when you write (using a real value x):

if x =0 then Vx else V=x end

the purpose of the conditional expression is precisely to provide an acceptable answer
when the expression of the then branch is not defined. Were it always defined, you
probably would not need a conditional.

So it appears that for the conditional combinator the fully strict interpretation is not
the appropriate one. The problem disappears, however, if instead of the lambda form we
use the definition based on combinators ([8.28], page 269):

? A Ap,h,k-h\(X/p) G k\(X/not (p))

In this definition, the first argument p, representing the test, may itself be a partia
function. The definition assumes the appropriate interpretation of not and the quotient
combinator "/":

* Function not (p) has the same domain as p (and yields the inverse value). This is
the only reasonable convention: not (p) is defined where and only where p is
defined.

e X/p isthe subset of X n dom p on which p is defined and yields value true.
Again, this is the only acceptable choice consistent with the intuitive
understanding of the quotient operator: if X /p is the subset of X where p yields
true, this can only include values to which p is applicable.
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With this semi-strict definition of the conditional combinator, the domain of "7 applied
to given arguments is:

dom (? (p,h,k)) = (X/p ndom h)O (X /not (p) n dom k)

This interpretation of "?' is needed in most non-trivial uses of the conditional combinator
and will be assumed for the remainder of this discussion.

8.7.5 Semi-strict interpretations of predicate combinators

Semi-strict interpretations are also useful for the boolean combinators on predicates
([8.26], page 269).

Under a strict interpretation, combinators and, or and implies are only defined when
both of their operands are defined. As with the conditional combinator, this may be too
restrictive. The following observations justify the need for semi-strict variants of these
combinators:

 The result of and (p (x), g (X)), if defined, is false whenever p (x) is false or
g (x) isfalse

e The result of or (p (x), g (x)), if defined, is true whenever p (x) is true or
g (x) istrue.

» The result of implies (p (x), q (X)), if defined, is true whenever p (x) is false
or q (x) istrue.

This suggests that it is not unreasonable to define semi-strict versions which will yield a
result even if one of the operands is undefined, provided the other is sufficient to
determine the result according to the above rules.

These versions will be caled ss and, ss or, ss implies; they have the following
values (defined using the constant predicates F 2 A x - false and T 2 A x « true):

[8.32]
ssand & Ap,q -
(F\ ((X/not (p)) O (X/not (q)))) L (T \((X/p) n (X/q)))
Sss or AANp,q -
(TV((X/p) O (X7q)) W (F\((X/not (p)) n (X/not (q))))
ss implies2 Ap,q -
(TV((X/not (p)) O (X/q)) W (F\((X/p)n (X/not (q))))

(All overriding unions apply in fact to functions with digoint domains.)

These definitions yield the domains of the functions obtained through the application
of the combinators, which may be expressed as follows:
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[8.33]
dom ss and (p, q)

(X/not (p)) O (X/not (q)) O (dom p n dom q)
X/p) O (X/qg) O (dom p n dom q)
(X/not (p)) O (X/qg) O (dom p n dom q)

dom ss or (p, q)

dom ss_implies (p, q)

The values of the semi-strict boolean combinators may also be expressed using ? in its
semi-strict version; for example:

ssand = Ap,q-? (not (p), F,? (not (q), F, and (p, q)))

This form is unfortunately non-symmetric in p and q, whereas the combinators are
symmetric with respect to their operands. (Non-symmetric versions of the combinators,
suitable for sequential execution, will be seen below.)

To use the vocabulary of computer manufacturers, the semi-strict combinators are
“upward-compatible” with the strict combinators and, or, implies. using conjunction as
example, ss_and (p, q) will always yield the same result as and (p, q) when applied to a
value x for which the and form was defined; this value is true if and only if both p (x)
and gq (x) have vaue true. But the predicates obtained with the non-strict combinators
may also yield results in cases for which the strict combinators do not. For example,
ss and (p, q) (x) is defined if p (x) is defined and false, even though q (x) is not
defined; in such a case, and (p, q) (x) is simply not defined.

8.7.6 The importance of being strict — or not

Strictness is a pervasive issue which appears under various disguises in many practical
programming situations. Let us examine a few.

The first issue is argument passing in routine calls. The technique known as “call by
value”’, where actua arguments are copied into local variables representing formal
arguments at call time, is the strictest possible: if just one of the actual arguments is not
defined, the routine will not be able to perform its computations. If you wish to think of
an undefined program entity as of one whose computation does not terminate, the routine
would wait indefinitely for its argument to be available.

Why would anyone want a convention other than total strictness as implied by call
by value? We have aready seen a good reason in the case of the conditional combinator:
some computations may be able to proceed with an undefined argument if that argument
IS not needed in certain cases.

The utmost in non-strictness is the technique that evaluates each argument not at the
time of the call, but a the latest possible time, when and if the routine's execution
actually needs its value. This is known as call by need or lazy evaluation. In this
approach, as with the semi-strict interpretation of ?, an undefined actual argument will not
hamper execution of any particular routine call if its value is not needed in that call.
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Algol 60's call by name repeatedly evaluates an argument whenever it is needed. Call by need
is different: like call by value, it evaluates the argument only once, storing its value in a local
variable; but it only does so if and when the routine absolutely needs the argument’s value.

When does a routine *“absolutely” need the value of an argument? The answer lies in the
previous discussion: when it must pass on that value as actual argument to a routine
which, for some reason, is strict on the corresponding formal argument. An example is a
print routine: clearly, to print the value of an expression, you must evaluate it.

In recent years, researchers have explored approaches to programming which try to
be as little strict as possible. Two areas of application are particularly worth mentioning:

* In concurrent programming, a non-strict operation is one which does not prevent
other parts of the computation from proceeding in paralel. This is particularly
interesting in connection with ideas from object-oriented programming, as
discussed below for Eiffel.

* In functional programming, non-strictness enables programmers to dea with
infinite data structures: although such data structures may not be represented in a
computer, with a non-strict interpretation they are fine as long as you only
evaluate finite parts.

The next two sections sketch these two applications.

8.7.7 Strictnessin an object-oriented concurrency mechanism

An example of a design where the strictness issue played a major role was the design of
the concurrency mechanism in Eiffel. Assume a sequence of operations of the form

t.proc (X, Y, ...); ... ; a:=t.attr

The first instruction is a call to a procedure proc on an object accessible through the name
t (in Eiffel’s object-oriented style of programming, every operation is relative to a certain
target object, here t). After other operations, the last instruction accesses an attribute attr
of that object. For example, the object could be a record in a database; proc would
change some part of the information associated with the record, and attr would access
some part (the same or another) of that information.

Using the Eiffel mechanisms for parallelism, t may be declared as separate,
meaning that all computations on this object are handled by a processor which is different
from the processor used to perform the above operations. (The “processors’ in question
are virtual: they may be physically different computers, or time slices on a time-shared
computer.)

When the processor P in charge of the above code executes the cal t.proc, it may
proceed with the following operations without waiting: not having to wait is indeed the
aim of making t separate, and the central benefit of parallel computation. In most cases,
however, P will eventualy need to use some of the results produced by proc; at that
stage it should wait if the processor in charge of t has not finished executing proc or is
busy with some other computation.
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One of the important ideas underlying Eiffel concurrency is that in such a situation
programmers should not have to write an explicit re-synchronization instruction to request
waiting; instead, the wait, if needed, should occur automatically whenever P needs access
to the value of t. In light of the previous discussion, we know exactly what * needs”
means in this case: P will wait for t to be available when (but only when) it must
perform a strict operation on't.

Here, strict operations on an object include the following cases:
» Arithmetic operations such as addition.
» External operations such as print.

» Use as target of a routine or attribute application. (In the above case, t.attr
requires t to be ready and so will make P wait if the server processor is not
ready.)

On the other hand, some operations are not strict in Eiffel and will not make P wait.
These operations include in particular:

e Use of t as right-hand side of an assignment instruction u :=t, at least for the
most common case in which the values of t and u are references to objects, not
the objects themselves. (Then it does not matter that the object’s processor is not
available as long as we have a reference to that object.)

» Use of t as argument to a routine, for arguments passed by reference.

The resulting mechanism, which yields a very simple and genera method for
programming concurrent applications, may be called lazy wait.

8.7.8 A lazy functional language

As an example of how it can be useful to relax strictness requirements in a programming
language, let us design a non-strict Lisp-like language, to be called Grunts (for Generaly
Recognized by Users as Not Too Strict).

To manipulate lists of integers, Grunts provides the following primitives.

The empty list is written empty .

The first element of a non-empty list | is written |.first and the remaining list
| .tail .

If x isaninteger and | alist, cons (X, |) isthe list with x asits first and | asits
tail.

If x isaninteger and | isalist, | + n isthe list obtained by adding the integer n
to every element of the list | .

As an example of a function definition in Grunts, the following defines the function which
yields the i -th element of a list:

glement & AI:LIST,i:N. ifi =1thenl.first else element (I .tail, i-1) end

All calls to this function must be assumed to satisfy 1 <i < |.length.



§8.7.8 DEALING WITH PARTIAL FUNCTIONS 277

These notations may be applied to infinite lists as well as finite ones. For example
the list of all natural numbers greater than or equal to 2 may be defined as

allnat2 & cons (2, allnat2 + 1)

If you try to evauate allnat2, you will have a hard (and long) time. However the
computation of, say, element (allnat2, 3) will terminate and yield 4 if the arguments are
evaluated on a lazy basis. You are invited to perform the computation step by step.

This requires cons itself to be lazy. This function, which plays a basic role in Lisp,
is indeed a ideal candidate for lazy evaluation. (“*CONS should not evaluate its
arguments” is the title of one of the first articles on this approach [Friedman 1976].) In a
way, the above definition of allnat2 is pure bluff; but allnat2 will be safe as long as the
other players (that is, the other functions) only call that bluff on finite arguments.

The list of al multiples of a given integer may be similarly defined:
multiples 2 A n:N-. cons (n, multiples (n) + n)

where "+" is interpreted as defined above. Agan, the computation of
element (multiples (i), j) is finite for given i and j if lazy evauation is used, although
the computation of multiples (i) would not terminate.

Another example is the function diff that handles two (possibly infinite) non-decreasing
lists of integers and yields their difference (the non-decreasing list containing the elements
of the first not appearing in the second):

diff 2 Al I’ .
if | = empty then empty
elsafl” = empty then |
elsefl. first > |’ . first then diff (I, |’ .tail)
elseifl. first < |’ . first then cons (l. first, diff (I .tail, "))
else diff (I .tail, 1’) end

This may be used for example to define the prime numbers:

primes & seve (allnat2), with:
seve & Al . cons (I.first, sieve (diff (I , multiples (1.first ))))

This formulation corresponds directly to the well-known mathematical definition of the
sieve of Eratosthenes. What is remarkable is that, with lazy evaluation, the computation
of, say, element (primes, 4) will terminate and yield the desired result (7, the fourth
prime number if 1 is excluded).

Languages which (under various syntactic forms) alow this kind of definition are
Miranda and Lucid (see the bibliographical notes) as well as several modern versions of

Lisp.
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8.7.9 Non-commutative boolean combinators

To conclude this tour of strictness it is useful to survey some important practical
applications of the semi-strict predicate combinators.

The need often arises to test for a par of conditions such that the second is
meaningless unless the first is satisfied. A frequent case involves arrays. you may want to
precede a condition on an array element, say c (t [i]), with a guard expressing that the
element exists. Assuming an array of bounds 1 and n a variable i about which we know
for sure (to simplify the discussion) that its value is positive, a typical boolean expression
on i, for some condition c, is

i<nandc (t[i])

In this case you clearly do not want the second condition to be tested if the first is false,
as t [i] is undefined and the result of the and should be considered as false anyhow.
Perhaps the most common example is the search for avaue x int:

i=1;
whilei <nandt]i] # xdo
=i+l
end;
if i <nthen
“X appears in the array at position i ”
else

“Xx does not appear in the array”
end

The strict interpretation of and is dangerous here, as it carries the risk of an out-of-
bounds memory reference (to the undefined value t [n+1]) when x is not present in the
array — all the more regrettable since the second condition need not be tested in this case,
as the first one yields false.

To address this problem, severa languages have introduced non-strict boolean
operators.

In some of these languages, there is only one set of operators, and they have the
non-strict semantics. This is the case in Algol W, Lisp and C.

In Ada and Eiffel, programmers have a choice between the standard and and or,
whose implementation may be strict (although it does not have to be), and the operators
and then and or else, which are non-strict. Programmers are warned not to use and and
or whenever the second argument might be undefined, since these operators may evaluate
both arguments. On the other hand, and then and or else are guaranteed not to evaluate
the second argument when the first has value false or true respectively.
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The operators and then and or else are not identical to our ss and and ss or. The
mathematical (ss_ ) operators are symmetric on their arguments, the programming
language operators (of Algol W, Lisp, C, Ada, Eiffel), being designed for sequential
evaluation on a classical computer, treat their arguments in a non-symetric fashion. As
combinators, these operators may be defined, using the semi-strict interpretation of ?, as

and then 2 Ap,q-?(p,q,F)
8 Ap,q-?(p,T,Qq)

which shows their domains to be, respectively:

or_else

(X/not (p)) O (dom p n dom Q)
(X/p) O (dom p n dom q)

(Compare to [8.33], page 274.) These operators will be used in expressions involving
partial functions in chapter 10.

A corresponding non-strict version of the implication operator may be defined as
implies if_defined 2 A p,q - or_else (not (p), q)
or equivalently
implies if defined 2 Ap,q-? (not (p), T,q)

Mention was made above of the “upward compatibility” of semi-strict operators with
strict ones. The practical meaning of this property is visible here: from a compiler writer’'s
viewpoint, any correct implementation of the non-commutative operators is a correct
implementation of the corresponding commutative operators. You may execute all ands as
and thens if you wish, and similarly for or.> But the reverse is not true: a correct
implementation of and is only required to return a result when both operands are defined.
When either is undefined, it may do what it pleases — it may return a result, but it does
not have to. So it may or may not be a correct implementation of and then.

In other words an Ada or Eiffel compiler (these languages are good examples
because they have both sets of operators) must use sequential semantics for and then: it
is not permitted to generate code that will attempt to evaluate the second argument if the
first has value fase. For and, on the other hand, the compiler may either use the and
then implementation, or evaluate both operands followed by “and-ing” of the results.

This efficiency concern explains why both sets of operators were retained in Ada and
Eiffel, even though the semi-strict operators are in principle sufficient since they may be

5 The results could be different if expressions were permitted to produce side-effects; for example
f (X) and g (X), where f and g are function subprograms which modify their argument, will yield a
different result depending on the implementation of and. But the denotation of function calls with
side-effects is ambiguous anyway.
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used as implementations of the strict ones in a sequential context. Another reason is that
and and or correspond more closely to the standard mathematical operators, which are
commutative.

The need for both sets of operators is particularly clear in Eiffel because of the
presence of a concurrency mechanism based on a theory which treats strictness, or the
absence thereof, as one of the key semantic differences between sequential and parallel
computation. After reading the above discussion of this mechanism (8.7.7), you should
not have difficulty accepting that, if x and y are declared as separ ate, the expression

xf(.)andy.g(...)

will not be evaluated in the same way as the comparable expression using and then. With
the strict operator, both operands may be executed concurrently, taking advantage of any
available hardware paralelism. With the semi-strict operator, evaluation of the second
operand may not proceed until after the evaluation of the first has been completed.

8.8 A MORE GENERAL THEORY

[The rest of this chapter, excluding the exercises, may safely be skipped on first reading.]

The above discussion concludes the presentation of a mathematical theory which
may serve as a basis for all practical uses of recursion. Mathematically, the discussion
has relied entirely on simple properties of elementary set theory.

The theory found in most of the published literature on denotational semantics is
more general, relying on somewhat more advanced mathematical notions; it includes the
above theory as a special case. Its extra generality is not needed, however, for the
applications to modeling programming languages studied in this book.

This last section, which should be treated as supplementary material, sketches the
more genera theory. Its aim is mostly to help you feel at home when you go from this
book to the rest of the literature. None of the concepts it introduces is used in subsequent
chapters.

8.8.1 Definition

The more general theory is based on *“closed orders’. (Even this is in fact a variant of
the most commonly used approach; the last section of this chapter will explain the
differences.)

The first step is to recall the standard notion of order relation:
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[8.34]

Definition (Order Relation): Let @ be a relation on a set X. This
relation is an order relation if and only if the following three
conditions are met for al x,y,z OX:

(Reflexivity) ¢ x©® x

(Trangitivity) ¢ if x@ yandy® z thenx© z

(Antisymmetry) ¢ if Xx@ yandy® X, thenx = .

If © is an order relation on X, X is said to be an ordered set under ©. When
X® Yy, X issaid to be “less than or equal to” y, and y is “greater than or equal to” x.

The order relations considered here may be partial in the sense that, for arbitrary
members x and y of X, three cases are possible:

* XQ®Y.

* y® X (exclusive of the first case if x # y).

* None of the above.
The objects x and y are said to be comparable for relation © if and only if one of the
first two cases holds. An order relation such that any two members of X are comparable

is called a total order relation. An order relation which is not total (that is to say which
includes at least one incomparable pair) is said to be partial.

A note on terminology: “Order” denotes a relation which may be either a partial
order or atotal order. Some authors use “partial order” for “order”; however it is more
consistent to use “order” for the general case and qualify with “tota” or “partia” as
needed in specific cases. This is similar to the convention used in this book for
“function” and * partial function”.

8.8.2 Simple examples

The following are examples of ordered sets. In some cases, the order is total, as indicated.

[R] * R under < (total)

[Q] * Q (the set of rationals) under < (total)
[N] * N under < (tota)

[PS] * P (S) under [, S being an arbitrary set

[RI] * A closed interval of R, a .. b, under < (total)
[QI] * A closed interval of Q (the set of rational numbers) under < (total)
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[PC] * Propositional calculus under implication.

A name in square brackets has been associated with each example. This name will
be used below to refer to the corresponding set equipped with the corresponding order
relation.

You are invited to check that the axioms of order relations are indeed satisfied in
each case.

8.8.3 Approximating real numbers

The following example is more relevant to our present purposes. Let SRI, for “sets of
rea intervals’, be the set whose members are sets of non-empty, pairwise digoint, closed
intervals of R; for example, the following set of intervals, pictured on the figure below, is
a member of SRl :

ri & {[-7,-2], [1, 2], [4, 6]}

A few notations will be useful to discuss read intervals: [a, b] is the closed interval
between a and b, that is to say the set of real numbers x such that a < x <b; ]Ja, b[ is
the open interval, that is to say the set of x such that a < x <b; the semi-open intervals
are written [a, b[ and ]a, b].

~7 -2 1 2 4 6

Figure 8.4: Approximating real numbers by intervals

If CLOSED is the set of closed intervals of R, defined as

[8.35]
CLOSED 2 {Interval: P (R) - {0} |

da,b:R.Interval ={x:R | a <x Ax <b}
then SRI may be defined as

[8.36]
SRl A {Interval_set: P (CLOSED) | Va,b:Interval set ca=bvanb=0}
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The definition of CLOSED excludes empty intervals (for which a > b) to avoid cluttering
members of SRl with useless values.

One way to look at SRI is to consider that a member of SRI (a set of intervals) gives us
information, usually partial, on some real number. For example, r1 above may be seen as
a partial characterization of some number, say x, which lies in one of the three intervals
that congtitute rl: [-7, =2], [1, 2] and [4, 6]. To obtain perfect information on that
number, we would need the member of SRI consisting of the single one-value interval
[X, X].

An interesting order relation on SRl is the following: r @ s if and only if every
interval of s is a subset of an interval of r. Note the order of the inclusion. Formally, for
r,s USRl:

r siff Vis:s«dir:r«isOir
For example, r1Q® r2, wherer2 & {[-5, -3], [5, 6]}.

According to the interpretation given, you may view r © S as meaning “r is less
informative than or equal to s”: if they are not equal, s gives a more precise
characterization of some sought real number.

If, for example, you look at both rl and r2 as partial characterizations of a red
number r, then r1© r2 means that r2 gives more information than r1 about r. Assume
you knew that r isin rl and somehow you learn that it isin r2 as well: then you may
rule out the middle interval [1, 2] of r1 and restrict the other two.

Let us prove that this indeed defines an order relation. The relation is obviously
reflexive and transitive; to show that it is antisymmetric, assume that r © s and s @ r.
Consider an arbitrary interval is in's. Because r © s, there is an interval ir inr such
that is O ir; because s@® r, there is an interval is’ in s such that ir 0 is’. Hence
is O is’ ; since the intervals of s are pairwise digoint, is’ must be the same as is and so
ir =is. Thus every interval in s isalso inr. By symmetry the converse is true, yielding
r =s. O

This example will be denoted by [SRI] below.

8.8.4 Flat orders

The most trivial example of order relation on any set X is the flat order, defined as the
identity relation:

Id, & {<x,x>:Xx X}

That is to say, relation Id (introduced as a total function in 5.2) holds only between every
element and itself. Id trivially satisfies the axioms of order relations ([8.34]).

Flat ordering makes it possible to consider every set as an ordered set, albeit in a
trivial sense.
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8.8.5 Order induced on cartesian products

[8.37]

Definition (Cartesian Product Order): Let X and Y be sets with
respective order relations®, and®,. Then X x Y is an ordered
set under the relation®, ., caled the cartesian product order
and defined by:

XKY> Oy gy XL,y > iff X X)) N (YO, Y')

§8.8.5

The proof is immediate. In practice the notation will be just® for®,,®, , . €c.
when there is no possible confusion.

8.8.6 Function order

A simple order relation is defined on any function space X - Y. This fundamental
relation has a straightforward definition:

[8.38]

Definition (Function Order): Let X and Y be arbitrary sets. Then
X & Y is an ordered set under the relation ®, , ., caled the
function order on X - Y, defined by:

h ©.,, k iff h Ok

The function order is nothing else, then, than the order of subset inclusion [PS] as
seen earlier; here the subsets considered are functions, that is to say sets of pairs (subsets
of X x Y).

The function order is the only one which is really useful for the study of abstract
syntax and denotational semantics. This is why al of the preceding discussion in this
chapter simply used the [ operator, without explicitly introducing it as an order relation.
The current discussion will simply generalize the concepts to other kinds of order.

The following theorem characterizes the function order from a function (rather than
subset) perspective.
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[8.39]

Theorem: For any two functionsh and k in X + Y,
1 "fh@x+v k, thendom h O dom K.
2 *h ©,.,, K ifandonlyif k\dom h = h

The two properties follow immediately from the definition.

Unlike the induced order on cartesian products, the function order on X - Y exists
independently of whether X and Y are ordered or not, and (if any of them is) does not
depend on their respective order relations.

8.8.7 Minimum members

Definition (Minimum Member): Let X be a set with an order
relation relation written ©. A minimum member of X is an object
m [0 X such that:

Vx:X+. m® X

A minimum member is also called a minimum element.
[8.40]

Theorem: An ordered set has at most one minimum member.

Proof: If m, and m, are minimum members of A, then m,&® m, and m,® m,; so
m, =m, since® is antisymmetric. O

So we may talk (when it exists) of “the” minimum member. Some of the previous
examples indeed have a minimum member:

* [N] (N with the standard order relation): O

» [PC] (propositiona calculus under implication): false;

* [RI], [QI] (some closed interval in R or Q): the smallest number in the interval;

* [PS] (subsets of a set S, under inclusion): the empty set; this property extends to

the function order on X + Y, where the minimum is the empty function O, ..

Clearly, if X and Y have minimum members w, and w,,, then X x Y, under the induced
order [8.37], has minimum member <w, , w, >.
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On the other hand, [R] and [Q], for example, do not have a minimum member. Nor
does [SRI] (sets of redl intervals); if set CLOSED ([8.35]) is extended to include R as
one of its members, then { R} is the minimum member for the resulting relation.

8.8.8 Upper bounds

[8.41]

Definition (Upper Bound): Let X be a set with an order relation
written ©. Let A be a subset of X. An upper bound of A in X is
an object | [0X such that:

Va:A. a®l

Thus an upper bound of A is greater than or equal to all members of A. In contrast
with a minimum member, an upper bound of A may or may not be in A. In the [R]
example, any real number in [5, +oo[ is an upper bound of both the closed interval [3, 5]
and the right-open interval [3, 5] (the latter subset has no upper bound belonging to the
subset itself). The subset N of R has no upper bound in R. Nor has R, viewed as its
own subset.

In [SRI], an arbitrary subset A does not necessarily have an upper bound. Consider
for example
A & {a,a)}
with
a, & {[o, 11}
& {I3, 41}

Here A contains two members, each of which is a set consisting of a single real interval.
But the two members have no common upper bound: to be greater than or equal to a,, a
member | of SRI would have to consist of sub-intervals of [0, 1]; but to be greater than
or equal to a,, | would have to consist of sub-intervals of [3, 4].

a,

Only subsets of SRI consisting of pairwise not entirely digoint intervals have upper
bounds. Chains, to be defined soon for arbitrary partial orders, are an important example
of such subsets.

In [PS] (subsets of a given set), an upper bound of a set A of subsets is a subset h
such that u O h for al u OA. In the case of a function space X + Y with the function
order, this means that the following two conditions are satisfied:
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[8.42]
[] dom u O dom h

u:A

Vu:A.Vx:domu-u(x)=h (x)

In other words, the function h must be defined wherever any function u in A is defined,
and then yield the same value as u. This is only possible for very special sets A of
functions. any two membersin A must yield the same value wherever both are defined.

8.8.9 Least upper bound

[8.43]

Definition (Least Upper Bound): Let X be a set with an order
relation written©. Let A be a subset of X. A least upper bound of
A in X isan object | X such that:

* | isan upper bound of A in X.

* For any upper bound |’ of A in X, 1 @ I'.

In [R], both intervals [3, 5] and [3, 5[ have least upper bound 5.

A subset A of an ordered set X may have upper bounds but no least upper bound:
for example, in [Q] (rationas), the set of all members less than or equal to the (non-
rational) number V2 has an infinity of upper bounds but no least upper bound. As another
example, take R — {1} for X and the set of all numbers less than 1 for A.

[8.44]

Theorem: A subset of an ordered set has at most one least upper
bound.

As a conseguence, we may talk about “the” least upper bound of a subset. The
proof is as for uniqueness of the minimum member ([8.40]).

In the rest of this discussion the least upper bound of a subset A, when it exists, is
written lub A.

Here are a few more examples of least upper bounds. In [PC], the least upper bound
of aset A of propositions is their “or”:

lub A= or u
u:A
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Similarly, in [PS] (subsets of a given set S, under inclusion), a subset A is a set of
subsets of S (thus a member of P (P (S)); such an A aways has a least upper bound as
follows:

[8.45]
lubA =[] u
u:A

That this indeed defines a least upper bound is easily seen by noting that the right-hand
side contains every member of A and is thus an upper bound of A, and that any other
upper bound must contain all members of A and thus their union.

This is precisely the notion of least upper bound used to build the theory of
recursion throughout the earlier part of this chapter. The same is applicable for the
gpecial case of the function order, provided the set of functions satisfies condition [8.42],
which guarantees the existence of upper bounds.

8.8.10 Chains

[8.46]

Definition (Chain): In an ordered set with relation ©, a chain is an
infinite sequence X = <x X Xy Xgy oo > such that, for all i ON,

o 3
Xi @ XI +1

In the specia cases of [PS] and the function order, this coincides with subset chains
and function chains as defined on page 246, where each element is a subset of the next.
For a function chain, the notation union f is equivalent to lub f.

A sequence x given by the formula for its elements will be written <Xx; >" =g OF just
<x > if there is no ambiguity. For example, <i 2> s the sequence <0, 1, 4, 9 16 25, .

A chain as defined above is a non-decreasing sequence. As a specia case, a
sequence which is initially increasing and then takes a constant value, for example the
integer sequence <1, 3, 46, 100, 100, 100, 100, 100...>, is a chain; such a chain is said to
be stationary.

In [SRI], a chain is a sequence of interval sets such that every interval of an element
of the sequence is contained in an interval of the previous element — meaning, in our
informal interpretation, that each element includes at least as much information as its
predecessor.

The discussion below considers least upper bounds of chains and uses the notation
lub x where x is a chain. Note that this is a dight abuse of language; what is really
meant is the least upper bound of the set of values of the elements of x, that is to say
(remembering that x is formally a function) lub (ran x).
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The following properties of least upper bounds of chains may be noted at the outset:
* A dtationary chain always has a least upper bound, its infinitely repeated value.

* The least upper bound of a chain, if it exists, does not occur in the chain unless
the chain is stationary. This is because if lub X is equal to some x, then for any
j >1 itisboth true that x © X, since x is a chain and that X, ® X since X isan
upper bound.

» If X isfinite, or its order is flat (as defined on page 283), all chains are stationary
and so have least upper bounds.

* In the function order, a chain is a sequence of functions such that, for al i, h, _, is
identical to h. on the domain of h. (but may have a larger domain); such a chain
aways has a least upper bound, defined earlier in this chapter as union h.

8.8.11 Closed orders

[8.47]

Definition (Closed Order): Let X be an ordered set and A a subset
of X. A is said to be lub-closed (or just closed for short) if and
only if every chain with al its values in A has a least upper bound
inA.

An important special case is when A is the whole set X. Since the rest of this
chapter only considers ordered sets, the expression “a closed set” will stand for “an
ordered set which is closed”.

From the properties mentioned earlier, any ordered set which is finite or flatly
ordered is closed.

Among the preceding examples, [R], [Q] and [N] are clearly not closed; note
however that N becomes closed if, instead of <, the inverse relation = is chosen as order
relation, in which case all chains are stationary. In the [PS] and [PC] cases (subsets and
propositions), it has already been seen that any subset has a least upper bound, so these
examples are closed. A non-empty interval of Q is not closed under <. A non-empty
interval of R is closed under < if and only if it is right-closed; in this case the least upper
bound of a chain is what is commonly called the limit of the chain.

Whether [SRI] is closed is the subject of exercise 8.7.

If X isclosed and A is a subset of X, any chain of A has a least upper bound in X;
if this least upper bound always belongs to A, A is a closed subset of X. As a counter-
example, [3, 5[ is not a closed subset in [3, 5] for <.
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8.8.12 Induced closed sets

[8.48]

Theorem: Let X and Y be closed sets. Then X x Y is closed under
the induced order.

Proof: Consider a chain in X x Y. This chain is a sequence of pairs

<X,y >>
% Yi7%i=0

where, because of the definition of the induced order, both x and y are chains, in X and
Y respectively; thus the chain in X x Y admits as least upper bound the pair <x, y> of
their two least upper bounds. O

For function spaces:
[8.49]

Theorem: Let X and Y be sats. Then X + Y is closed under the
function order.

The remarkable feature of this theorem is that X and Y need not be closed nor even
ordered themselves. The proof is immediate, since the least upper bound of a function
chain is simply its union.

8.8.13 Intersection and union

[8.50]

Theorem (Intersection): Let X be an ordered set; let A and B be
two closed subsets of X. Then A n B is closed. Note that X itself
does not need to be closed.

Proof: Any chain of A n B is both a chain of A and a chain of B, so it has a least upper
bound which belongs to both A and B, and hence to their intersection. O

If, however, we replaced A n B by A [0 B, the corresponding property would not
be a theorem. The problem is that a chainin A O B could “oscillate” between A and B.
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Consider the example illustrated by the figure below: R x R (set of pairs of rea
numbers) with the order relation © defined as follows:

<a,b>@ <a,b > iff b<b Vv (a=a A b=1b)

-1 0 1

Figure 8.5: The union of two closed subsets is not always closed

In other words, p © p’ if and only if p (as a point in a two-dimensional space) is
strictly “below” p’ or equal to p’. Your are invited to check that this is indeed an order
relation (the restriction to b < b’ in the first case is needed to ensure antisymmetry). Next
consider the subsets represented by the vertical segments on the figure:

A 4 {1} x [0, 1]
B & {1} x [0,1]
Both of these subsets are closed, but their union is not, since (among others) the

following chain in A O B, represented on the figure by the vertices of the saw-like line,
has no least upper bound:

1
X 4 <1, 1- > (i even)
i +1
1
X, A<, 1- > (i odd)
i +1

Theorem [8.50] does not require X to be closed. If X is closed then the theorem becomes
truefor [0 aswell as n :
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[8.51]

Theorem (Union): Let X be a closed set; let A and B be two
closed subsets of X. Then A O B is closed.

In the above example, no subset of R x R containing both A and B is closed for the
order given, so the theorem does not apply.

Proof: Let x be achainin A O B. Since X is closed, the chain has a least upper bound
in X, say xab. The property to prove is xab OA O B. If x is a member of B
(respectively, A) for only a finite number of indices i, then xab isin A (respectively B)
and the theorem trivialy holds.

Otherwise there are infinitely many values of i for which x isin A, and also
infinitely many for which x. isin B. (This does not preclude the sequence from having
only a finite number of different values in A or B or both.) So we may construct two
chains, one in A, the other in B, each consisting of the X, values belonging to the
corresponding subset, taken in their original order. Since A and B are closed, these
chains have least upper bounds xa JA and xb [O0B. Let us show that xa = xb = xab,
which will prove the theorem in this case.

First, since xab is an upper bound of both chains, xa © xab and xb © xab. Since
the two chains are infinite subsequences of the whole chain, for any i such that x. A
there are integers j and k such that i <j <k x. OB and x, OA; so xa is an upper
bound of the B chain, implying that xb @ xa. By symmetry, xa © xb; so xa =xb. It
has been shown in passing that xa is an upper bound of the original chain, so xab @ xa.
This means that xa = xb = xab. O

As a consequence of this result, it has also been proved that if A and B are digoint,
any chain in A [0 B has a finite number of elements in either A or B (for if this was not
the case the least upper bound xab = xa = xb would belong to both A and B).

8.8.14 Monotonic functions

[8.52]

Definition (Monotonicity): Let F and G be ordered sets. A total
functiont: F — G ismonotonic if and only if

Vh,h,:F+. he®h,=1h)® ()

For sets and functions, monotonicity is identical to strictness (as defined on page
247).
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For the customary order relations, this property corresponds to the usua notion of
monotonicity. Its meaning goes further, however, if you consider the function order or
the order defined in [SRI] (“less informative than or equal to”). For such orders, a
monotonic function is one which does not lose any information, in the sense that if h, is
less informative than or equal to h.,, then the same will hold between T (h,) and T (h,).

8.8.15 Continuous functions

Definition (Continuous Function): Let F and G be closed sets. A
total functiont: F — G is continuous if and only if:

1 * T IS monotonic.
2 e For any chain h, T (lub h) = lub 1 (h)

A continuous function is a monotonic function which is consistent with least upper
bounds. In the [RI] example, namely some real interval [a, b] with <, this notion of
continuity is indeed consistent with the usual notion of continuity in real anayss. if
@ R — Riscontinuous on [a, b], and x; is an increasing sequence of elements in [a, b],
then

limit, @ (x)=@(imt, __(x))

For sets and functions, continuity is identical to stability as defined on page 248.

In the case of predicates (total functions with B as their target set), a continuous
predicate is aso caled admissible. The method of fixpoint induction, introduced for
stable predicates (page 256) applies more generally to continuous predicates on any closed
set. The proof of the generalized theorem ([8.22] with the word “ continuous” substituted
for “stable”) is immediate.

8.8.16 Least fixpoint

Let F be a set. As seen previoudly, a fixpoint of atotal functiont: F — F is an object
h OF such that h =1 (h). In the case when F is ordered, a least fixpoint of T is a
fixpoint h of T such that, for any other fixpoint h’ ,

he h’

Note that a total function may have no fixpoint, or it may have one or more fixpoints
but no least fixpoint. Clearly, aleast fixpoint, if it exists, is unique.
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[8.53]

Theorem (Least Fixpoint): Let F be a closed set with a minimum
member. Any continuous function t: F — F has a least fixpoint.

A closed set with a minimum member is usually called a complete partial order or cpo.

The corollary of most practical interest is relative to the function order; this was
theorem [8.19] (page 252).

The proof of theorem [8.53] is constructive (it considers a particular chain and
proves that its least upper bound is the fixpoint sought); it generalizes the corresponding
proof for function fixpoints.

Let w be the minimum member of F. Consider the sequence h defined as follows:

A
how

h & t(_) (fori>0)

|
By induction, this sequence is a chain:
* hy=w® h;
* Assuming that h_ & h for some i >0, then since t is continuous, and
consequently monotonic, T (h_,)® T (h), thatisto say, h ® h._,.

Then h has a least upper bound, which we call 1_. Let us prove that T_ is the least
fixpoint of T. First T__ is a fixpoint:

T(t.) =1 (lub h)
=lub T (h) -- since T is continuous

=lub <h.>_,
= '[00

The last equality comes from the trivial property that removing a finite number of

elements from a chain (here just the first one) does not change its least upper bound.

It remains to see that T_ is not just one possible fixpoint but the least. First a lemma:
[8.54]

Lemma: let h and k be two chains in a closed ordered set, such
that

Vi:N-. hi@ ki
Then:
lub h® Ilub k
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Proof: Let lh & lubh and Ik 2 lubk. Forali ON, h ® k ® lk. Hence lk isan
upper bound for h. Since |h is the least upper bound of h, this implies |h © Ik. O

Coming back to the proof of the fixpoint theorem, let fp be a fixpoint of 1. We must
prove that T @ fp. Consider the constant chain k such that k. =fp for all i. Since T is
monotonic, it is easy to prove by induction that for al i:

h ® k
So the chains h and k satisfy the conditions of lemma [8.54]; by considering their least
upper bounds, we see that T © fp. This completes the proof of theorem [8.53]. O

8.8.17 Other approaches

As an introduction to the bibliographical notes that follow, a word of warning is
appropriate for the reader who will go from this discussion to other presentations of the
theoretical basis for denotational semantics.

Using partial functions is not the standard technique. Most authors insist that all
functions be total, using a mathematical device: extending every domain X with a special
element, usually written L, or just L if there is no ambiguity; the symbol is pronounced
“bottom”. A bottom must be present in every domain, including extensions of basic sets
such as N etc.

The flat order relation (8.8.4) is then defined on basic sets by
x@y iff x=LVx=y

The function order on X — Y (note that only total functions are considered in this
framework) is not any more a universal relation defined for any X and Y but an induced
order, like the cartesian product order [8.37], which depends on Y being ordered; for
h,k: X > Y:

he,  ,k iff ¥x:X-h(x)®, k(x)

where each order relation is indexed by the domain to which it applies. The minimum
member of this function order (corresponding to the partial function O,  ,, used in the
preceding discussion) is the constant function

Loy 2 axaxel,

In this theory, al the domains considered are complete partial orders (closed, with a
minimum member); in the approach of this book, only function spaces need to have a
minimum member.
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This framework has one advantage: it makes the notion of strictness more tangible.
Here a function

f:Xlx X2>< e > Y

is strict if and only if it yieIdsLY whenever at least one of its arguments isLX; it is not

necessary to use combinators as done previously (8.7.2) or to extend lambda notation to
deal with partial functions (as in exercise 8.6).

The price to pay, however, is to see the specifications and the discussions polluted
throughout by the specia bottom elements. Whenever you look at a member of a
function’s domain, you must ask yourself whether it is “normal” or “specia”, since the
treatment will almost always be different. This is all the more annoying that the
supplementary elements do not have a clear intuitive interpretation, except in the case of
function spaces where they denote non-terminating computations; but then in this case the
partial function model is just as adequate. Bottom elements of the basic sets, such as J_N
of L, appear rather artificial.

In contrast, we have seen in this chapter how the use of partial functions makes it
possible to build the entire theory on elementary set-theoretical properties, the only order
relation of interest being subset inclusion.

We will encounter further benefits of partia functions in chapter 10, which uses the
denotational model to derive proof techniques for programs. The discussion will show
how to express properties of a program construct as relationships between assertions
(predicates on the state) satisfied before and after execution of each construct. If we
identify an assertion a with a subset of State and consider the denotation of a construct
to be a partia function f, then the assertion satisfied after execution of the construct will
essentialy be f fa) if a was satisfied before. This use of the image operator is made
possible by partial functions, and enables much of the discussion to rely on simple
properties of sets. With L-extended total functions, the same device is much more
cumbersome to apply (you must make specific provisions for bottom arguments and
bottom results); standard properties of image, union, intersection etc. are no longer
directly relevant.

8.9 BIBLIOGRAPHICAL NOTES

The basic references for the material covered in this chapter form a subset of the general
references on denotational semantics listed in the bibliographical notes to chapter 6.
Particularly relevant among these are [Scott 1970], [Scott 1971], [Scott 1972],
[Manna 1974], [Livercy 1978], [Stoy 1977]; see aso, among chapter 10 references,
[De Bakker 1982] and [Loeckx 1984].

The notion of bottom-up computation of recursive programs (page 242) comes from
[Berry 1976].
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Semantic specifications of call by need, which forms the basis for lazy evaluation
(studied starting on page 274) may be found in [Cadiou 1972] and [Vuillemin 1976].
Lazy evaluation (non-strict functions) as a programming technique is described in
[Friedman 1976]; it plays a central role in the functional language Miranda [Turner 1985]
and in the dataflow language Lucid [Ashcroft 1985]. The use of strictness for object-
oriented concurrent programming is described in [Meyer 1990]. On lazy wait (or “wait by
necessity”), see also [Caromel 1989].

The functional language FP [Backus 1978] includes a number of high-level function
combinators similar to those of section 8.7.2.

EXERCISES

8.1 Factorial as limit

Prove by induction that for any i N

fi = factorial \ 0..i-1

where f, is defined inductively by [8.6].

8.2 Modeling booleans for stability

The definition of predicate stability (page 255) models B in such a way that true is the
empty set, A isunion, V is intersection etc. Explain why this convention is used rather
than the reverse. (Hint: Consider the definition of stability.)

8.3 A chain for list productions

The function list used in interpreting the list productions of abstract syntax specifications
(8.6.4) was defined (page 262) as the union of a sequence which is not a function chain.
Show that list can also be defined as the union of a function chain.

8.4 Structural induction

Justify structural induction and structural induction proofs (2.9) on the basis of the theory
developed in this chapter.
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8.5 Stability of image operations

Let X and Y be arbitrary sets, C and D arbitrary subsets of X and Y respectively. Prove
that the following functionals are stable:

1 «image.: (X+ Y) — P(Y), whereimage. & Af.f ¢C)

2 e inverse_image,: (X + Y) — P (X), where inverse_image, A Nf. f_1 ¢D)
3 efromto. ,:(X+ Y) - B, wherefromto. ;, & Af.f¢C)OD
4

o &
* to_fromy .: (X4 Y) - B, whereto_from, . & Af. f_l(D-) OcC

C

8.6 Strictness

Define the strict interpretation of basic functions (8.7) in the framework of lambda
caculus rather than combinators. Use the abstract syntax of lambda notation (5.4),
appropriately extended for types (see exercise 6.1), conditional expressions and basic
operators (such as predicate combinators).

8.7 Sets of real intervals

Is the ordered set SRI ([8.36], page 282) closed?

8.8 Examples of closed sets

For every ordered set X from the examples of 8.8.2, limiting the selection to those X
which are closed, give examples of

* A closed proper subset of X.

* A subset of X which is not closed.

e A functionin X — X which is not monotonic.

e A functionin X — X which is monotonic but not continous.

8.9 Park’s induction principle

Prove that if T is a continuous function on a closed set X with a minimum member (cpo),
and h isamember of X such that t (h)® h, then ut© h, where pt is the least fixpoint
of T.
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Axiomatic semantics

9.1 OVERVIEW

As introduced in chapter 4, the axiomatic method expresses the semantics of a
programming language by associating with the language a mathematical theory for
proving properties of programs written in that language.

The contrast with denotational semantics is interesting. The denotational method, as
studied in previous chapters, associates a denotation with every programming language
construct. In other words, it provides a model for the language.

This model, a collection of mathematical objects, is very abstract; but it is a model.
As with all explicit specifications, there is a risk of overspecification: when you choose
one among several possible models of a system, you risk including irrelevant details.

Some of the specifications of chapters 6 and 7 indeed appear as just one possibility
among others. For example, the technique used to model block structure (chapter 7) looks
very much like the corresponding implementation techniques (stack-based allocation). This
was intended to make the model clear and readlistic; but we may suspect that other,
equally acceptable models could have been selected, and that the denotational model is
more an abstract implementation than a pure specification.

The axiomatic method is immune from such criticism. It does not attempt to provide
an explicit model of a programming language by attaching an explicit meaning to every
construct. Instead, it defines proof rules which make it possible to reason about the
properties of programs.
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In a way, of course, the proof rules are meanings, but very abstract ones. More
importantly, they are ways of reasoning about programs.

Particularly revealing of this difference of spirit between the axiomatic and
denotational approaches is their treatment of erroneous computations:

» A denotational specification must associate a denotation with every valid language
construct. As noted in 6.1, a valid construct is structurally well-formed but may
still fail to produce a result (by entering into an infinite computation); or it may
produce an error result. For non-terminating computations, modeling by partial
functions has enabled us to avoid being over-specific; but for erroneous
computations, a denotational model must spill the beans and say explicitly what
special “error” vaues, such as unknown in 6.4.2, the program will yield for
expressions whose value it cannot properly compute. (See also the discussion in
6.4.4.)

* In axiomatic semantics, we may often dea with erroneous cases just by making
sure that no proof rule applies to them; no special treatment is required. This may
be called the unobtrusive approach to erroneous cases and undefinedness.

You may want to think of two shopkeepers with different customer policies:
Billy’s Denotational Emporium serves all valid requests (“No construct too big or
too small” is its slogan), athough the service may end up producing an error
report, or fail to terminate; in contrast, a customer with an erroneous or overly
difficult request will be politely but firmly informed that the management and
staff of Ye Olde Axiomatic Shoppe regret their inability to prove anything useful
about the request.

Because of its very abstractness, axiomatic semantics is of little direct use for some of the
applications of forma language specifications mentioned in chapter 1, such as writing
compilers and other language systems. The applications to which it is particularly relevant
are program verification, understanding and standardizing languages, and, perhaps most
importantly, providing help in the construction of correct programs.

9.2 THE NOTION OF THEORY

An axiomatic description of a language, it was said above, is a theory for that language.
A theory about a particular set of objects is a set of rules to express statements about
those objects and to determine whether any such statement is true or false.

As aways in this book, the word “statement” is used here in its ordinary sense of a property
that may be true or false — not in its programming sense of command, for which this book
always uses the word “instruction”.
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9.2.1 Form of theories

A theory may be viewed as a formal language, or more properly a metalanguage, defined
by syntactic and semantic rules. (Chapter 1 discussed the distinction between language
and metalanguage. Here the metalanguage of an axiomatic theory is the formalism used
to reason about languages.)

The syntactic rules for the metalanguage, or grammar, define the meaningful
statements of the theory, called well-formed formulae: those that are worth talking about.
“Well-formed formula’ will be abbreviated to “formula’ when there is no doubt about
well-formedness.

The semantic rules of the theory (axioms and inference rules), which only apply to
well-formed formulae, determine which formulae are theorems and which ones are not.

9.2.2 Grammar of a theory

The grammar of a theory may be expressed using standard techniques such as BNF or
abstract syntax, both of which apply to metalanguages just as well as to languages.

An example will illustrate the general form of a grammar. Consider a simple theory
of natural integers. Its grammar might be defined by the following rules (based on a
vocabulary comprising letters, the digit 0 and the symbols =, <, =>, = and’):

1 « The formulae of the metalanguage are boolean expressions.
2 + A boolean expression is of one of the four forms
a=p
a<p
oy
y =2
where a and 3 are integer expressions and y and o are boolean expressions.
3 « Aninteger expression is of one of the three forms
0
n
o’
where n is any lower-case letter from the roman alphabet and a is any integer
expression.
In the absence of parentheses, the grammar is ambiguous, which is of no consequence for

this discussion. (For a fully formal presentation, abstract syntax, which eliminates
ambiguity, would be more appropriate.)

According to the above definition, the following are well-formed formulae:
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0=0
0% 0
m"’ < 0"

0=0=0=#0

The following, however, are not well-formed formulae (do not belong to the
metalanguage of the theory):

0<1 -- Uses a symbol which is not in the vocabulary of the theory.
0<'n’ -- Does not conform to the grammar.

9.2.3 Theorems and derivation

Given a grammar for a theory, which defines its well-formed formulae, we need a set of
rules for deriving certain formulae, called theorems and representing true properties of
the theory’s objects.

The following notation expresses that a formula f is a theorem:
— f

Only well-formed formulae may be theorems: there cannot be anything interesting to say,
within the theory, about an expression which does not belong to its metalanguage. Within
the miniature theory of integers, for example, it is meaningless to ask whether 0 < 1 may
be derived as a theorem since that expresson simply does not belong to the
metalanguage. Here as with programming languages, we never attempt to attach any
meaning to a structurally invalid element. The rest of the discussion assumes all formulae
to be well-formed.

The restriction to well-formed formulae is similar, at the metalanguage level, to
the conventions enforced in the specification of programming languages. as noted
in 6.1, semantic descriptions apply only to statically valid constructs.

To derive theorems, a theory usually provides two kinds of rules. axioms and
inference rules, together called “rules”.

9.2.4 Axioms

An axiom is a rule which states that a certain formula is a theorem. The example theory
might contain the axiom



§9.2.4 THE NOTION OF THEORY 303

F 0<O

This axiom reflects the intended meaning of * as the successor operation on integers:
it expresses that zero is less than the next integer (one).

9.2.5 Rule schemata

To characterize completely the meaning of * as *successor”, we need another axiom
complementing A ;:

successor . )
For any integer expressions m and n:

F m<n = m <n’

This expresses that if m is less than n, the same relation applies to their successors.

A ooy 1S NOL exactly an axiom but what is called an axiom schema because it
refers to arbitrary integer expressions m and n. We may view it as denoting an infinity
of actual axioms, each of which is obtained from the axiom schema by choosing actual
integer expressions for m and n. For example, choosing 0’’ and O for m and n yields

the following axiom:

|_ OH <O — 0”1 <Oi

In more ordinary terms, this says: 2 less than 0 implies 3 less than 1” (which happens to
be a true statement, although not a very insightful one).
In practice, most interesting axioms are in fact axiom schemata.

The following discussion will simply use the term *“axiom”, omitting “schema’
when there is no ambiguity. As a further convention, single letters such as m and n will
stand for arbitrary integer expressions in a rule schema: in other words, we may omit the
phrase “For any integer expressionsm and n”.

9.2.6 Inferencerules

Inference rules are mechanisms for deriving new theorems from others. An inference rule
is written in the form
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and means the following:

If fl, f2, e, fn are theorems, then fO is a theorem.

The formulae above the horizontal bar are called the antecedents of the rule; the formula
below it is called its consequent.

As with axioms, many inference rules are in fact inference rule schemata, involving
parameterization. *“ Inference rule” will be used to cover inference rule schemata as well.

The mini-theory of integers needs an inference rule, useful in fact for many other
theories. The rule is known as modus ponens and makes it possible to use implication in
inferences. It may be expressed as follows for arbitrary boolean expressions p and q:

MP

PP =

q

This rule brings out clearly the distinction between logical implication ( => ) and
inference: the => sign belongs to the metalanguage of the theory: as an element of its
vocabulary, it is similar to <, ', 0 etc. Although this symbol is usualy read aloud as
“implies”, it does not by itself provide a proof mechanism, as does an inference rule. The
role of modus ponens is precisely to make => useful in proofs by enabling q to be
derived as a theorem whenever both p and p => q have been established as theorems.

Another inference rule, essentia for proofs of properties of integers, is the rule of
induction, of which a simple form may be stated as:

IND
¢0), o) = @)
¢ (n)

9.2.7 Proofs

The notions of axiom and inference rule lead to a precise definition of theorems:

Definition (Theorem): A theorem t in a theory is a well-formed
formula of the theory, such that t may be derived from the axioms
by zero or more applications of the inference rules.
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The mechanism for deriving a theorem, called a proof, follows a precise format, already
outlined in 4.6.3 (see figure 4.10). If the proof rigorously adheres to this format, no
human insight is required to determine whether the proof is correct or not; indeed the task
of checking the proof can be handed over to a computer program. Discovering the proof
requires insight, of course, but not checking it if it is expressed in all rigor.

The format of a proof is governed by the following rules:
1 < The proof is a sequence of lines.
2+ Each lineis numbered.

3+ Each line contains a formula, which the line asserts to be a theorem. (So you may
consider that the formula on each line is preceded by an implicit | .)

4 + Each line aso contains an argument showing unambiguously that the formula of
the line is indeed a theorem. This is called the justification of the line.

The justification (rule 4) must be one of the following:

A« The name of an axiom or axiom schema of the theory, in which case the formula
must be the axiom itself or an instance of the axiom schema.

B« A list of references to previous lines, followed by a semicolon and the name of an
inference rule or inference rule schema of the theory.

In case B, the formulae on the lines referenced must coincide with the antecedents of the
inference rule, and the formula on the current line must coincide with the consequent of
the rule. (In the case of a rule schema, the coincidence must be with the antecedents and
consequents of an instance of the rule.)

As an example, the following is a proof of the theorem

Foi<i

(that is to say, every number is less than its successor) in the the above mini-theory.

[9.1]
Number  Formula Justification
M.1 0<0O A,
M.2 I <i’ = i’ <i” SLIGCESSOr
M.3 i <i’ M.1, M.2; IND
On line M.2 the axiom schema A is instantiated by taking i for m and i’ for n.

SUCCESSor

On line M. 3 the inference rule IND is instantiated by taking ¢ (n) to bei <i’. Note that
for the correctness of the proof to be mechanically checkable, as clamed above, the
justification field should include, when appropriate, a description of how a rule or axiom
schema is instantiated.
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The strict format described here may be somewhat loosened in practice when there is
no ambiguity; it is common, for example, to merge the application of more than one rule
on a single line for brevity (as with the proof of figure 4.10). The present discussion,
however, is devoted to a precise analysis of the axiomatic method, and it needs at least
initially to be a little pedantic about the details of proof mechanisms.

9.2.8 Conditional proofs and proofs by contradiction

[This section may be skipped on first reading. ]

Practical proofs in theories which support implication and negation often rely on two
useful mechanisms: conditional proofs and proofs by contradiction.

A conditional proof works as follows:

[9.2]

Definition (Conditional Proof): To prove P —> Q by conditional
proof, prove that Q may be derived under the assumption that P is
a theorem.

A conditional proof, usually embedded in a larger proof, will be written in the form
illustrated below.

Number Formula Justification

i-1

i1 P Assumption

i.2

i.n Q

i P =>Q Conditiona Proof
i+1

Figure 9.1: A conditional sub-proof

The goa of the proof is a property of the form P implies Q, appearing on a line
numbered i. The proof appears on a sequence of lines, called the scope of the proof and
numbered i .1, i.2, ..., i.n (for somen = 1). These lines appear just before linei. The
formula stated on the first line of the scope, i .1, must be P; the justification field of this
line, instead of following the usua requirements given on page 305, smply indicates
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“Assumption”. The formula proved on the last line of the scope, i.j, must be Q. The
justification field of line i simply indicates “ Conditional Proof” .

Conditional proofs may be nested; lines in internal scopes will be numbered i .j .k,
i.j.k.l etc.

The proof of the conclusion Q in linesi.2toi.n may use P, from linei.l, asa
premise. It may also use any property established on a line preceding i .1, if the line is
not part of the scope of another conditional proof. (For a nested conditiona proof, lines
established as part of enclosing scopes are applicable.)

P is stated on line i .1 only as assumption for the conditional proof; it and any
formula deduced from it may not be used as justifications outside the scope of that proof.

Proofs by contradiction apply to theories which support negation:

Definition (Proof by Contradiction): To prove P by contradiction,
prove that false may be derived under the assumption that - P isa
theorem.

The general form of the proof is the same as above; here the goa on linei is P,
with *“Contradiction”, instead of “Conditional Proof”, in its justification field. The
property proved on the last line of the scope, 1., must be false.

9.2.9 Interpretations and models

As presented so far, a theory is a purely formal mechanism to derive certain formulae as
theorems. No commitment has been made as to what the formulae actualy represent,
except for the example, which was interpreted as referring to integers.

In practice, theories are developed not just for pleasure but aso for profit: to deduce
useful properties of actua mathematical entitiess To do so requires providing
interpretations of the theory. Informally, you obtain an interpretation by associating a
member of some mathematical domain with every element of the theory’s vocabulary, in
such a way that a boolean property of the domain is associated with every well-formed
formula. A model is an interpretation which associates a true property with every theorem
of the theory. The only theories of interest are those which have at least one model.

When a theory has a model, it often has more than one. The example theory used
above has a model in which the integer zero is associated with the symbol O, the
successor operation on integers with the symbol ', the integer equality relation with = and
so on. But other models are also possible; for example, the set of al persons past and
present (assumed to be infinite), with O interpreted as modeling some specific person (say
the reader), x’ interpreted as the mother of x, x <y interpreted as “y is a maternal
ancestor of x” and so on, would provide another model.
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Often, a theory is developed with one particular model in mind. This was the case
for the example theory, which referred to the integer model, so much so that the
vocabulary of its metalanguage was directly borrowed from the language of integers.
Similarly, the theories developed in the sequel are developed for a specific application
such as the semantics of programs or, in the example of the next section, lambda
expressions. But when we study axiomatic semantics we must forget about the models
and concentrate on the mechanisms for deriving theorems through purely logical rules.

9.2.10 Discussion

As a conclusion of this quick review of the notion of theory and proof, some
gualifications are appropriate. As defined by logicians, theories are purely formal objects,
and proof is a purely formal game. The aim pursued by such rigor (where, in the words
of [Copi 1973], “a system has rigor when no formula is asserted to be a theorem unless it
is logically entailed by the axioms’) is to spell out the intellectua mechanisms that
underlie mathematical reasoning.

It is well known that ordinary mathematical discourse is not entirely formal, as this
would be unbearably tedious; the proof process leaves some details unspecified and skips
some steps when it appears that they do not carry any conceptual difficulty.

The need for a delicate balance between rigor and informality is well accepted in
ordinary mathematics, and in most cases this works to the satisfaction of everyone
concerned — although “accidents” do occur, of which the most famous historically is the
very first proof of Euclid’s Elements, where the author relied at one point on geometrical
intuition, instead of restricting himself to his explicitly stated axioms. Formal logic, of
course, is more demanding.

Although purely forma in principle, theories are subject to some plausibility tests.
Two important properties are:

» Soundness. a theory is sound if for no well-formed formula f the rules allow
deriving both f and - f.

» Completeness: a theory is complete if for any well-formed formula f the rules
allow the derivation of f or - f.

Both definitions assume that the metalanguage of the theory includes a symbol - (not)
corresponding to denial.

Soundness is aso called “non-contradiction” or *consistency”. It can be shown that a
theory is sound if and only if it has a model, and that it is complete if and only if every
true property of any model may be derived as a theorem.

An unsound theory is of little interest; any proposed theory should be checked for its
soundness. One would also expect all “good” theories to be complete, but this is not the
case. among the most importants results of mathematical logic are the incompleteness of
such theories as predicate calculus or arithmetic. The study of completeness and
soundness, however, falls beyond the scope of this book.
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9.3 AN EXAMPLE: TYPED LAMBDA CALCULUS

[This section may be skipped on first reading. It assumes an understanding of sections 5.4
to 5.10.]

Before introducing theories of actual programming languages, it is interesting to
study a small and elegant theory, due to Cardelli, which shows well the spirit of the
axiomatic method, free of any imperative concern.

Chapter 5 introduced the notion of typed lambda calculus and defined (5.10.3) a
mechanism which, when applied to a lambda expression, yields its type. The theory
introduced below makes it possible to prove that a certain formula has a certain type —
which is of course the same one as what the typing mechanism of chapter 5 would
compute.

The theory’s formulae are al of the form
b | et

where e is atyped lambda expression, t is atype and b is a binding (defined below). The
informal meaning of such aformulais:

“Under b, e hastypet.”

Recall that a type of the lambda calculus is either:
1 « Oneamong a set of basic predefined types (such as N or B).

2 « Ofthefooma — B, where a and B are types.

In case of ambiguity in multi-arrow type formulae, parentheses may be used; by default,
arrows associate to the right.

A binding is a possibly empty sequence of <identifier, type> pairs. Such a sequence
will be written under the form
X:a+y:B+zy

and may be informally interpreted as the binding under which x has type a and so on.
The notation also uses the symbol + for concatenation of bindings, asin b + x: a where
b is a binding. The same identifier may appear twice in a binding; in this case the
rightmost occurrence will take precedence, so that under the binding

X:a+y:B+xy

X has type y. One of the axioms below will express this property formally.

In typed lambda calculus, we declare every dummy identifier with a type (as in
A X:a « e). This means that the types of all bound identifier occurrences in a typed
lambda expression are given in the expression itself. As for the free identifiers, their types
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will be determined by the environment of the expression when it appears as a sub-
expression of a larger expression. So if an expression contains free identifier occurrences
we can only define its type relative to the possible bindings of these identifiers.

To derive the type of an expression e, then, is to prove a property of the form
b | e«

for some type a. The binding b may only contain information on identifiers occurring
free in e (any other information would be irrelevant). If no identifier occurs freein e, b
will be empty.

Let us see how a system of axioms and inference rules may capture the type

properties of lambda calculus. In the following rule schemata, e and f will denote
arbitrary lambda expressions, x an arbitrary identifier and b an arbitrary binding.

The first axiom schema gives the basic semantics of bindings and the “rightmost
strongest” convention mentioned above:

Right

b+x:a | x:a

In words: “Under binding b extended with type a for x, x has type a” — even if b gave
another type for x.

Deducing types of identifiers other than the rightmost in a binding requires a ssimple
inference rule schema:

Perm

b | x:a

b+y:B | x:a

(if x and y are different identifiers). In words. “If x has type a under b, x still has type
o under b extended for any other identifier y with some type (3”.

To obtain the rules for typing the various forms of lambda expressions, we must
remember that a lambda expression is one of atom, abstraction or application.

Atoms (identifiers) are already covered by Right: their types will be whatever the
binding says about them. We do not need to introduce the notion of predefined identifier
explicitly since the theory will yield a lambda expression’s type relative to a certain
binding, which expresses the types of the expression’s free identifiers. If a formula is
incorrect for some reason (as a lambda expression involving an identifier to which no type
has been assigned), the axiomatic specification will not rgect it; instead, it simply makes
it impossible to prove any useful type property for this expression.

Abstractions describe functions and are covered by the following rule:
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IAbstraction
b+x:a | e

b | {Ax:a-e}:a - B

This rule captures the type semantics of lambda abstractions: if assigning type a to x
makes it possible to assign type B to e, then the abstraction A x: a - e describes a
function of typea — .

In a form of the lambda calculus that would support generic functions with implicit
typing (inferred from the context rather than specified in the text of the expression), this
rule could be adapted to:

! Generic_abstraction
b+x:a | e

b | {Ax.-e};a -9

making it possible, for example, to derive a — a, for any a, as type of the function:

ld & A x.X

and similarly for other generic functions. But we shall not pursue this path any further.

In an axiomatic theory covering programming languages rather than lambda calculus,
a pair of rules similar to Right and I, . ... could be written to account for typing in
block-structured languages, where innermost declarations have precedence.

Finally we need an inference rule for application expressions:

IApplicaIion
b | fia - B b | e

b | f(e)p

In other words, if a function of type a — [3 is applied to an argument, which must be of
type a, the result is of type 3. This completes the theory.

This theory is powerful enough to derive types for lambda expressions. It is
interesting to compare the deduction process in this theory with the *computations” of
types made possible by the techniques introduced in 5.10. That section used the following
expression as example:

AX:N - NeAy:N - NeAzZ: N« X ({AX:N-y (X)} (2))
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E.l X:NoN+y:NoN+2z:N | x:i NoN
Right, Perm
E.2 X:NoN+y:NoN+zN+x:N | zz N
Right, Perm
E.3 X:NoN+yYy:NoN+zZN+x:N | x: N
Right
E.4 X:NoN+y:NoN+zZN+x:N | y: NN
Right, Perm
E.5 XiNoN+y:NoN+zZN+x:N | y(x): N
E3 E4 1,
E.6 XiNoN+Y:NoN+zZ:N | AxiN-y (X): NoN
E5 1y,
E7 X:NoN+Yy:NoN+z:N | {Ax:N-y x)} (2): N
E2 E6 |,
E.8 X:NoN+Y:NoN+zZ:N | Xx ({Ax:N-y X)}(2): N
E.1l, E7; IApp
E9 X:NoN+Y:NoN | AzZNex ({Ax:N-y X)} (2):
N-N
E.8; IAbst
E10 X:NoN | AYy:iNoN«AZN-x ({AXx:N-y (X)} (2):
(N-N)-(N-N)
E9 1y,
E.11 | AXcN«AYy:NSNeAzZ:Nex ({AXx:N-y x)} (2):
(N>N)->((N>N)-(N-N))
E.10; IAbst

Figure 9.2: A typeinference in lambda calculus
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The figure on the adjacent page shows how to derive the type of this expression in the
theory exposed above. You are invited to compare it with the type computation of figure
5.4, Whlch it closely parallels. (The subscripts in N olication and |, o ion NAve been
abbreviated as App and Abst respectively on the flgures

The rest of this chapter investigates axiomatic theories of programming languages,
which mostly address dynamic semantics. the meaning of expressions and instructions.
This example just outlined, which could be transposed to programming languages, shows
that the axiomatic method may be applied to static semantics as well.

9.4 AXIOMATIZING PROGRAMMING LANGUAGES

9.4.1 Assertions

The theories of most interest for this discussion apply to programming languages; the
formulae should express relevant properties of programs.

For the most common class of programming languages, such properties are
conveniently expressed through assertions. An assertion is a property of the program’'s
objects, such as

X+y>3

which may or may not be satisfied by a state of the program during execution. Here, for
example, a state in which variables x and y have values 5 and 6 satisfies the assertion;
one in which they both have value O does not.

For the time being, an assertion will simply be expressed as a boolean expression in
concrete syntax, as in this example; this represents an assertion satisfied by all states in
which the boolean expression has value true. A more precise definition of assertions in
the Graal context will be given below (9.5.2).

9.4.2 Preconditions and postconditions

The formulae of an axiomatic theory for a programming language are not the assertions
themselves, but expressions involving both assertions and program fragments. More
precisely, the theory expresses the properties of a program fragment with respect to the
assertions that are satisfied before and after execution of the fragment. Two kinds of
assertion must be considered:

* Preconditions, assumed to be satisfied before the fragment is executed.
» Postconditions, guaranteed to be satisfied after the fragment has been executed.

A program or program fragment will be said to be correct with respect to a certain
precondition P and a certain postcondition Q if and only if, when executed in a state in
which P is satisfied, it yields a state in which Q is satisfied.
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The difference of words — assumed vs. ensured — is significant: we treat
preconditions and postconditions differently. Most significant program fragments are only
applicable under certain input assumptions: for example, a Fortran compiler will not
produce interesting results if presented with the data for the company’s payroll program,
and conversely. The precondition should of course be as broad as possible (for example,
the behavior of the compiler for texts which differ from correct Fortran texts by a small
number of common mistakes should be predictable); but the specification of any redlistic
program can only predict the complete behavior of the program for a subset of all
possible cases.

It is the responsibility of the environment to invoke the program or program
fragment only for cases that fall within the precondition; the postcondition binds the
program, but only in cases when the precondition is satisfied.

So a pre-post specification is like a contract between the environment and the
program: the precondition obligates the environment, and the postcondition obligates the
program. If the environment does not observe its part of the deal, the program may do
what it likes; but if the precondition is satisfied and the program fails to ensure the
postcondition, the program is incorrect. These ideas lie at the basis of a theory of
software construction which has been termed programming by contract (see the
bibliographical notes).

Defined in this way, program correctness is only a relative concept: there is no such
thing as an intrinsically correct or intrinsicaly incorrect program. We may only tak
about a program being correct or incorrect with respect to a certain specification, given by
a precondition and a postcondition.

9.4.3 Partial and total correctness

The above discussion is vague on whose responsibility it is to ensure that the program
terminates. Two different approaches exist: partial and total correctness.

The following definitions characterize these approaches; they express the correctness,
total or partial, of a program fragment a with respect to a precondition P and a
postcondition Q.

Definition (Total Correctness). A program fragment a is totally
correct for P and Q if and only if the following holds: Whenever a
is executed in any state in which P is satisfied, the execution
terminates and the resulting state satisfies Q.
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Definition (Partial Correctness). A program fragment a is partially
correct for P and Q if and only if the following holds: Whenever a
is executed in any state in which P is satisfied and this execution
terminates, the resulting state satisfies Q.

Partial correctness may also be called conditional correctness: to prove it, you are only
required to prove that the program achieves the postcondition if it terminates. In contrast,
proving total correctness means proving that it achieves the postcondition and terminates.

You might wonder why anybody should be interested in partial correctness. How
good is the knowledge that a program would be correct if it only were so kind as to
terminate? In fact, any non-terminating program is partially correct with respect to any
specification. For example, the following loop

while 0 =0 do
print ("We try harder!")
end;
print (" We have proved Fermat’s last theorem")

is partialy correct with respect to the precondition true and a postcondition left for the
reader to complete (actually, any will do).

The reason for studying partial correctness is pragmatic: methods for proving
termination are often different in nature from methods for proving other program
properties. This encourages proving separately that the program is partially correct and
that it terminates. If you follow this approach, you must never forget that partial
correctness is a useless property until you have proved termination.

9.4.4 Varieties of axiomatic semantics

The work on axiomatic semantics was initiated by Floyd in a 1967 article (see the
bibliographical notes), applied to programs expressed through flowcharts rather than a
high-level language.

The current frame of reference for this field is the subsequent work of Hoare, which
proposes a logical system for proving properties of program fragments. The well-formed
formulae in such a system will be called pre-post formulae. They are of the form

{P} a{Q}

where P is the precondition, a is the program fragment, and Q is the postcondition.
(Hoare's origina notation was P {a} Q, but this discussion will use braces according to
the convention of Pascal and other languages which treat them as comment delimiters.)
The notation expresses partial correctness of a with respect to P and Q: in this method,
termination must be proved separately.
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So a Hoare theory of a programming language consists of axioms and inference rules
for deriving certain pre-post formulae. This approach may be called pre-post semantics.

Another approach was developed by Dijkstra. Its aim is to develop, rather than a
logica theory, a calculus of programs, which makes it possible to reason on program
fragments and the associated assertions in a manner similar to the way we reason on
arithmetic and other expressions in calculus. through the application of well-formalized
transformation rules. Another difference with pre-post semantics is that this theory handles
total correctness. This approach may be called wp-semantics, where wp stands for
“weakest precondition”; the reason for this name will become clear later (9.8).

We will look at these two approaches in turn. Of the two, only the pre-post method
fits exactly in the axiomatic framework as defined above. But the spirit of wp-semantics is
close.

95 A CLOSER LOOK AT ASSERTIONS

The theory of axiomatic semantics, in either its “pre-post” or “wp” flavor, applies to
formulae whose basic constituents are assertions. To define the metalanguage of the
theory properly, we must first give a precise definition of assertions and of the operators
applicable to them.

Because assertions are properties involving program objects (variables, constants,
arrays etc.), the assertion metalanguage may only be defined formally within the context
of a particular programming language. For the discussion which follows that language
will be Graal.

9.5.1 Assertions and boolean expressions

An assertion has been defined as a property of program objects, which a given state of
program execution may or may not satisfy.

Graal, in common with al usua programming languages, includes a construct which
seems very close to this notion: the boolean expression. A boolean expression aso
involves program objects, and has a value which is true or false depending on the values
of these objects. For example, the boolean expression x + y > 3 has value true in a state
if and only if the sums of the values that the program variables x and y have in this state
is greater than three.

Such a boolean expression may be taken as representing an assertion as well — the
assertion satisfied by those states in which the boolean expression has value true.

Does this indicate a one-to-one correspondence between assertions and boolean
expressions? This is actually two questions:
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1 < Given an arbitrary boolean expression of the programming language, can we
always associate an assertion with it, as in the case of x + y > 3?

2 « Can any assertion of interest for the axiomatic theory of a programming language
be expressed as a boolean expression?

For the axiomatic theory of Graal given below, the answer to these questions turns out to
be yes. But this should not lead us confuse assertions with boolean expressions; there are
both theoretical and practical reasons for keeping the two notions distinct.

On the theoretical side, assertions and boolean expressions belong to different
worlds:

* Boolean expressions appear in programs. they belong to the programming
language.

» Assertions express properties about programs. they belong to the formulae of the
axiomatic theory.

On the practical side, languages with more powerful forms of expressions than Graal,
including all common programming languages, may yield a negative answer to both
guestions 1 and 2 above. To express the assertions of interest in such languages, the
formalism of boolean expressions is at the same time too powerful (not al boolean
expressions can be interpreted as assertions) and not powerful enough (some assertions
are not expressible as boolean expressions).

Examples of negative answers to question 1 may arise from functions with side-
effects: in most languages you can write a boolean expression such as

f(x) >0

where f is a function with side-effects. Such boolean expressions are clearly inadequate
to represent assertions, which should be purely descriptive (“applicative’”) statements
about program states.

As an example of why the answer to question 2 could be negative (not all assertions
of interest are expressible as boolean expressions), consider an axiomatic theory for any
language offering arrays. We may want to use an axiomatic theory to prove that any state
immediately following the execution of a sorting routine satisfies the assertion

Vi:l.n-1-t[i]<t/[i+]

where t is an array of bounds 1 and n. But this cannot be expressed as a boolean
expression in ordinary languages, which do not support quantifiers such as V.

Commonly supported boolean expressions are just as unable to express a requirement
such as “the values of t are a permutation of the original values’” — another part of the
sorting routine's specification.

To be sure, confusing assertions and boolean expressions in the specification of a
language as simple as Graal would not cause any serious trouble. It is indeed often
convenient to express assertions in boolean expression notation, as with x + y > 3 above.
But to preserve the theory’s general applicability to more advanced languages we should
resist any temptation to identify the two notions.
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9.5.2 Abstract syntax for assertions

To keep assertions conceptually separate from boolean expressions, we need a specific
abstract syntactic type for assertions. For Graal it may be defined as:

Assertion & exp: Expression

with a static validity function expressing that the acceptable expressions for exp must be
of type boolean:

[9.3]
V pcsartion 8¢ Assertion, tm: Type_map] 4
Expression [a. exp, tm] A expression_type (a. exp, tm) = bt

This yields the following complete (if rather pedantic) form for the assertion used earlier
as example under the form x + y > 3:

[9.4]
Assertion
(exp: Expression (Binary

(terml: Expression (binary
(terml: Variable (id: "X");
term2: Variable (id: "y");
op: Operator (Arithmetic_op (Plus))));

term2: Constant (Integer_constant (3));

op: Operator (Relational_op (Gt)))))

or if we just use plain concrete syntax for expressions:
Assertion (exp: X + y > 3)

For simplicity, the rest of this chapter will use concrete syntax for simple assertions and
their constituent expressions; furthermore, it will not explicitly distinguish between an
assertion an the associated expression when no confusion is possible. So the above
assertion will continue to be written x + y > 3 without the enclosing Assertion (exp: ...).

In the same spirit, the discussion will freely apply boolean operators such as and
orand not to assertions; for example, P and Q will be used instead of

Assertion (exp: Expression (Binary
(terml: P.exp;
term2: Q.exp;
op: Operator (Boolean_op (And)))))

It is important, however, to bear in mind that these are only notational facilities.

The next chapter shows how to give assertions a precise semantic interpretation in
the context of denotational semantics.
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9.5.3 Implication

In stating the rules of axiomatic semantics for any language, we will need to express
properties of the form: “Any state that satisfies P satisfies Q. This will be written using
the infix implies operator as

P implies Q

When such a property holds and the reverse, Q implies P, does not, P will be said said
to be stronger than Q, and Q weaker than P.

The implies operator takes two assertions as its operands, its result, however, is not
an assertion but simply a boolean value that depends on P and Q. This value is true if
and only if Q is satisfied whenever P is satisfied. P implies Q is a well-formed formula
of the metalanguage of axiomatic semantics, not a programming language construct.

9.6 FUNDAMENTALS OF PRE-POST SEMANTICS

The basic concepts are now in place to introduce axiomatic theories for programming
languages such as Graal, beginning with the pre-post approach.

This section examines general rules applicable to any programming language; the
next section will discuss specific language constructs in the Graal context.

9.6.1 Formulae of interest in pre-post semantics

The formulae of pre-post semantics are pre-post formulae of the form {P} a {Q}. The
purpose of pre-post semantics is to to derive certain such formulae as theorems. The
intuitive meaning of a pre-post formula is the following:

[9.5]

Interpretation of prepost formulae: A prepost formula
{P} a {Q} expresses that a is partialy correct with respect to
precondition P and postcondition Q.

From the definition of partial correctness (page 314), this means that the computation of
a, started in any state satisfying P, will (if it terminates) yield a state satisfying Q. The
next chapter will interpret this notion in terms of the denotational model.
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9.6.2 The rule of consequence

The first inference rule (in fact, as the subsequent rules, a rule schema) is the language-
independent rule of consequence, first introduced in 4.6.2. It states that “less
informative” formulae may be deduced from ones that carry more information. This
concept may now be expressed more rigorously using the implies operator on assertions:

CONS
{P} a{Q}, P impliesP, Q impliesQ
{P'} a{Q}

9.6.3 Facts from elementary mathematics

The axiomatic theory of a programming language is not developed in a vacuum. Programs
manipulate objects which represent integers, real numbers, characters and the like. When
we attempt to prove properties of these programs, we may have to rely on properties of
these objects. This means that our axiomatic theories for programming languages may
have to embed other, non-programming-language-specific theories.

Assume that in a program manipulating integer variables only, we are able (as will
indeed be the case with the axiomatic theory of Graal) to prove

[9.6]
- {x+x>2) y=x+ x{y> 1},

but what we really want to prove is

[9.7]
= {x>1}y=x+x{y>1

Before going any further you should make sure that you understand the different notations
involved. The formulae in braces {...} represent assertions, each defined, as we have seen, by
the associated Graal boolean expression. Occurrences of arithmetic operators such as + or > in
these expressions denote Graal operators — not the corresponding mathematical functions, which
would be out of place here. If programming language constructs (such as the Graal operator
for addition) were confused with their denotations (such as mathematical addition), there would
be no use or sense for formal semantic definitions.

How can we prove [9.7] assuming we know how to prove [9.6]? The rule of
consequence is the normal mechanism: from the antecedents

[9.6]
{x+x>2} y:=x+x{y>1}
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[9.8]
{x>1} implies {x+ x> 2}

direct application of the rule of consequence will yield [9.7].

This assumes that we can rely on the second antecedent, [9.8]. But we cannot
simply accept [9.8] as a trivial property from elementary arithmetic. Actualy, its formula
does not even belong to the language of elementary arithmetic; as just recalled, it is not a
mathematical property but a well-formed formula of the Graal assertion language.
Deductions involving such formulae require an appropriate theory, transposing to
programming language objects the properties of the corresponding objects in mathematics
— integers, boolean values, real numbers.

When applied to actual programs, written in an actual programming languages and
meant to be executed on an actual computer, this theory cannot be a blind copy of
standard mathematics. For integers, it needs to take size limitations and overflow into
account; this is the object of exercise 9.1. For “real” numbers, it needs to describe the
properties of their floating-point approximations.

For the study of Graal, which only has integers, we will accept arithmetic at face
value, taking for granted all the usual properties of integers and booleans. The rest of this
discussion assumes that the theory of Graa is built on top of another axiomatic theory,
caled EM for elementary mathematics. EM is assumed to include axioms and inference
rules applicable to basic Graal operators (+, —, <, >, and etc.) and reflecting the properties
of the corresponding mathematical operators. Whenever a proof needs a property such as
[9.8] above, the justification will simply be the mention “EM™.

EM also includes properties of the mathematical implication operation, transposed to
the implies operation on assertions. An example of such a property is the transitivity of
implication: for any assertions P, Q, R,

F ((P implies Q) and (Q implies R)) => (P implies R)

Chapter 10 will use the denotational model to define the semantics of assertions in a
formal way, laying the basis for a rigorously established EM theory, although this theory
will not be spelled out.

Using EM, the proof that [9.7] follows from [9.6] may be written as:

T1 [96] {x+x>2} y:=x+x {y>1} (proved separately)
T2 x>1 implies x+ x>2 EM
T3 [9.7]{x>1} x:=x+x {y>1} T1, T2; CONS

The EM rules used in this chapter are all straightforward. In proofs of actual programs,
you will find that axiomatizing the various object domains may be a major part of the
task. One of the proofs below (the *“tower of Hanoi” recursive routine, 9.10.9), as well
as exercises 9.25 and 9.26, provide examples of building theories adapted to specific
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problems. But some object domains are hard to axiomatize. For example, producing a
good theory for floating-point numbers and the associated operations, as implemented by
computers, is a difficult task. Such problems are among the major practical obstacles that
arise in efforts to prove full-scale programs.

9.6.4 The rule of conjunction

A language-independent inference rule similar in scope to the rule of consequence is
useful in some proofs. This rule states that if you can derive two postconditions you may
also derive their logical conjunction:

CONJ

{P} a{Q}, {P}a{R}
{P} a{Q and R}

Note that conversely if you have established — {P} a{Q and R}, then you may derive
both - {P} a{Q} and |- {P} a{R}. This property does not need to be introduced as
arule of the theory but follows from the rule of consequence, since the following are EM
theorems:

(Q and R) implies Q
(Q and R) implies R

Wp-semantics, as studied later in this chapter, will enable us to determine whether there is
a corresponding “rule of disunction” for the or operator (see 9.9.4).

9.7 PRE-POST SEMANTICS OF GRAAL

We now have all the necessary background for the axiomatic theory of Graal instructions.

9.7.1 Skip

The first instruction to consider is Skip. The pre-post axiom schema is predictably neither
hard nor remarkable.

AS(ip

~  {P} Sip {P}

Sip does not do anything, so what the user of this instruction may be guaranteed on exit
is no more and no less than what he is prepared to guarantee on entry.
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9.7.2 Assignment

The axiom schema for assignment uses the notion of substitution. For any assertion Q:

AA$i gnment

F  {Q[x « e]} Assignment (target: x; source: €) {Q}

This rule introduces a new notation: Q [x « e], read as “Q with x replaced by e”,
is the substitution of e for all occurrences of x in Q. This notation is applicable when Q
and e are expressions and x is a variable; it immediately extends to the case when Q is
an assertion.

Substitution is a purely textual operation, involving no computation of the
expression: to obtain Q [x < e], you take Q and replace occurrences of x by e
throughout. We need to define this notion formally, of course, but let us first look at a
few examples of substitution. As mentioned above, the expressions apply arithmetic and
relational operations in standard concrete syntax.

3[Xx « y+1] = 3
Zx [x «y+1] =z%7

X[X «y+l] = y+1

K =x)Ix cy+1 = (y+) - (y+1)]
x+y)[x « y+1] = (y+1) +y

(X +y)[X « x+y+1] = (x+y+1) +y

o o B~ W N P
T 1T 1T 1T 1T T

In the first two examples, x does not occur in Q, so that Q [x — e] isidentical to
Q (a constant in the first case, a binary expression not involving x in the second). In
example 3, Q isjust the target x of the substitution, so that the result is e, herey + 1. In
example 4, x appears more than once in Q and al occurrences are substituted. Example 5
shows a case when a variable, here y, appears in both Q and e; note that rules of
ordinary arithmetic would allow replacement of the right-hand side by 2x y +1, but thisis
outside the substitution mechanism. Finally, example 6 shows the important case in which
X, the variable being substituted for, appears in e, the replacement.

We need a way to define substitution formally. Let
Q[x « e] 4 subst (Q, e, x.id)

where function subst, a simplified version of the substitution function introduced in 5.7
for lambda calculus (see figure 5.2), is defined by structural induction on expressions:
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[9.9]
subst (Q: Expression, e: Expression, x: S) A
case Q of
Constant : Q |
Variable : if Q.id= xtheneelse Q end |
Binary :
Expression (Binary (
terml: subst (Q.terml, e, X);
term2: subst (Q.term2, e, X);
end op: Q.0p))

We may need to compose substitutions, using the following rule:

[9.10]
Qla «f)[b ~g]=Q[a « (f [b ~ g])]

This property does not hold in all cases (a counter-example is easy to produce) but is
correct in the two cases for which we will need it: when a and b are the same identifier;
and when b does not occur in Q. The proof by structural induction, using the definition
of function subst, is the subject of exercise 9. 20.

In the pre-post theory, subst will only be applied to boolean expressions (associated with
assertions); but as these may be relational expressions involving sub-expressions of any
type, we need subst to be defined for general expressions.

The pre-post axiom schema for assignment (A, an ment) USES substitution to describe
the result of an assignment. The idea is quite smple: whatever is true of x after the
assignment X := e must have been true of e before.

The following are ssimple examples of the use of the axiom schema. Carry out the
substitutions by yourself to see the mechanism at work.

H {y>z-2} x=x+1{y>z-2}
{2+2=5} x:=x+1 {2+2=5}

1

2 ~

3 H {y>0} x:=y {x>0}

4 - {x+1>0} x:=x+1 {x>0}

Example 1 shows that an assertion involving only variables other than the target of an
assignment is preserved by the assignment. The assertion of the second example only
involves constants and is similarly maintained. Note that the rule says nothing about the
precondition and postcondition being “true” or “false”: al that example 2 says is that if
two plus two equaled five before the assignment this will still be the case afterwards — a
theorem, although a useless one since its assumption does not hold.
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Examples 3 and 4 result from straightforward application of substitution. For the
latter, the assignment rule does not by itself yield a proof of

{x>-1} x:=x+1 {x>0}

For this, EM and the rule of consequence are needed. The proof may be written as
follows:

Al {x+1>0} x=x+1{x>0 A

Assignment
A2 x>-1 implies x+1 >0 EM
A3 {x>-1} x:=x+1 {x>0} Al, A2; CONS

Three important comments apply to the assignment rule.

First, the rule as given works “backwards’: it makes it possible to deduce a
precondition Q [v — e] from the postcondition Q rather than the reverse. A forward rule
is possible (see exercise 9.9), but it turns out to be less easy to apply. The observation
that proofs involving assignments naturally work by sifting the postcondition back through
the program to obtain the precondition has important consequences on the structure and
organization of these proofs.

In a simple case, however, the backward rule yields an immediate forward property,
If the source expression e for an assignment is a plain variable, rather than a constant or
a composite expression, then for any assertion P:

[9.11]
F {P} Assignment (target: x ; source: €) {P [e — Xx]}

provided x does not occur in P. To derive this, use A, ., taking P [e — X] for
Q; then Q [x « e] isP by the rule for composition of su%stitutions ([9.10], page 324),
which is applicable here thanks to the assumption that x does not occur in P.

The second comment reflects on the nature of assignment. This instruction is one of
the most imperative among the features that distinguish programming from the
“applicative” tradition of mathematics (1.3). An assignment is a command, not a
mathematical formula; it specifies an operation to be performed at a certain time during
the execution of a program, not a relation that holds between mathematical entities. As a
consequence, it may be difficult to predict the exact result of an assignment instruction in
a program, especialy since repeated assignments to the same variable will cancel each
other’s effect.

Axiom AASS“‘]ment establishes the mathematical respectability of assignment by
enabling us to interpret this most unabashedly imperative of programming language
constructs in terms of a “pure” — that is to say, applicative — mathematical concept:

substitution.
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The third comment limits the applicability of the rule. As given above, this rule only
applies to languages (such as Graal) which draw a clear distinction between the notions of
expression and instruction. In such languages, expressions produce values, with no effect
on the run-time state of the program; in contrast, instructions may change the state, but do
not return a value. This separation is violated if an expression may produce side-effects,
usually through function calls. Consider for example a function

asking_for_trouble (x: in out INTEGER): INTEGER is

do
X:=x+1,
global :=global + 1;
Result := 0
-- The function’s returns as result the final value of
-- the predefined variable Result (Eiffel convention)
end

where global is a variable external to asking_for_trouble in some fashion but declared
outside of the scope of asking_for_trouble; for example global may be externa in C, part
of a COMMON in Fortran, declared in an enclosing block in Pascal, in the enclosing
package in Ada or in the enclosing class in Eiffel. The following pre-post formulae are
false in this case even though they would directly result from applying (with a
proper rule for functions):

{global = 0} u :=asking_for_trouble (a) {global = O}
{a= 0} u:=asking_for_trouble (a) {a= 0}

AAssi gnment

It is possible to adapt A_ . to account for possible side-effect in expressions, but
this makes the theory significantly more complex. Since, however, most programming
languages allow functions to produce side-effects, we need a way to describe the
semantics of the corresponding calls. A solution, aready suggested in the discussion of
denotational semantics (7.7.2), is to limit the application of A, . to assignments
whose source expression does not include any function call. Then to deal with an
assignment whose right-hand side is a function call, such as

[9.12]
y = asking_for_trouble (X)

we consider that, in abstract syntax, this is not an assignment but a routine cal; the
abstract syntax for such an instruction includes an input argument, here x, and an output
result, here y. The instruction then falls under the scope of the inference rule for such
routine calls, given later in this chapter (9.10.2).

Only for the purposes of a proof do you actually need to trandlate an assignment of
the [9.12] form into a routine call; the trandation, done in abstract syntax, leaves the
origina concrete program unchanged. (As noted in chapter 7, this is an example of the
“two-tiered specifications” discussed in 4.3.4.)
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Of course, functions which produce arbitrary side-effects are bad programming
practice since they damage referential transparency. We should certainly not condone a
function such as asking_for_trouble. But in practice many functions will need to change
the state in some perfectly legitimate ways. For example any function that creates and
returns a new object does perform a side-effect (by allocating memory), athough from the
caller’s viewpoint it smply computes a result (the object) and is referentialy transparent.

Because it is difficult to define useful universal rules for distinguishing between
“good” and “bad” side-effects, most programming languages, even the few whose
designers worried about the provability of programs, allow side-effects in functions, with
few or no restrictions. To prove properties of assignments involving functions, then, you
should treat them as routine calls using the transformation outlined above.

The existence of such a formal mechanism is not an excuse for undisciplined use of
side-effects in expressions, especially those which do not even involve a function call, as
with the infamous value-modifying C expressions of the form x++ or ——x.

9.7.3 Dealing with arrays and records

The assignment axiom, as given above, is directly applicable to smple variables. How can
we deal with assignments involving array elements or record fields?

Plain substitution will not work. Take for example the Pascal array assignment
tli]=t[jl+1

Then by naive application of axiom A we could prove a property such as:

Assignment
[9.13]
{t[il=0 t[i] =t[jl+1 {t[j]=0}

Here the substitution appears trivial since the assignment’s target, t [i], does not occur in
the postcondition.

Unfortunately, the above is not a theorem since the assignment will fail to ensure the
postcondition if i = j. The problem here is a fundamental property of arrays, dynamic
indexing: when you see a reference to an array element, t [i], the program text does not
tell you which array element it denotes. So it is only at run time that you will find out
whether t [i] and t [j] denote the same array elements or different ones. Such a
situation, where two different program entities may at run time happen to denote the same
object, is known as dynamic aliasing.

One solution is to consider an assignment to an array element as an assignment to
the whole array. More precisely, we may treat this operation as a separate instruction,
with abstract syntax

Array assign & target: Variable; index: Expression ; source: Expression
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The associated rule is a variant of AAssignmnt:
Array_assign

F  {QI[t « t(i:e)]} Array assign (target:t; index:i; source: e) {Q}

The new notation introduced, t (i : ), denotes an array which is identical to t except
that its value a index i is e. This property may be described by two axioms:

AArray

H i #] impliest(i:e)[j]=t[]]
H i =] impliest(i:e)[j]=e
These rules yield the following two theorems (replacing [9.13]):

[9.14]
F o {i#zjandt[j]=0 t[i] =t[j]+1 {t[j]=0}
F {i=jandt[j]=0 t[i] =t[jl+1 {t[j]=1

The proof is left as an exercise (9.10)

We may use a similar method to deal with objects of record types. (See aso the
denotational model in 7.2.) If x is such an object, and a is one of the component tags,
we should treat the assignment Xx.a := e as an assignment to x as a whole. In line with
the technique used for arrays, x (a: e) is defined as denoting an object identical to x
except that its a component is equal to v. The axioms schemata for this operation are
simpler with records than with arrays, as here there is no dynamic aliasing: an array index
may only be known at run-time, but the tag of a reference to a record field is known
statically™.

A

Record

F  (x(a:e)).b=x.b
F (x(a:e).a=e

where: x is an object of arecord type; a and b are different component tags of this type;
dot notation x .t denotes access to the component of x with tag t.

To obtain a variant of the assignment axiom applicable to record components, just

imitate A Array_assign after introducing the suitable abstract syntax.

1 In object-oriented languages such as Eiffel or Smalltalk, the technique known as dynamic
binding means that in some cases the actual tag must be computed at run-time.
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9.7.4 Conditional

The remaining instructions are not primitive commands, but control structures used to
construct complex instructions from simpler ones; as a consequence, their semantics is
specified through inference rules (actually rule schemata) rather than axioms.

Here is the inference rule for conditionals;

| Conditional

{P and c} a{Q}, {P and not c} b {Q}

{P} Conditional (test: c; thenbranch: a; elsebranch: b) {Q}

Let us see what this means. Assume you are requested to prove the correctness, with
respect to P and Q, of the instruction given in abstract syntax at the bottom of the rule,
which in more casual notation would appear as

if cthen a else b end

Since the result of executing this instruction is to execute either a or b, you may proceed
by proving separately that both a and b are correct with respect to P and Q; however in
the case of a you may “and’ the precondition with ¢, since this branch will only be
executed when c is initialy satisfied; and similarly with not ¢ for the other branch.

As an example of using this rule, consider the proof of the following program
fragment, which you may recognize as an extract from Euclid’'s algorithm, in its variant
using subtraction rather than division. (The proof of the extract will be used later as part
of the proof of the complete algorithm.)

[9.15]
{mn,x,y>0and x # yand gcd (x,y) =gcd (m, n)}
if x>y then
X:=X—-Yy
else

y=y—-xX
end

{m,n, x,y>0andgcd (x,y) =gcd (m, n)}
where al variables are of type INTEGER, gcd (u, v) denotes the greatest common

divisor of two positive integers u and v and the notation u, v, w, ... > 0 is used as a
shorthand for

u>0 and v>0 and w>0 and ...
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C1

C2

C3

C4

C5

C6

C7

{mnx—-y,y>0andgcd (x -y,y)=gcd (m, n)}
X:=X—-Y

{m,n,x, y>0andgcd (x,y)=gcd (m, n)} A pssignment

m,n, X y>0and x#yand
ged (X,y)=gcd (m,n)and x>y
implies
mn x—-y,y>0andged (x —y,y)=gcd (m, n) EM

{m,n, x,y>0and x #y and
gced (x,y) =gcd (m, n) and x >y}
XI=X—-Y
{mn,x,y>0andgcd (x,y) =gcd (m, n)} C1, C2; CONS

{mn, x,y—x>0and gcd (x,y —x) =gcd (m, n)}
y=y—-xX

{m, n, x,y>0andgcd (x,y) =gcd (m, n)} AASSignment

m, n, x,y>0and x#yand
ged (X,y) =ged (m, n) and not x>y
implies
mn,y—x,y>0andgcd (X,y —x)=gcd (m, n) EM

{m,n, x,y>0and x #y and
gced (X,y) =ged (m, n) and not x >y}
y=y—-xX
{m, n, x,y>0andgcd (x,y) =gcd (m, n)} C4, C5; CONS

{m,n, x,y>0and x #y and
ged (x,y) =ged (m, n)}
CONDIT

{mn,x,y>0andgcd (x,y) =gcd (m, n)} C3, C6; IConditiona]

Figure 9.3: Proof involving a conditional instruction
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The proof of [9.15] is given in full detail on the adjacent page. CONDIT denotes the
conditional instruction under scrutiny. P and Q being the precondition and postcondition,
the proof proceeds by establishing two properties separately:

 {Pand x>y} x:=x-y{Q} (Line C3)
l_ {Pandy>x}y::y—x{Q} (LlneC6)

Both cases are direct applications of the EM property that

[9.16]
F u>v>0 implies gcd (u, v) =gcd (U-v, V)

[9.16] as well as the precondition and postcondition of [9.15] illustrate the *unobtrusive
approach” to undefinedness mentioned at the beginning of this chapter. The greatest common
divisor of two integers is only defined if both are positive. To deal with this problem, the
assertions of [9.15] include clauses, anded with the rest of these assertions, stating that the
elements whose ged is needed are positive; the formula in [9.16] uses a similar condition as the
left-hand side of an implies.

Rather than introducing explicit rules stating when an expression’s value is defined and when it
is not, it is usually simpler, as here, to permit the writing of potentially undefined expressions,
but to ensure through the axioms and inference rules of the theory that one can never prove
anything of interest about their values.

9.7.5 Compound

Two rules are needed to deal with compound instructions. The first, an axiom schema,
expresses that a zero-element compound is equivalent to a ip:

AOCompound

F {P} Compound (<>) {P}

The second rule enables us to to combine the properties of more than one compound. It
assumes ¢ is a compound and a is an instruction.

Compound

{P} c{Q}, {Qa{R

{P} ¢ +#+<a> {R

The derivation shown below illustrates the technique for proving properties of compounds,
based on these two rules. The property to proveis

{mn>0 x:=m;y:=n{mn,x,y>0and gcd (X,y)=gcd (m, n)}
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SI1 {m,n >0}
implies
{m,n,m n>0andgcd (m, n) =gcd (M, n)} EM

S22 {mnmn>0and gcd (m,n)=gcd (m, n)}
X:=m
{m,n,x,n>0and gcd (x, n) =gcd (M, n)} AAssignment
S3 {m n>0}
X:=m
{m,n,x,n>0and ged (x,n)=gcd (M, n)} S1, S2; CONS

A {mn,x,n>0andgcd (X, n) =gcd (M, n)}

y:=n

{m,n, x,y>0andgcd (x,y) =gcd (m, n)} AASSI.gnment
S5 {mn>0}

X:=my:=n

{m,n, x,y>0andgcd (x,y) =gcd (m, n)} S3, 4 1

Compound

Figure 9.4: Proof involving a compound instruction

9.7.6 Loop

The last construct to study is the loop, for which the rule is predictably more delicate. It
is an inference rule, as follows:

ILoop

{l'and c} b {1}

{1} Loop (test: c; body: b) {I and not c}
This rule embodies two properties of loops. In concrete syntax, the loop considered is

while c do b end

First, the postcondition includes not ¢ because the continuation condition ¢ will not hold
upon loop exit (otherwise the loop would have continued). Note that ILOOIO is a partia
correctness rule, which is of little interest if the loop does not terminate. Y ou must prove
termination separately, using techniques explained below.
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The second property relates to an assertion |, called a loop invariant, which is
assumed to be such that:

{I and ¢} b{l}

In other words, if | is satisfied before an execution of b, | will still be satisfied after that
execution — hence the name “invariant”. The actual precondition in this hypothesis is
actually not just I but I and c since executions of b are of interest only when they
occur as part of loop iterations, that is to say when c is satisfied. The rule expresses that
if the truth of 1 is maintained by one execution of b (under c), then it will aso be
maintained by any number of executions of b, and hence by a loop having b as body.

The expressions | and ¢ and | and not ¢ appearing in lLoop A€ @ slight abuse of language
since and and not as defined (page 318) take assertions as operands, whereas ¢ is just a Graal
boolean expression. The correct notations would use Assertion (exp: c) rather than c.

What is a loop invariant? The consequent of the rule gives a hint. Its postcondition
represents what the loop is supposed to achieve, its “goa”. This god is

| and not ¢

which makes the invariant | appear as a weakened form of the goal. But | is also the
precondition of the consequent. This means that | is weak enough to be satisfied in the
state preceding execution of the loop, but strong enough to yield the desired goa on exit
when combined with the exit condition.

As an example, take Euclid's algorithm for computing the greatest common divisor
of two positive integers m and n:

X:=m;y:=n;

while x # yloop

if x>y then
X:=X-Y
ese
y:=y—-X
end
end;
g:=X

The proofs of the previous examples show that that this loop admits the following
property as invariant:

[INV]
x>0andy >0andgcd (x,y) =gcd (m, n)
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The invariant is satisfied before the loop begins, since by straightforward application of

AAssignment’ ICompound and EM:

F {m>0andn >0}
X:=m;y:=n
{x>0andy >0and gcd (x,y) =gcd (m, n)}

So on loop exit we may infer both the invariant, hence ged (x, y) = gcd (m, n), and the
exit condition x = y; the conjunction of these assertions impliesx =y =gcd (m, n).

Note how INV matches the informal notion of a *“weakened form of the goal”:
e INV yieldsx = gcd (m, n), that is to say essentially the goal, when x =Y.

* But INV is aso weaker (more general) than this goal. In fact it is weak enough to
be satisfied trivially by taking x =m,y =n.

You may consider an execution of the loop, then, as a process designed to maintain INV,
making it a little stronger (closer to the goal) on each iteration. The last part of this
chapter (9.11) shows how this view leads to a systematic approach for building correct
software.

Below is the formal proof. It uses a few abbreviations: LOOP for the loop, CONDIT
for the loop body (which is the conditional instruction studied previously), and EUCLID
for the whole program fragment.

L1 {m,n>0}

X:=my:=n

{x,y>0andgcd (x,y)=gcd (m, n)} S5 (see page 332), CONS
L2 {mn>0} x:=my:=n{INV} L1, definition of INV
L3 {INV and x# y} CONDIT {INV} C7 (see page 329), CONS

L4 {INV} LOOP {INV and x = y} |

Loo
LS {m n>0} x:=m;y:=n; LOOP {INV and x =y} L2,pL4; ICOmlOOUInd
L6 {x,y>0andx=y implies gcd (X,y) =x EM
L7 INV and x=vy implies gcd (m, n) = x L6, definition of INV, EM
L8 {INV and x=y} g:=x{g=gcd (m, n)} L7; CONS
L9 {m,n>0} EUCLID {g=gcd (m, n)} L5, L8; CONS

Figure 9.5: Proof involving a loop
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9.7.7 Termination

The previous rules are partial correctness rules; this leaves the termination problem open.
As programmers know all too well, loops may fail to terminate; they are the only
construct studied so far that introduces this possibility, although of a course a compound
or conditional may also not terminate if one of its constituents does not.

The inference rule for loops, ILoop, is clearly applicable to terminating constructs
only. Otherwise the problem of automatic programming would be easy: to solve any
computing problem characterized by an output condition Q, use a program of the form

while not Q loop ip end

Using any assertion as invariant, rule || makes it possible to infer Q upon exit. The
problem, of course, is that usually there will be no exit at all. The above loop rule is of
no help here.

To prove termination, you may attempt to find a suitable loop variant, according to the
following definition.

Definition (Variant): A variant for aloop is an expression V of type
integer, involving some of the program’s variables, and whose
possible run-time values may be proved to satisfy the following two
properties:

* The value of V is non-negative before the execution of the loop.

e If the vaue of V is non-negative and the loop continuation
condition is satisfied, an execution of the loop body will decrease
the value of V by at least one while keeping it non-negative.

If these two conditions are satisfied, execution of the loop will clearly terminate,
since you cannot go on indefinitely decreasing the value of an integer expression which
never becomes negative.

As an example, the expression
V 4 max (X,Y)
is an appropriate variant for the loop in the EUCLID program fragment.

More general variants may be used: rather than integer, the type of the variant expression could
be any well-founded set, that is to say any set in which every decreasing sequence is finite. An
example of well-founded set other than N is the set of nodes of a possibly infinite tree, where
m < n is defined as “m is an ancestor of n or n itself”. However the use of integer variants
entails no loss of generaity: if v is a variant in any well-founded set, then there is aso an
integer variant |v|, defined for any value n of v as the longest length of a decreasing sequence
starting at n.
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A variant may be viewed as an expression of the program’s variables which, prior to each
iteration of the loop, provides an upper bound on the number of remaining iterations. To
prove that the loop terminates, you must exhibit such a bound. If your sole purpose is to
prove termination, you are not required to guarantee that the bound is close to the actual
number of remaining iterations, but a close enough bound will help you estimate the
program’s efficiency.

This informal description of the method for proving termination may now be made
more precise. Consider a pre-post formula of the form

{P} Loop (test: c; body: b) {Q}

To prove rigoroudly that the loop terminates when started with precondition P satisfied,
you must find an appropriate variant expression V and prove the following properties.

[9.17]
P implies (V =2 0)
[9.18]
{(v=0)andc} z:=V;b {0V <z}

Here z is assumed to be a fresh variable of type integer, not appearing in the loop or
the rest of the program. This variable is used to record the value of the variant before
execution of the loop body b, to express that b decreases V strictly. The concrete form
z =V, b has been used as an abbreviation for

Compound (<Instruction (Assignment (source: V ; target: z)), b>)

Using this method, you are invited to carry out formally the proof that EUCLID
terminates.

Note: it seems useless to have the condition V = 0, rather than just V > 0, in the
precondition of [9.18]. Since the postcondition shows that V is decreased by at
least one, V could not possibly have had value O before the execution of b. Can
you see why it isin reality essential to use = rather than >? (For an answer, see
exercise 9.17).

The termination rule may be merged with ILOOID to yield a total correctness rule:

ITL oop -- T for termination: total correctness rule

(I and c) impliesV > 0, {l'andc} z:=V;b {I and (V <z)}

{1} Loop (test: c; body: b) {I and not c}
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Recall that |1 (the invariant) must be an assertion, treated here as a boolean expression, V
(the variant) is an integer expression, and z is a fresh integer variable not appearing
elsewhere in the program fragment considered.

The new rule handles both partial correctness and termination. As compared to

[9.18], the second antecedent of the rule has a simpler postcondition: 0 < V is not needed
there any more, since (because of the first antecedent):

| and (V < 0) implies (not c)

so that the loop stops whenever V becomes non-positive. In essence, the condition
c implies (V > 0) has been integrated into the invariant.

This rule completes the pre-post theory of basic Graal. The treatment of other
language features in this framework (arrays, pointers and procedures) will be outlined
below (9.10).

9.8 THE CALCULUS OF WEAKEST PRECONDITIONS

The previous section has given the pre-post semantics of the Graal constructs. It is
interesting to consider these constructs again from a complementary viewpoint: weakest
precondition semantics.

9.8.1 Overview and definitions

In pre-post semantics, the assertions used to characterize an instruction are not necessarily
the most “interesting” ones. For a formula of pre-post semantics:

[9.19]
~ {P} a{Q}

the rule of consequence will also yield

[9.20]
~ {P}a{Q}

for any P’ stronger than P and Q' weaker than Q (“stronger” and “weaker” were
defined on page 319). Thus [9.19] may be said to be more interesting than [9.20], as the
latter may be derived from the former and so is less informative. More generaly, we
may define “more interesting than” as an order relation between formulae: the weaker the
precondition, and the stronger the postcondition, the more interesting (informative) the
formula.
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When the aim is to prove specific properties of a given program, we often need to
derive formulae which are not the most interesting among all possible ones. But when we
define the semantics of a language we should look for the most interesting statements
about the instructions of that language. All axioms and inference rules given in the
preceding section, except for the properties of loops, are indeed “most interesting”
specifications of instructions, in the sense that the given Q is the strongest possible
postcondition for the given P, and P is the weakest possible precondition for Q.

Even so, we have many possible choices of pre-post pairs to characterize any
particular instruction. It is legitimate to restrict the potential for arbitrary choice by fixing
one of the two assertions. For example any instruction a may be characterized by the
answer to either of the following questions:

 For an arbitrary assertion P, what is the strongest assertion Q such that
{P} a{Q}?
e For an arbitrary assertion Q, what is the weakest assertion P such that
{P} a{Q}?
In both cases, we view an instruction as an assertion transformer, that is to say, a
mechanism that associates with a given precondition or postcondition the most interesting
postcondition or precondition (respectively) which corresponds to it through the
instruction.

The method to be described now, due to Dijkstra, follows this approach. Of the two
guestions asked, the more fruitful turns out to be the second: given an instruction and a
postcondition, find the weakest precondition. This is due to both a technical and a
conceptual reasons.

» The technical reason, already apparent in the above presentation of pre-post
semantics, is that for common languages it is easier to express preconditions as
functions of postconditions than the reverse.

» The conceptual reason has to do with the use of axiomatic techniques for program
construction. A program is built to satisfy a certain goal, expressed as a property
of the output results — that is to say, a certain postcondition. It is natura to
construct the program by working backwards from the postcondition, choosing
preconditions as the weakest possible (least committing on the input data).

The weakest precondition approach is based on these observations. it defines the
semantics of a programming language through a set of rules which associate with every
construct an assertion transformer, yielding for any postcondition the weakest
corresponding precondition.

Three other features distinguish the theory given below from the above pre-post
theory: it does not require, at least in principle, the invention of a variant and invariant; it
directly handles total correctness; finally, it deals with non-deterministic constructs
(which, however, could also be specified with pre-post semantics).
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9.8.2 Basic definitions
The basic objects of the theory are wp-formulae (wp for weakest precondition) written
under the general form

[9.21]
awpQ

where a is an instruction and Q an assertion. Such a formula denotes, not a property
which is either true or false (as was the case with a pre-post formula), but an assertion,
defined as follows:

[9.22]

Definition (Weakest Precondition): The wp-formulaa wp Q, where
a is an ingtruction and Q an assertion, denotes the weakest
assertion P such that a is totally correct with respect to
precondition P and postcondition Q

The expression “calculus of weakest preconditions” indicates the ambition of the
theory: to provide a set of rules for manipulating programs and their associated assertions
in a purely formal way, similar to how mathematical formulae are manipulated in ordinary
arithmetic or algebra. To compute an expression such as (x2 - y3)2, you merely apply
well-defined transformation rules; these rules are defined by structural induction on the
structure of expressions. Similarly, the calculus of weakest preconditions provides rules
for computing a wp Q for a class of instructions a and assertions Q; the rules defined
inductively on the structure of a and Q if a and Q are complex program objects.

Unfortunately, the calculus of programs and assertions is not as easy as elementary
arithmetic; computing a wp Q remains a difficult or impossible endeavor as soon as a
contains a loop. The theory nevertheless yields important insights and is particularly
useful in connection with the constructive approach to program correctness, discussed
below in 9.11.

9.8.3 True and false as postconditions

The theory relies on a set of simple axioms. The first one, called the “Law of the
excluded miracle” by Dijkstra, states that no instruction can ever produce the
postcondition False:

[9.23]
F a wp False = False
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This is an axiom schema, applicable to any instruction a. In words. The weakest
precondition that ensures satisfaction of False after execution of a is False itself. Since it
is impossible to find an initial state for which False is satisfied, there is no state from
which a will ensure False.

Having seen that, for consistency, a wp False must be False for any instruction a,
you may legitimately ask what a wp True is. True is the assertion that all states satisfy.
But do not conclude hastily that a wp True is True for any a. If an instruction is started
in a state satisfying True, that is to say in any state, the fina state will indeed satisfy
True — provided there is a fina state; in other words, provided a terminates. So
a wp True is precisely the weakest precondition that will ensure termination of a.

This property is the first step towards establishing the calculus of weakest
preconditions as a theory not just of correctness but of total correctness.

9.8.4 The rule of consequence

It is interesting to see how the rule of consequence (CONS, page 320) appears in this
framework:

[9.24]
Q impliesQ’

(& wp Q) implies (a wp Q")

In words: if Q is stronger than Q’, then any initial condition which guarantees that
instruction a will terminate in a state satisfying Q aso guarantees that a will terminate in
a state satisfying Q’. That is to say, one may derive new properties from “more
interesting” ones.

9.8.5 The rule of conjunction

The rule of conjunction has a similarly simple wp-equivalent:

[9.25]
~ awp(QandQ")=(awpQ)and(@wpQ)

You are invited to study by yourself the practical meaning of this rule.

9.8.6 The rule of digunction

The corresponding rule for boolean “or” may be written as:

[9.26]
F awp(QorQ)=(@wpQ)or(awpQ)
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This rule requires more careful examination; as will turn out, it is satisfied for Graal
and ordinary languages, but not for more advanced cases. At this point you are invited to
ponder the meaning of this rule and decide for yourself whether it is a theorem or not.
(For an answer, see 9.9.4 below.)

9.8.7 &ip and Abort

We are now ready to start studying the wp-rules for language constructs. The axiom
schema for the Skip instruction is predictably trivial:

- SkipwpQ=Q
for any assertion Q.

An instruction (not present in Graal) that would do even less than Sip is Abort,
characterized by the following axiom schema:

 Abort wp Q = False

In other words, Abort cannot achieve any postcondition Q — not even True, the least
committing of all. Quoting from [Dijkstra 1976]:

This one cannot even “do nothing” in the sense of “leaving things as they
are”; it really cannot do a thing.

“Leaving things as they are” is a reference to the effect of Skip.

You may picture Abort as a non-terminating loop: by failing to yield a final state, it
fails to ensure any postcondition at al. But this view, although not necessarily wrong, is
overspecifying: al the rule expresses is the impossibility of proving anything of interest
about Abort. This is another example of the aready noted unobtrusiveness of the
axiomatic method, where the “meaning” of a program consists solely of what you may
prove about it. What Abort “does’ practically, like looping forever or crashing the
system, is irrelevant to the theory. To paraphrase Wittgenstein's famous quote: What one
cannot prove about, one must not talk about.

9.8.8 Assignment

The wp-rule for assignments is:

[9.27]
 Assignment (target: x ; source: €) wp Q = Q [X « €]

This is the same as the corresponding pre-post rule (A Assignment” P08 323), with the
supplementary information that Q [Xx « e] is not just one possible precondition but the
most interesting — weakest.
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9.8.9 Conditional

The wp-rule for conditional instructions is also close to the pre-post rule (I
329):

[9.28]
I Conditional (test: c ; thenbranch: a ; elsebranch: b) wp Q =

(c implies (a wp Q)) and ((not ¢) implies (b wp Q))

Conditional ’ page

In words:. for the instruction if ¢ then a else b end to terminate in a state where Q is
satisfied, the two possible scenarios in the initial state — c¢ satisfied, ¢ not satisfied —
must both lead to a fina state where Q is satisfied; in other words, the initial state must
satisfy both of the following properties:
» If ¢ is satisfied, the condition for a to terminate and ensure a state where Q is
satisfied.
e If ¢ is not satisfied, the condition for b to terminate in a state where Q is
satisfied.
As before, this wp-rule expresses that the precondition of the pre-post rule was weakest.
Yet here it also includes something else: a termination property. The rule implies that a
conditional instruction will terminate if and only if every branch terminates whenever its
guard is true. Here the “guard” of a branch is the condition under which it is executed
(c for the thenbranch and not c for the elsebranch).

9.8.10 Compound

For compounds too the wp-rules directly reflect the pre-post rules (page 331):
[9.29]

F Compound (<>) wp Q= Q
[9.30]

- (¢ + <a>)wpQ=cwp(@awp Q)

In the second rule, ¢ is an arbitrary compound and a an arbitrary instruction.

9.8.11 Loop

We may expect the rule for loops to be more difficult; also, it is interesting to see how
the theory handles total correctness.

The basic wp-rule for loops is:



§9.8.11 THE CALCULUS OF WEAKEST PRECONDITIONS 343

[9.31]
-

given
| & Loop (test: c; body: b) -- i.e. whilec do b end
G, & notcand Q;
G & cand(bwG_)) - fori >0

then
lwpQ=3n:N-G,

end

The rule may be explained as follows. For the loop to terminate in a state satisfying Q,
it must do so after a finite number of iterations. So the weakest precondition is of the

form
G0 or G1 or 62 or

where, for i 2 0, G, is the weakest precondition for the loop to terminate after exactly i
iterations in a state satisfying Q. A loop started in an initial state o terminates after i
iterations in a state satisfying Q if and only if:

e Fori =0:
— No iteration is performed, so o satisfies not c.
— o satisfies Q.

e Fori >0:
— One iteration is performed, so o satisfies c.

— This iteration brings the computation to a state from which the loop
performs exactly i-1 further iterations and then terminates in a state
satisfying Q: in other words, o satisfiesb wp G, _,.

By combining these cases, we obtain the above inductive definition of G, .

Rather than G, it is sometimes more convenient to use H,, the condition for | to yield Q
after at most i iterations (see exercise 9.17).

Rule [9.31] addresses total correctness. But it is not directly useful in practice: to
check whether | wp Q is satisfied it would require you to check a potentially infinite
number of conditions. This can only be done through a proof by induction, which in fact
amounts to using an invariant and variant, as with the pre-post approach. The connection
between the wp-rule and the pre-post rules is expressed by the following theorem, which
reintroduces the invariant | and the variant V:
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[9.32]

Theorem (Invariant and variant in wp-semantics): Let | be a loop
with body b and test ¢, | an assertion and V an integer-valued
function of the state. If for any value z 0N

(I and c and V = z) implies
((z>0)and (b wp (I and (0 <V <2))))
then:
I implies (I wp (I and not c))

This theorem is equivalent to the inference rule IT __ (page 336). Its proof requires
an appropriate model of the axiomatic theory, which will be introduced in the next
chapter.

9.8.12 A concrete notation for loops

In a systematic approach to program construction, you should think of loop variants and
invariants not just as *“decoration” to be attached to a loop if a proof is required, but as
components of the loop, conceptually as important as the body or the exit condition.
Abstract and concrete syntax should reflect this role.

Whenever the rest of this chapter needs to express loops in concrete syntax, it will
use the Eiffel notation for loops, which is a direct consequence of the above discussion
and looks as follows:

from

Compound - - Initialization
invariant

Assertion
variant

Integer_expression
until

Boolean_expression - - Exit condition
loop

Compound - - Loop body
end

Like other uses of assertions in Eiffel, the invariant and variant clauses are optional.

The execution of such a loop consists of two parts, which we may call A and B. Part A
simply executes the initialization Compound. Part B does nothing if the exit condition is
satisfied; otherwise it proceeds with the loop body, and starts part B again.
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In other words this is like a Pascal or Graa “while” loop, with its initialization
included (from clause), and an exit test rather than a continuation test.

The reason for including the initiaization follows from the axiomatic semantics of
loops as studied above: every loop must have an initialization, whose aim is to ensure the
initial validity of the invariant. (In some infrequent cases where the context of the loop
guarantees the invariant the initialization Compound is empty.)

The reason for using an exit condition (until rather than while) is to make
immediately visible what the outcome of the loop will be. By looking at the loop, you see
right away the postcondition that will hold on loop exit:

G & | andE

where | isthe invariant and E the exit condition.

In the constructive approach, as discussed below (9.11), we will design loop
algorithms by starting from G, the goal of the algorithm, and deriving | and E through
various heuristics.

9.9 NON-DETERMINISM

A class of constructs enjoys a particularly simple characterization by wp-rules (although
pre-post formulae would work too): non-deterministic instructions. A non-deterministic
instruction is one whose effect is not entirely characterized by the state in which it is
executed.

Simple examples of non-deterministic instructions are the guarded conditional and
the guarded loop.

9.9.1 The guarded conditional

In concrete syntax (see exercise 9.2 for abstract syntax), the guarded conditional may be
written as follows:

[9.33]
if
c,:a;[]
c,: a,[]
-0
c, ' a
end

where there are n branches (n = 0). The ¢, called guards, are boolean expressions, and
the a are instructions.
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Informally, the semantics of this construct is the following: the effect of the
instruction is undefined if it is executed in a state in which none of the guards is true;
otherwise, execution of the instruction is equivalent to execution of one a such that the
corresponding guard ¢, is true.

The standard if ¢ then a else b end of Graal and most common languages may be
expressed as a specia case of this construct:

[9.34]
if

c:al]
notc: b
end

The guarded conditional has three distinctive features: first, it treats the various possible
cases in a more symmetric way than the if...then... else... conditional; second, it is non-
deterministic; third, it may fail — produce an undefined result.

The first property, symmetry, follows directly from the above informal specification.
The non-determinism comes from the absence in that specification of any prescription as
to which of all possible branches is selected when more than one guard is true. So the
instruction

[9.35]
if
x20: x:=x+1[]
X<0: x=x-1
end

could yield x = -1 as well as x = +1 when started with x = 0.

This suggests the following axiom schema, which is both a generaization and a
simplification of the wp-rule for the standard conditiona ([9.28], page 342); guarded if
denotes the above construct [9.33].

[9.36]

guarded ifwp Q =
(c,orc,..orc) and
(c, implies (a, wp Q)) and
(c, implies (a, wp Q)) and
... and
(c, implies (a, wp Q))
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Note how simply this axiom expresses the non-determinism of the construct’s informal
semantics. For guarded if to ensure satisfaction of Q, there must be a branch whose
guard c is true and whose action a ensures Q. There may be more than one such
branch; if so, it does not matter which one is selected, as only the result, Q, counts. The
axiom states this through the first and clause.

The axiom also captures the last of the construct’s three key properties listed above:
regardless of Q, the weakest precondition is False — that is to say, non-satisfiable by any
state — if none of the ¢ is true. This means that guarded_if is informally equivalent in
this case to Abort, since we may not prove anything about it.

Many people are shocked by this convention when they first encounter the symmetric
if: should guarded_if not behave like Skip, not Abort, when no guard is satisfied?

There are serious arguments, however, for the interpretation implied by [9.36]. One
of the dangers of the if ... then ... else construct is that it lumps the last case with all
unforeseen cases in the else branch. More precisely, assume a programmer has identified
n cases for which a different treatment is required. The usual way to write the
corresponding instruction is the following (using the Algol 68-Ada-Eiffel abbreviation
elsaif to avoid useless nesting of conditionals):

if c, then a,

elsalf c, then a,

elseif c _, thena _,

ese a end

-- No need to specify that the last branch corresponds to the case
-- ¢, true, ¢ fadse(1<j <n-1)

The risk is to forget a case. When al of the ¢, including c_, are false, the instruction
executes &, which is almost certainly wrong; but the error may be hard to catch.

In the guarded conditional, on the other hand, every branch is explicitly preceded by
its guard and executed only if the guard is true. If no guard is satisfied, a good
implementation will produce an error message and stop execution, or raise an exception,
or loop forever; this is better than proceeding silently with a wrong computation.

9.9.2 The guarded loop

The other basic non-deterministic construct is the guarded loop, which may be written as:



348 AXIOMATIC SEMANTICS §9.9.2

[9.37]
loop
c,:a;[]
c,: a,l[]
-0
c, 6 a
end

with the following informal semantics: if no C is true, the instruction does nothing;
otherwise it executes one of the a such that ¢ is true, and the process starts anew. The
formal wp-rule for this construct is left for your pleasure (work from [9.31], page 342,
and [9.36], page 346). The rule should make it clear, as [9.36], that it does not matter
which branch is chosen when several are possible.

Here the case in which no ¢, is satisfied is not an error but normal loop termination.
In particular, for n = 0, the guarded loop is equivalent to Skip, not to Abort as with the
guarded conditional.

9.9.3 Discussion

Why should one want to specify non-deterministic behavior? There are two main reasons.

The first reason is that non-deterministic programs may be useful to model non-
deterministic behavior of the real world, as in real-time systems. (The non-determinism is
not necessarily in the events themselves, but sometimes only in our perception of them;
however the end result is the same.)

The second reason is the desire not to overspecify, mentioned at the start of this
chapter: if it does not matter which branch of (say) a conditional is selected in a certain
case, as both branches will lead to equally acceptable results, then the programmer need
not choose explicitly. The goal here is abstraction: when a feature of the implementation
is irrelevant to the specification, you should be able to leave it implicit.

How can we implement a non-deterministic construct such as the guarded conditional
or loop? You must not think that such an implementation needs to use some kind of
random mechanism for choosing between possible alternatives. All that the rules say is
that whenever more than one ¢, is satisfied, every corresponding a must yield the desired
postcondition, and then any of the corresponding branches may be selected. Any
implementation which observes this specification is correct.

Examples of correct implementations include: one that test the guards in the order in
which they are written, and takes the first branch whose guard is true (as with the if ...
then ... elsaif ...); one that starts from the other end; one that behaves like the first on
even-numbered days and like the second on odd-numbered days; one that uses a random
number generator to find the order in which it will evaluate the guards; one that starts n
parallel processes to evaluate the guards (or asks n different nodes on a network), and
chooses the branch whose guard is first (or last) computed as true; and many others.
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No proof of properties of the construct is correct if it relies on knowledge about the
actual policy used for choosing between competitive true guards. But as long as the proof

is only based on the official, policy-independent rules, any implementation that abides by
these rules is acceptable.

One way to picture the situation is to imagine that a demon is in charge of
choosing between acceptable branches when more than one guard is true. The
demon does not have to be erratic, although he may well be; some demons are
bureaucrats who aways follow the same routine, others take pleasure in
constantly changing their policies to defeat any attempt at second-guessing. But
regardless of the individua psychology of the demon that has been assigned to us
by the Central Office of Demon Services, he is in another room, and we are not
allowed to look.

9.9.4 Therule of digunction

The above remarks are the key to the pending issue of the rule of digunction ([9.26],
page 340). The (so far tentative) rule may be written as

[9.38]
given
lhs 2 awp(QorQ');

rhs & (awp Q)or (awpQ’)
then

Ilhs = rhs

1>

end

The rule expresses an equality between two assertions, that is to say a two-way

implication: according to this rule, whenever a state satisfies lhs, it satisfies rhs, and
conversely.

Look first at rhs. This assertion is true of states o such that one or both of the
following holds:

* a, started in o, is guaranteed to terminate in a state satisfying Q.
e a, started in 0, is guaranteed to terminate in a state satisfying Q' .

Each of these conditions implies that a, started in o, is guaranteed to terminate in a state
satisfying Q or Q' ; in other words, that state o satisfies Ihs. So rhs implies |hs.
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Assume conversely that o satisfies Ihs. Instruction a, started in o, is guaranteed to
terminate in a state satisfying Q or satisfying Q’. Does this imply that o is ether
guaranteed to terminate in a state satisfying Q or guaranteed to terminate in a state
satisfying Q' ? The answer is yes in the absence of non-deterministic constructs. since a,
started in o, is aways executed in the same fashion, a guarantee that it ensures Q or Q’
means either a guarantee that it ensures Q or a guarantee that it ensures Q.

This is no longer true, however, if we introduce non-deterministic constructs.
Assume for example that a is “toss a coin”, Q is the property of getting heads and Q’
of getting tails. Before tossing the coin you are guaranteed to get heads or tails: so
a wp (Q or Q') istrue. But you are not guaranteed to get heads: thus a wp Q is false;
soisa wp Q' and hence their or. Tossing a coin may be viewed as an implementation
of the following program:

[TOSS]
if
true : produce heads []

true : produce tails
end

where

produce _heads wp (result = heads) = True
produce_heads wp (result = tails) = False
produce _tails wp (result = heads) = False
produce tails wp (result =tails) = True

This discussion assumes a non-deterministic coin-tossing process, with an unpredictable
result: the coin is tossed by a demon, who does not reveal his tossing policies. To see this
formally note that

TOSS wp ((result = heads) or (result = tails))
= TOSS wp True
= True

but if we apply the non-deterministic conditional axiom ([9.33], page 345) we see that

TOSS wp (result = heads)
= (true implies (produce_heads wp (result = heads)) and
(true implies (produce _tails wp (result = heads))

= (produce_heads wp (result = heads)) and
(produce tails wp (result = heads))

True and False
False

and TOSS wp (result = tails) is smilarly False. By tossing a coin we are sure to get
either heads or tails; but we can neither be sure to get heads nor be sure to get tails.
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9.10 ROUTINES AND RECURSION

The presentation of language features in denotational semantics summarized the role of
routines in software development (7.7.1). Now we must see what axiomatic semantics
has to say about them.

This section will show how to derive properties of software elements containing
routine calls, including recursive ones.

9.10.1 Routines without arguments
Consider first routines with no arguments and no results. The abstract syntax of a routine
declaration is then just:

Routine 2 name: Identifier; body: Instruction

and a routine call (new branch for the abstract syntax production describing instructions)
just involves the name of the routine:

Call 2 called: Identifier

Then a call instruction simply stands for the insertion of the corresponding routine body
at the point of call. This is readily trandated into an inference rule (for any routine
declaration r):

10,

Routine

{P} r.body {Q}
{P} Call (called: r.name) {Q}

The rule expresses that any property of the body yields a similar property of the call.

9.10.2 Introducing arguments

Routines without arguments are not very exciting; let us see how arguments affect the
picture. The discussion will first introduce arguments; then, as was done in 7.7 for the
denotational specification, it will show how we can avoid complicating the specification
by treating argument and result passing as assignment.

In many languages, the arguments to a routine may be of three kinds. “in”
arguments, passed to the routine; results, also called “out” arguments, computed by the
routine; and “in-out” arguments, which are both consumed and updated. In some
languages such as Algol W or Ada, routine declarations qualify each argument with one
of these modes.
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As in 7.7.5, it is convenient to restrict the discussion to in arguments and out
arguments, from now on respectively called arguments and results. Calers may ill
obtain the effect of in-out arguments by including variables in both the argument and
result actual lists, subject to limitations given below.

A further simplification is to write every routine with exactly one (in) formal
argument and one result, both being lists (finite sequences). This is not a restriction in
practice since lists may have any number of elements. Proof examples given below in
concrete syntax will follow the standard style, with individually identified arguments and
result; but grouping arguments and results into two lists makes the theoretical presentation
Clearer.

Routines are commonly divided into functions, which return a result, and procedures,
which do not. A procedure call stands for an instruction; a function call stands for an
expression. Our routines cover both functions and procedures, but for consistency it will
be preferable to treat all calls as instructions. A routine which represents a procedure will
have an empty result list; a routine representing a procedure or function with no
arguments will have an empty argument list.

The call instruction now has the following abstract syntax, generalized from the form
without arguments given page 351.

Call 2 called: Identifier; input: Expression* ; output: Variable*

The elements of the actual input list may be arbitrary expressions, whose value will be
passed to the routine; the actual output elements will have their value computed by the
routine, so they must be variables (or, more generaly, elements whose value may be
changed at execution time, such as arrays or records).

For a routine f representing a function, a call using i as actual arguments and o0 as
actual results, described in abstract syntax as

Call (called: f.name; input: i; output: 0)

corresponds to what is commonly thought of as an assignment instruction with a function
call on the right-hand side:

0:=f (i)

so that the discussion below will allow us to derive an axiomatic semantics for such
assignments, which the earlier discussion (see page 326) had specifically excluded from
the scope of the assignment axiom.

Because every routine has exactly one argument list and one result list, there is no
need to make the formal argument and result explicit. We may simply keep the abstract
syntax

Routine 2 name: Identifier; body: Instruction

with the convention that every body accesses its argument and result lists through
predefined names: argument and result. (Eiffel uses this convention for results, as seen
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below.) We do not alow nesting of routine texts, so any use of these names
unambiguously refers to the enclosing routine. We must of course make sure that no
“normal” variable is called argument or result.

With these conventions, we may derive a first rule for routines with arguments by
interpreting a call instruction
Call (called: f.name; input: i; output: 0)
as the sequence of instructions (in mixed abstract-concrete syntax)
argument :=1i;

f.body;

0 = result

(Section 7.7.6 gave a more precise equivalence, taking into account possible name clashes
in block structure. The above equivalence suffices for this discussion.)

Taking this interpretation literally, assume that we know the axiomatics of the body
in the form of a theorem or theorem schema

{P} called.body {Q}

Then we can use the assignment axiom to include the first instruction above, the
initialization of argument :

{P [argument — i]} argument :=i; called.body; { Q}

It appears at first more difficult to include the final instruction, the assignment to o. But
here result includes only variables, as opposed to composite expressions or constants, so
the forward rule for assignment ([9.11], page 325) applies if o does not occur in P. It
yields for the whole instruction sequence the pre-post formula

{P [argument — i]}
argument := i; called.body; o := result

{Q [result — 0]}

In other words, taking the instruction sequence to represent the call: if the body is
characterized by a precondition P and a postcondition Q, which may involve the local
variables argument and result representing the arguments, then any cal will be
characterized by precondition P applied to the actual inputs i instead of argument, and
postcondition Q applied to the actual results o instead of the formal result.

This yields the first version of the rule for routines with arguments, applicable to a
non-recursive routine r . Some restrictions, given below, apply.
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11

Routine

{P} r.body {Q}

{P [argument ~ i]} Call (called: r.name; input: i; output: 0) {Q [result — 0]}

This rule admits a simple weakest precondition version:

given

c 4 Call (called: r.name; input: i; output: 0)
then

cwp Q' = (r.body wp (Q' [0 « result])) [argument — i]
end

Here Q’, an arbitrary assertion subject to the restrictions below, corresponds to
Q [result — 0] in the pre-post rule.

9.10.3 Simultaneous substitution

In rule 11 . and its weakest precondition counterpart, the source and targets of
substitutions are list variables, representing lists of formal and actual arguments and
results. Since the original definition of substitution applied to atomic variables, we must
clarify what the notation means for lists.

The generdization is straightforward: if vl is a list of variables and € a list of
expressions, take

QM ~ d]

to be the result of replacing ssmultaneously in Q every occurrence of vl (1) with € (1),
every occurrence of vl (2) with el (2) etc. For example:

(x+y) [<xy> <372 =(3+7)

X+ Y [<XYy> « <y, x> =(y +X)

The simultaneity of substitutions is essential. In the second example, if the substitutions
were executed in two steps in the order given, the first step would yield (y +y), which
the second would transform into (x + x) — not the desired result. A formal definition of
simultaneous substitution, generalizing the subst function for single substitutions ([9.9],
page 323), is the subject of exercise 9.21.

The simultaneity requirement only makes sense if all the elements in the variable list
vl are different: if x appeared as both vI (j) and vl (k) with j # k, the result would be
ambiguous since you would not know whether to substitute el (j) or e (k) for x. The
absence of duplicate variables is one of the constraints listed below on the application of
11

Routine *



§9.10.3 ROUTINES AND RECURSION 355

The example proofs that follow list arguments individually, rather than collectively
as list elements. To avoid introducing lists in such a case, it is convenient to use the
notation

Qx; —a,..x «al
as a synonym for

Q [<Xy i X, > « <2, .., a >]

9.10.4 Conditions on arguments and results

The application of rule 11 . = assumes that the call satisfies some constraints. One,

already noted, is absence of recursion; we shall see below how to make the rule useful for

recursive routines. Let us first study the other seven constraints, which could be expressed

as static semantic validity functions (exercise 9.19). The constraints are the following:

1 « Noidentifier may occur twice in the formal argument list.

* No identifier may occur twice in the formal result list.

* No identifier may occur in both the formal argument list and the formal result list.

* In any particular call, no variable may occur twice in the actual output result list.

» No variable local to the body of the routine may have the same name as a variable
accessible to the calling program unit, unless it occurs in neither the precondition
P nor the postcondition Q.

6 <+ No element of the result list may appear in P.

7 < If the postcondition Q involves any element of the argument list, then the
corresponding element of the actual input list may not occur in the output list
(that is to say, it may not be used as an in-out argument).

We aready encountered the first four constraints in the denotational specification (7.7.4
and 7.7.7).

Congtraints 1 and 2 follow directly from the consistency condition for simultaneous
substitutions, as given above. From a more practical point of view, a duplicate identifier
in the argument or result formal list would amount to a duplicate declaration; occurrences
of the identifier in the routine body would then be ambiguous.

The latter observation also applies to an identifier appearing in both formal lists,
justifying constraint 3.

Constraint 4 precludes any call which uses the same variable twice as actual result.
Assume this constraint is violated and consider a routine

g b~ W0 N
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s (out X, y: INTEGER) is
do -- BODY

x=0; y:=1
end
whose body makes the following pre-post formula hold:

 {true} BODY{x =0 and y =1}

Then rule 11 could be used to deduce the contradictory result

Routine

{true} call s (a,a){a =0 and a =1}

From a programmer’s viewpoint, this means that the outcome would depend on the order
in which the final values of the formal results (here x and y) are copied into the
corresponding actual arguments on return from a call — a decision best left to the compiler
writers and kept out of the language manual. Many programming language specifications
indeed include constraint 4.

Nothing in constraints 1 to 4 precludes an expression from occurring more than once
in the actual input list, or a variable from occurring in both the actual input and output
lists. The latter case achieves the effect of in-out arguments.

Constraint 5 precludes sharing of local variable names between the routine and any
of its callers. Such “puns’ would cause incorrect application of the rule: if a local
variable of r occursin P or Q, then it will aso occur in P [i —~ argument] or Q [0 ~
result], and may yield an incorrect property of its namesake in the calling program.
Lambda calculus raised similar problems (5.7).

A name clash of this kind, resulting from the independent choice of the same
identifier in different program units, may be removed by manua renaming; more
conveniently, compilers and formal proof systems can disambiguate the names statically.
The denotational specification of block structure described one way of doing this in a
formal system (see 7.2, especially 7.2.3). The same techniques could be applied here,
removing the need for constraint 5. (This constraint had no equivalent in the denotational
discussion of routines, which could afford to be more tolerant precisely because it
assumed a block structure mechanism as a basis.)

Constraint 5 is not a serious impediment for programmers or program provers:

* It does not prevent routines from accessing global variables, as long as there is no
name conflicts with locally declared variables. It is important to let routines
access externally declared variables, especially if they use globals in the
disciplined style enforced by object-oriented programming.

 If the local variable is used in neither the precondition nor the postcondition, no
harm will result. In this case the computation performed by the routine uses the
variable for internal purposes, but its properties do not transpire beyond the
routine's boundaries. This means that constraint 5 is essentially harmless in
practice, since meaningful pre-post assertions for a routine have no business
referring to anything else than argument, result and global variables.
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You may then interpret constraint 5 as a requirement on language implementers,
specifying that each routine which uses a certain variable name must allocate a different
variable for that name (and in the case of recursive routines, studied below, that every
call to a routine must allocate a new instance of the variable).

Constraints 6 and 7 are in fact special cases of constraint 5, applying to the variable
lists argument and result, implicitly declared in every routine, and hence raising many
apparent cases of possible name clashes between routines and their callers. Constraint 6
was necessary to apply the forward assignment rule (page 353).

To avoid any harm from such clashes, we must first exclude any element of result
from the precondition P; since result is to be computed by the routine, its presence in the
precondition would be meaningless anyway. This is constraint 6.

The presence of input (or any of its elements) in Q is a problem only if the calling
routine uses its own input (or the corresponding element of its input) as result (or part of
it). Assume for example a routine with a single integer argument and a single integer
result, whose body computes

result := argument + 1

Then with true as precondition P we may deduce

result = argument + 1

as postcondition Q. Now assume a call in which the caller’s argument is used as both
actual argument and actual result; this is expressly permitted, to allow the effect of in-out
arguments. But then blind application of 11 without constraint 7, would allow us to
infer, as postcondition for the call, that

Routine’

argument = argument + 1

which is absurd. Constraint 7 specifically prevents this. It does not prohibit the presence
of argument in Q if argument is not used as actual result for the call. As you are invited
to check, this case does not raise any particular problem; nor does the possible presence
of argument in P or result in Q.

9.10.5 A concrete notation for routines

Like invariants and variants for loops, routine preconditions and postconditions play such
a key role in building, understanding and using software that they deserve to be part of
the abstract and concrete syntax for routines, on a par with the argument list or the body.

When they need a concrete syntax, subsequent examples of routines will use the
Eiffel notation, which results from the preceding discussion and rule 11 .~ (and
supports the extended rule for recursive routines given below). An Eiffel routine is of the
form
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routine_name (argument: TYPE; argument: TYPE; ...): RESULT TYPE is
-- Header comment (non-formal)

require
Precondition
do
Compound
ensure

Postconditions
end

expressing the precondition and the postcondition as part of the routine text, through the
require and ensure clauses. Like other uses of assertions, these clauses are optional.

A cal to the routine is correct if and only if it satisfies the Precondition; if the
routine body is correct, the caller may then rely on the postcondition on routine return.
This is the idea, already mentioned above (page 314), of Design by Contract. A routine
call is a contract to perform a certain task. The caller is the “client”, the called routine is
the “supplier”. As in every good contract, there are advantages and obligations for both
parties:

» The precondition is an obligation for the client; for the supplier, it is a benefit,

since, as expressed by 11, . . it relieves the routine body from having to care
about cases not covered by the precondition.

 For the postcondition the situation is reversed.

An Eiffel routine, as given by the above form, is a function, returning a result. That
result is a single element rather than a list. This is sufficient for the examples below;
generalization to a list of results would be immediate. The examples below will use the
Eiffel convention for computing the result of a function: any function has an implicitly
declared variable called Result, of type RESULT_TYPE, to which values may be assigned
in the body; its final value is the result returned to the caller.

The notation also supports procedures, which do not return a result. A routine is a
procedure if its header does not include the part

: RESULT_TYPE

9.10.6 Recursion

Rule 11 ... it was said above, is not applicable to recursive routines. This is not
because it is wrong in this case, but rather because it becomes useless.

The problem is that the rule only enables you to prove a formula of the form

F {P} call s(..){Q}
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if you can prove the corresponding property of the body b of s, with appropriate actual-
formal argument substitutions. If s is recursive, however, its body will contain at least
one cal to s, so that proving properties of b will require proving properties of calls to s,
which because of the inference rule will require proving properties of.... The proof
process itself becomes infinitely recursive.

If, as with loops, we take a partial correctness approach, accepting the necessity to
prove termination separately, we need not change much to 11, . = to make it work for
recursive routines. The idea is that you should be allowed to use inductively, when trying
to prove a property of b, the corresponding property of callsto s.

To understand this, look again at the application of the non-recursive rule. As noted,
the goal is to prove

[9.39]
(P} cals(.) {Q}

by proving

[9.40]
{P} BODY {Q}

where P’ and Q' differ from P and Q by substitutions only. So the proof of [9.39]
includes two steps: first prove [9.40], the corresponding property on the body; then, using
11 derive [9.39] by carrying out the appropriate substitutions.

Routine’
If the same approach is applied to recursive routines, the first step in this process —
the proof relative to the body — must be allowed to assume the property of the call, the
very one which is the ultimate goal of the proof.

The more general rule for routine calls follows from this observation. (It is
applicable to non-recursive routines as well, athough in this case the former rule
suffices). The restrictions of 9.10.4 apply as before.

2Routi ne

{P [argument ~ i]} Call (called: r.name; input: i; output: 0) {Q [result — 0]}
=>

{P} r.body {Q}

{P [argument ~ i]} Call (called: r.name; input: i; output: 0) {Q [result — o]}

The premise of this rule is of the form F => G, and its conclusion of the form H, where
F, G, H are pre-post formulae. The rule means. “If you can prove that F implies G,
then you may deduce H”. The antecedent being an implication, its proof will often be a
conditional proof. What is remarkable, of course, isthat H isin fact the sasme as F.
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With the Eiffel concrete notation for preconditions and postconditions, as introduced
above, rule 12 . indicates that the instructions leading to any recursive call in the
body (do clause) must guarantee the precondition (require clause) before that call, and
may be assumed to guarantee the postcondition (ensure clause) on return, with
appropriate actual-formal substitutions in both cases. The rule also indicates that if you
try to check the first property (precondition satisfied on call), you may recursively assume

that property on routine entry.

You will have noted the use of the terms “may assume” and “must guarantee” in
the preceding discussion. They reflect the client-supplier relationship as derived from the
contract theory of software construction. Here the routine is its own client and supplier,
and the alternating interpretations of the assertions' meaning reflect this dual role.

The article that first introduced the axiomatics of recursive routines [Hoare 1971]
stressed the elegance of the recursive routine rule in particularly apt terms:

The solution of the infinite regress is simple and dramatic: to permit
the use of the desired conclusion as a hypothesis in the proof of the
body itself. Thus we are permitted to prove that the procedure body
possesses a property, on the assumption that every recursive call
possesses that property, and then to assert categorically that every
call, recursive or otherwise, has that property. This assumption of
what we want to prove before embarking on the proof explains well
the aura of magic which attends a programmer’s first introduction
to recursive programming.

9.10.7 Termination

In any practical call, the regress had better be finite if you hope to see the result in your
lifetime. (This was apparent in the last chapter's denotational study of recursion: even
though in non-trivial cases no finite number of iterations of a function chain f will yield
its fixpoint f_, once you choose a given x you know there is a finite i such that f (x) is

f. (x).)
|

To prove termination, it suffices, as with loops, to exhibit a variant, which here is an
integer expression of which you can prove that:

* Its value is non-negative for the first (outermost) call.

 If the variant’s value is non-negative on entry to the routine’s body, it will be at
least one less, but still non-negative, for any recursive call.
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9.10.8 Recursion invariants

Like loops, recursive routines have variants. Not unpredictably, they also share with loops
the notion of invariant.

A recursion invariant is an assertion | such that the recursive routine rule, 12, .,
will apply if you use | both as precondition (P in the rule as given above) and
postcondition (Q).

Here the rule means that if you are able to prove, under the assumption that any call
preserves |, that the body preserves | as well, then you may deduce that any call indeed
preserves |. The proof and deduction must of course be made under the appropriate
actual-formal argument substitutions.

As an example of use of a recursion invariant in a semi-formal proof, consider a
procedure for printing the contents of a binary search tree:

print_sorted (t: BINARY_TREE) is
-- Print node values in order

require
-- t isabinary search tree, in other words:
given
left nodes & subtree (t.left);
right_nodes 2 subtree (t.right)
-- where subtree (x) is the set of nodes
-- in the subtree of root x
then
V| : left_nodes, r : right_nodes - | .value < t.value < r .value
end
do

if not t.VVoid then

print_sorted (t.left);
print (t.value);
print_sorted (t.right)
end
ensure

“All values in subtree (t) have been printed in order.”
end

This assumes primitives left, right, empty and value applicable to any tree node, and a
predefined procedure print to print a value. The variant “height of subtree of root t”
ensures termination.

Here the informa recursion invariant is “If any value in subtree (t) has been
printed, then al values of subtree (t) have been printed in order”. The invariant is
trivially satisfied before the call since no node value has been printed yet. If t is a void
tree, then subtree (t) is an empty set and the procedure preserves the invariant since it
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prints nothing at all. If t is not void, then the procedure calls itself recursively on t .left,
then prints the value attached to the root t, then calls itself recursively on t.right. Since
t is a binary search tree (see the precondition), this preserves the invariant. Furthermore,
we know that in this case at least one value, t.value, has been printed, so the invariant
gives the desired postcondition — “All values in subtree (t) have been printed in order”.

Transforming this semi-formal proof into a fully forma one requires developing a
small axiomatic theory describing the target domain — binary trees. This is the subject of
exercise 9.26; the following section, which builds such a mini-theory for another target
domain, may serve as a guideline.

Since loops share the notion of invariant with recursive routines, it is natural to ask
whether the two kinds of invariant are related at all, especialy for recursive routines
which have a smple loop equivalent. The most common examples are “linearly-
recursive’ routines, such as a recursive routine for computing a factorial, which may be
written

factorial (n: INTEGER): INTEGER is

-- Factoria of n
require
n=0
do
if n=0then
Result := 1
else
Result := n x factorial (n — 1)
end
ensure
Result = n!
end

To simplify the proof, let us rely on the convention that Result, before explicitly
receiving a value through assignment, has the default initialization value 0. If we prove
that the property

Result = 0 or Result = n!

is invariant, and complement this by the trivial proof that Result cannot be 0 on exit, we
obtain the desired postcondition Result = n!.

This recursive algorithm has a simple loop counterpart with an obvious invariant:
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i: INTEGER,;
from
i :=0; Result :=1
variant
n-—i
invariant
Result =i!
until i = n loop
i :=1+1; Result := Result » i
end

As this example indicates, although there may be a relation between a recursion invariant
and the corresponding loop invariants, the relation is not immediate.

The underlying reason was pointed out in the analysis of recursive methods in the
previous chapter: although a recursive computation will be executed, as its loop
counterpart, as a ‘“bottom-up” computation, the recursive formulation of the algorithm
describes it in top-down format (see 8.4.3). The loop and recursion invariants reflect these
different views of the same computation.

9.10.9 Proving a recursive routine

To understand the recursive routine rule in detail, it is useful to write a complete proof.
The object of this proof will be what is perhaps the archetypal recursive routine: the
solution to the Tower of Hanoi puzzle [Lucas 1883].

In this well-known example, the aim is to transfer n disks initially stacked on a peg
A to a peg B, using a third peg C as intermediate storage. The argument n is a non-
negative integer. Only one operation is available, written

move (X, Y)

Its effect is to transfer the disk on top of x to the top of y (X and y must each be one of
A, B, C). The operation may be applied if and only if pegs x and y satisfy the
following constraints:

» Thereis at least one disk on x; let d be the top disk.

» |If there is a least one disk on y, then d was above the top disk on y in the
original stack.

Another way to phrase the second constraint is to assume that the disks, all of different
sizes, are originally stacked on A in order of decreasing size, and to require that move
never transfers a disk on top of a smaller disk.
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The proof will apply to the following procedure for solving this problem:

Hanoi (n: INTEGER,; x, y, z: PEG) is
-- Transfer n disks from peg x to peg y, using z as intermediate storage.

do
if n> 0 then
Hanoi (n—1, %, z, Y);
move (X, y);
Hanoi (n—-1, z, vy, X)
-- else do nothing
end
end

Although based on a toy example, this is an interesting routine because it is “realy”
recursive: unlike simpler examples of recursive computations (such as the recursive
definition of the factorial function) it does not admit a trivial non-recursive equivalent. In
addition, its structure closely resembles that of many useful practical recursive algorithms
such as Quicksort or binary tree traversal (see exercises 9.25 and 9.26).

The proof of termination is trivial: n is a recursion variant. What remains to prove is
that if there are n disks on A and none on B or C, the call Hanoi (n, A, B, C) transfers
the n disks on top of B, leaving no disks on A or C. The proof that disk order does not
change will be sketched later.

It turns out to be easier to prove a more general property: if there are n or more
disks on A, the call will transfer the top n among them on top of those of B if any,
leaving C inits original state.

Much of the proof work will be preparatory: building the right model for the objects
whose properties we are trying to prove. This is a genera feature of proofs: often the task
of specifying what needs to be proved is as hard as the proof proper, or harder.

Here we must find a formal way to specify piles of disks and their properties. As a
simple model, consider *“generalized stacks’” whose elements may be pushed or popped
by whole chunks, rather than just one by one as with ordinary stacks. The following
operations are defined on any generalized stacks s, t, for any non-negative integer i :

E
-- Size: an integer, the number of disks on s.

Si
-- Top: the generalized stack consisting of the i top elements of s,
-- in the same order ason s. Empty if i = 0.

-- Defined only if 0<i < |g].
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These operations satisfy a number of properties:

[9.41]
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-- Pop: the generalized stack consisting of the elements of s

-- except for the i top ones.
-- Defined only if 0<i < |g].

-- Push: the generalized stack consisting of the elements

-- of t on top of those of s.

Gl
G2

G3.a
G3.b
G4
G5.a
G5.b
G6
G7
G8
G9
G10

T T 1T T T T T T T T T

T

Definition (Axioms for generalized stacks):

s+t +u)y=(s+t)+u

s-0=s
0<ic< |t

It] <i < |s| +|t
0<j<i<]s
0<i < |t

It <i<|s| + |t
0<ic<|s
O<i +j <9
0<i < s
0<i < s

s+t = s +[t|

A A

J

$ 4

(s+t)i =ti

(s+t)i = g

) =
(S+1)—i=s+(t—i)
(s+t)—-i=s—-(-[t)

(s—i)+si =s
(s-i)-j=s-(@+])
S| =i

[s—if = [s] —i

The rest of this discussion accepts these properties as the axioms of the theory of
generalized stacks (also known as the specification of the corresponding “abstract data
type’). Alternatively, you may wish to prove them using a model for generalized stacks,
such as finite sequences, chapter 10 gives a more complete example of building a model

for an axiomatic theory.

The axioms apply to any generalized stacks s, t, u and any integersi, j. Axioms
G3.b, G5.b, G7 and G10 use "+" and "-" also as ordinary integer operators.

The associativity of "+" (property G1) will make it possible to write expressions
such ass +t + u without ambiguity.



366 AXIOMATIC SEMANTICS §9.10.9

The following axiom schema (for any assertion Q and any generalized stacks s and
t) expresses the properties of the move operation:

[9.42] .
F {|s| >0and Q [s « s-1, t « t+s ]} move (s, t) {Q}

In words. the effect of move (s, t) is to replace s by s — 1 (s with its top element
removed) and t by t +s (t with the top element of s added on top). The first clause of
the precondition expresses that s must contain at least one disk.

To state this axiom is to interpret move as two assignments: the axiom rephrases
Anssignment (page 323) applied to the generalized stack assignments

ti=t+s

si=s-1
where the assignments should really be carried out in paralel, athough they will
work in the order given (but not in the reverse order).

We must prove that the call Hanoi (n, X, y, 2) transfers the top n elements of x onto the
top of y, leaving z unchanged. Expressed as a pre-post theorem schema, for any assertion
Q, any integer i and any generalized stacks s, t, u, the property to prove is

[9.43] .
{Is|]ziand Q [s « s—i, t « t+s']} Hanoi (i,s,t,u) {Q}

Let BODY be the body of routine Hanoi as given above. To establish [9.43], rule
120 uine t€llS Us that it suffices to prove the same property applied to BODY with the
appropriate argument substitutions:

[9.44] .
{IX Z2nand Q [x « x-n, y « y+x |} BODY {Q}

and that the proof is permitted to rely on [9.43] itself. This is the goa for the remainder
of this section.

Thanks to I i (P20e 329) we can dispense with the trivial case n = 0O; for
positive n, BODY reduces to the following (with assertions added as comments):

[9.45]

- {Ql}
Hanoi (n—1, X, z, y);

- {Qz}
move (X, Y) ;

- {Qg}

Hanoi (n—1,z Yy, X)

o {Q4}
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We must prove that the above is a correct pre-post formula if Q, is Q and Q, is the
precondition given in [9.44]. Since we are dealing with a compound and generalized
assignments, the appropriate technique is to work from the end, starting with the
postcondition Q as Q 2 and derive successive intermediate assertions Qs Q, and Q.
such that Q is the desired precondition.

To obtain Q,, we apply [9.43] to the second recursive call; this requires substituting
the actual argumentsn-1, z, y, x fori, s, t, u respectively. Then:

Q; 8 |zl2n-1andQ [z ~ z-(n-1), y « y+zn_]]
Moving up one instruction, application of the move axiom [9.42] to Q,, with actual
arguments x and y substituted for s and t respectively, yields:

Q, 8 [x>0and Q[x « x~-1, y « y+X]

|x| >0and |z| 2n-1and

QX « x=-1, ¥ « y+x1+zn_l, zZ « z—-(n-1)]

The only delicate part in obtaining Q, is the substitution for y, derived by combining two
successive substitutions; this uses the rule for composition of substitutions ([9.10], page

324), applied to identical a and b and generalized to simultaneous substitutions. (In this
generalization, all substitutions apply to the tuple <x, y, z>, serving as both a and b.)

Finaly, applying [9.43] again to the first recursive call with actua arguments n—1,
X,z,y yields Q:

Q, & [xl2n-land Q,[x « x—(n-1), z « z+xn_]]
so that, composing substitutions again:

[9.46] 11
Q,=Ix 2n-1and [x - (n-1)| >0and |z +x | 2n-1and
QX « x—-(n-1) -1,
1 n-1n-1
y «y+x-(n-1)) +(@z+x )
z « (z+x" ) - (n-D)]
There remains to simplify Q,, using the various axioms for generalized stacks [9.41].

Consider the first part of Q, (the conditions on sizes). From axiom G9, the clause
X = (n-1)| > 0isequivalent to |x| = n. From axioms G10 and G8,

n-1 n-1

[z +x" =7 +[x |
=|zl +n-1
>n-1

so that the first line of the expression for Q, [9.46] is equivalent to just [x| > n
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Now call x Ynew and z  ~the replacements for x, y and z in the substitutions on Q
on the next three lines. Then:

X B8 x-1)-(n-1

new
= X-n
-- From G7
1 n-1n-1
Yoy 2 Y+ X-(n-1)) +(z+x )
=y + (x=(n-1) +x"
-- From G8 and G3.a
=y +x-(n-1)+x" )"
-- This comes from G3.b, used from riglht to left
—fori &n,s8x-(n-Y)andt Ax"
-- applicability of G3.b is deduced from G8, G9 and G10.
= y + Xn
-- From G6, withs &x andi 2 n-1
Zoy 2 (2 +x" N - (n-1)

=z
-- From G5.b, justified by G8, and G2

As a result of these simplifications, the overall precondition Q, obtained in [9.46] is in
fact

Q,=IxlznandQ [x « x —n,y cy+x]

which is the desired precondition [9.44]. O

The proof does not take into account disk ordering constraints, as represented by rules on
disk sizes. Here is one way to refine the above discussion so as to remove this limitation.
(The method will only be sketched; you are invited to fill in the details) Add to the
specification of generalized stacks an operation written s, so that s, an integer, is the
size of the i-th disk in s from the top. Define a boolean-valued function on generalized
stacks, written s! and expressing that s is sorted, as:

sl 8 Vi:2..|s

*S1<S
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To adapt the specification so that it will only describe sorted stacks, add to all axioms
involving a subexpression of the form s +t a guard (condition to the left of the =
sign) of the form

Is| =1 A [tj=21 = t  <s

t] 1
and add to the precondition of move (s, t) a similar clause stating that if t is not empty its
top disk is bigger than the top disk of s.

Then you need to prove that the property
x! and y! and z!

IS a recursion invariant, by adding it to the postcondition Q and moving it up until it
yields the precondition.

9.11 ASSERTION-GUIDED PROGRAM CONSTRUCTION

Among the uses of formal specifications listed in chapter 1, the most obvious applications
of the axiomatic techniques developed in this chapter seem to be program verification and
language standardization.

Perhaps less immediately apparent but equally important is the application of
axiomatic techniques to the construction of reliable software. Here the goal is not to
prove an existing program, but to integrate the proof with the program construction
process so as to ensure the correctness of programs from the start. This may be called the
constructive approach to software correctness.

There are several reasons why this approach deserves careful consideration:

* Unless you make the concern for correctness an integral part of program building,
it is unlikely that you will be able to produce provably correct programs. Were
you able to prove anything at all, the most likely outcome is a proof of
incorrectness.

» With the methods of this chapter, proofs require that the program be stuffed with
assertions. The best time to write these assertions is program design time. Many of
them will in fact come from the preceding phases of anaysis.

e In many practical cases, you will not be able to carry out complete proofs of
correctness, if only because of technical limitations such as the lack of a complete
axiom system for a given programming language. But the techniques of this
chapter can till go a long way toward ensuring correctness by helping you to
write programs so as to pave the way for a hypothetical proof.

The rest of this chapter expands on these ideas by showing examples of how axiomatic
techniques can help make the correctness concern an integral part of the software design.
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A warning is in order: the techniques developed below are neither fail-safe nor
universal. Formal proofs are the only way to guarantee correctness (and even they are
meaningful only to the extent that you can trust the compiler, the operating system and
the hardware). But an imperfect solution is better than the standard approach to program
construction, where correctness concerns play a very minor role, if any role at all.

9.11.1 Assertionsin programming languages

Because assertions are such a help in designing correct software, and such a good trace of
the specification and design process that led to a particular software element, it seems a
pity not to include them in the final software text.

Of course, you may always include assertions as comments. This is indeed highly
recommended if you are using a programming language that offers no better deal. Having
more formal support for assertions as part of the programming language proper offers a
number of advantages:

1 < The path from specification to design and implementation becomes smoother: the
first phase produces the assertions; the next ones yield instructions which satisfy
the corresponding pre-post formulae.

2  If the language includes a formal assertion sublanguage, software tools can extract
the assertions from a software element automatically to produce high-level
documentation about the element. This is a better approach than having
programmers write software documentation as a separate effort.

3 « Even in the absence of a program proving mechanism, a compiler may have an
option which will generate code for checking assertions at run-time (the next best
thing to a proof). This turns out to be a remarkable debugging aid, since many
bugs will manifest themselves as violations of the consistency conditions
expressed by assertions.

4 + Assertions adso have a direct connection with the important issue of exception
handling, which, however, falls beyond the scope of the present discussion.

A number of programming languages have included some support for assertions. The first
was probably Algol W, which has an instruction of the form

ASSERT (b)

where b is a boolean instruction. Depending on a compilation option, the instruction
either evaluates b or is equivalent to a Sip. In the first case, program execution will
terminate with an informative message if the value of b is false. The C language offers a
similar mechanism.

Such constructs, however, are mostly debugging aids — application 3 above. They
are insufficient to support the full role of assertions in the software construction process,
especially applications 1 and 2.

Some languages take the notion of assertion more seriously. An example is the Anna
design language (see bibliographical notes). Another is Eiffel.

Eiffel’s mechanism, used for the examples of assertion-guided software construction
in the rest of this discussion, directly supports all four applications above. Two aspects of
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the mechanism have already been described:

* The syntactic inclusion of invariant, variant and initialization clauses in loops
(page 344).

 The require and ensure clauses in routines, supporting the principle of
“programming by contract”, as discussed on page 358.

Eiffel assertions appear in two other important contexts:

A class may (and often does) have a class invariant, which expresses global
properties of the class's instances. Class invariants are theoretically equivaent to
clauses added to both the precondition and postcondition of every exported routine
of aclass, but they are better factored out at the class level.

» A check instruction, of the form check Assertion end, may be used at any point
where you want to assert that a certain property will hold, outside of the
constructs just discussed.

In the programming examples which follow, the notation check Assertion end will replace
the Metanot braces used earlier in this chapter, as in { Assertion}.

More generally, the examples will rely on the Eiffel notation, dightly adapted for the
circumstance: first, some assertions will include quantified expressions (V ... and 3 ...),
currently not supported by the Eiffel assertion sublanguage, which is based on boolean
expressions; second, the examples do not take advantage of some specific Eiffel structures
and mechanisms (the class construct, deferred routines for specification without
implementation, genericity, the treatment of arrays as abstractly defined data structures
and others) which have not been described in this book.

It is often necessary, in a routine postcondition, to refer to the value an expression
had on routine entry. The discussion will use the Eiffel old notation, of which an example
is given by the following routine specification:2

enter (x: T; t: table of T): BOOLEAN is
-- Insert x into t ; increment count.

require
not full -- There should be room in the table
do
ensure
count = old count + 1
end

2 Here count has to be externally available to the routine. In Eiffel it would usualy be an
attribute of the class. Also, the argument t would normally be implicit, routine enter being part of a
class describing tables.
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9.11.2 Embedding strategies

Among the control structures studied in this chapter, the most interesting ones, requiring
invention on the part of the programmer, are routines (especially recursive ones) and
loops. This discussion will focus on loops.

The inference rules for loops express the postcondition — goal — of a loop as
G A landE

where | isthe invariant and E is the exit condition.

This suggests that the invariant is a weakened version of the goal: weak enough that you
can ensure its validity on loop initialization; but strong enough to yield the desired goal
when combined with the exit condition.

Figure 9.6: Embedding


meyer
Stamp
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Loop construction strategies, then, may be viewed as various ways to weaken the goal.

The above figure illustrates the underlying view of loops. When looking for a
solution to a programming problem, you are trying to find one or more objects satisfying
the goa in a certain solution space — the curve G on the figure. G corresponds to the
goal. Theam isto find an element x in G. If you do not see any obvious way to hit G
directly, you may try aloop solution, which is an iterative strategy working as follows:

e Embed G into a larger space, 1. | represents the set of states satisfying the
invariant.

» Define E so that G is the intersection of | and E. E corresponds to the exit
condition.

* Choose as starting value for x some point x, in I. Because | is a superset of G,
it will be easier in general to find this element than it would be to find an element
of G right away. Element x, corresponds to the loop’s initialization.

* At each step let V be the “distance” from x to G. V corresponds to the loop’s
variant.

* Apply an iterative mechanism which, at each step, determines if x isin G, in
which case the iteration terminates (you have reached a solution), and otherwise
computes the next element by applying to x a transformation B which must keep
x in| but will decrease V. B corresponds to the loop body.

The loop is of the form

from
- _x =X,
invariant
I
variant
V
until x 0 G loop
B

end
check | and x 0 Gend -- (i.e. G)

We may now view loop construction as the problem of finding the best way to embed
goal spaces such as G into larger “invariant” spaces |, with the associated choices for the
starting point x ,, the variant V, and the body B.

The following sections study two particular embedding strategies:
» Constant relaxation.
» Uncoupling.
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9.11.3 Constant relaxation

With the constant relaxation strategy, you obtain the invariant 1 from the goa G by
substituting a variable for a constant value. The initialization will assign some trivial
value to the variable to ensure | ; each loop iteration gets the variable’s value closer to
that of the constant, while maintaining the invariant.

The ssimple example of linear search in a non-sorted list provides a good illustration
of the idea.

Assume you have an array of elements of any type T, and an element x of the same
type, and you want to determine whether x is equal to any of the elementsin t.

You can write the routine as a function has returning a boolean value, with the
postcondition

[9.47]
Result=(d k:1..n.x =t [K])

In other words, the result is true if and only if the array contains an element equal to x.
The function may be specified as follows (assuming n is a non-negative constant):3

has (x: T; t: array [1..n] of T): BOOLEAN is
-- Does x appear int?
require
true -- No precondition
do

ensuré”
Result=(d k:1..n+.x =t [k]) --[9.47]
end

In assertion-guided program construction, we examine the specification (the postcondition)
and look for a refinement which will yield a solution (the routine body). For a loop
solution, the refinement is an embedding as defined above.

To find such an embedding, we may note that any difficulty in obtaining the goa G,
as given by [9.47], is the presence of the interval 1..n. The smaller the n, the easier; with
a value such as 1 or better yet 0 the answer is trivial. For O, it suffices to use false for
Resullt.

This yields an embedding based on the constant relaxation method: introduce a fresh
variable i which will take its values in the interval 0..n and rewrite the goal [9.47] as

3 In normal Eiffel usage this function would appear in a class describing some variant of the array
data structure; as a consequence, the argument t would be implicit.
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Result=(d k:1..i -x=t[k]) -1
and i=n
which is trivially equivalent to the original. Call | the condition on the first line. | has
al the qualifications of an invariant:
* | iseasy to ensure initially (take false for Result and O for ).
* | isaweakened form of the goal, since it coincides with it for i = n.

* Maintaining | while bringing i a little closer to n will not be too difficult (see
next).

This prompts us to look for a solution of the form

from

i :=0; Result := false;
invariant

I
variant

n—i
until

i=n
loop

"Get i closer to n, maintaining the validity of | "
end

check [9.47] end

The loop body (“Get i...”) is easy to obtain. It must be an instruction LB which makes
the following pre-post formula correct:

check | and i <nend
LB
check and 0<n-i<old (n—i)end

The old notation makes it possible to refer to the value of the variant, n — i, before
the loop body (although old usually applies to routines).

The simplest way to “Get i closer to n” is to increase it by 1. This suggests
looking for an instruction LB’ such that the following is correct:

check
Result=(d k:1..i «x =t [k])
and i <n
end
i:=i+ 1; LB’

check Result = (d k:1..i « x =t [k]) end
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The postcondition is very close to the precondition; more precisely, the precondition
implies that after execution of the instruction i := i + 1 the following holds:

Result = (3 k:1..i-1-x =t [K])

so that the specification for LB’ is:

check Result = (3 k: 1..i-1.x =t [K]) end
LB’
check Result = (d k:1..i « x =t [k]) end

An obvious solution is to take for LB’ the instruction

Result := Result or else (t [i] = X)

which application of the assignment rule (A Assgnment® PO 323) easily shows to satisfy
the specification. The or else could be an or, but we do not need to perform the test on
t [i] if Result is aready true.

This gives a correct implementation of has:

has (x: T; t: array [1..n] of T): BOOLEAN is
-- Does x appear int?

require
true -- No precondition
local
i: INTEGER
do
from
i ;= 0; Result := false
invariant
Result =(d k:1..i «x =t [k])
variant
n-—i
until
i=n
loop
=i+ 1
Result := Result or else (t [i] = X)
end
ensure
Result=(d k:1..n.x =t [K])
end

end



§9.11.3 ASSERTION-GUIDED PROGRAM CONSTRUCTION 377

You are invited to investigate for yourself how to carry out the obvious improvement
— stopping the loop as soon as Result is found to be true — in the same systematic
framework.

This example is typical of the constant relaxation method, applicable when the
postcondition contains a constant such as n above and you can obtain an invariant by
substituting a variable such asi. The variant is the difference between the constant and
the variable; the loop body gets the variable closer to the constant and re-establishes the
invariant.

“For” loops of common languages support this strategy.

9.11.4 Uncoupling

Another embedding strategy, related to constant relaxation but different, is “uncoupling”.
It applies when the postcondition is of the form

p (i) and q (i)

for some variable i. In other words, the postcondition introduces a *“coupling” between
two clauses p and g. You may then find it fruitful to introduce a fresh variable j, rewrite
the postcondition as

p(i)andg (j) -1

andi =j
and use the first line as candidate loop invariant I, the variant being |j—i|. Because you

have “uncoupled” the variables in the two conditions p and q, it may be much easier to
ensure the initial validity of 1. The loop body is then of the form

“Bring i and j closer, maintaining |

which will often be done in two steps:
“Bring i and j closer”;
“Re-establish | if needed”

As an example of this strategy, consider a variation on the preceding searching
problem, with the extra hypothesis that T has an order relation, written <, and the array t
is sorted. This assumption may be expressed as a precondition:*

[9.48]
Vk:2.n-t[k-1 <t [K]

4 In Eiffel’s object-oriented software decomposition, such a property would normally be expressed
not as the precondition of an individual routine, but as a class invariant for the enclosing class.
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The previous version of has would still work, of course, but we may want to rewrite it to
take advantage of t being sorted. One possibility is to write the body of the new has
under the form

[9.49]
position := index (t, X);

Result := position [01.. n and then x =t [position]

where the auxiliary function index returns a position such that x either appears at that
position or does not appear in the array at all.

The precise specification of index’s postcondition turns out to be perhaps the most
delicate part of this problem (which you are invited to try out by yourself first):

A e« The specification must be satisfiable in all cases. whatever the value of x is
relative to the array values, there must be at least one Result satisfying the
postcondition.

B < To make the above algorithm [9.49] a correct implementation of has, the Result
must be the index of an array position where x appears, or otherwise must enable
us to determine that x does not occur at all.

The following postcondition satisfies these requirements:

[9.50]
Result [JO.. n
and (Vk: 1..Result - t [K] < X) —- p (Result)
and (Vk:Result+1..n -t [k] =2x) -- q (Result)

To check for condition A above, note that O will do for Result if x is smaller than all
array values, and n if it is larger than all array values. (Remember once again that
V x:E . P isaways true if E is empty.) For condition B, [9.50] implies that x appears
int if and only if

i >0and thent [Result] = x

Specification [9.50] is non-deterministic: if two or more (necessarily consecutive) array
entries have value x, any of the corresponding indices will be an acceptable Result. There
are several ways to change the postcondition so that it defines just one Result in al cases;
we may for example change the last clause to read

(Vk:Result+1..n « t [k] > x)

so that, in case of multiple equal values, Result will be the highest adequate index. It is
preferable, however, to keep the more symmetric version [9.50].

The problem, then, is to write the body for
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index (x: T; t: array [1..n] of T): INTEGER is
-- Does x appear int?

require
[9.48] -- t is sorted
do
ensure
[9.50]
end

How do we ensure the postcondition [9.50]? For more clarity let us use variable i instead
of Result; the do clause may then end with Result := i. The postcondition is of the form

i 0O0..n and p (i) and q (i)
which the uncoupling strategy suggests rewriting as

i,jd00..n and p (i) and g () -1
andi =

leading to a loop solution of the form

from

=g ]= 1,
invariant

p (i) and q(j)
variant

distance (i, j)
until

i =]
loop

“Bringi and j closer”
end

This solution will be correct if and only if i, satisfies p, j, satisfies g, the refinement of
“Bring i and j closer” conserves the invariant p(i) and q(j ), and distance (i, j) is an
integer variant.

The initialization is trivial: we choosei,tobe 0O and j,toben; p (0) and g (n) are
true since they are V' properties on empty sets.

With these initializations it appears reasonable to maintain i no greater than |
throughout the loop. This suggests a reinforced invariant:
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p@) and q(j) and 0<i<j<n
The most obvious way to “Bring i and j closer” isto increment i by 1, or aternatively
decrement | by 1, and see what it takes to keep the invariant true. Since the problem is
symmetricini and j, we should treat both possibilities equally.

Assuming the invariant is satisfied and i < | (the exit condition is not met yet), under
what conditions may we increment i or decrement | ?

Clearly, the instruction

=i+ 1
will preserve the invariant if and only if p (i + 1) istrue, and
j=i-1

if and only if q (j — 1) istrue.
Look first at the i part. By definition,
p@i)=NVk:1..it[k]<x)
sothat if t [i + 1] is defined (in other words, for i < n):
p@i+1)=p(@ and t[i +1] <x
Starting from a state where p (i) is satisfied, then, incrementing i by 1 will preserve the
invariant if and only if

i<nandthent[i + 1] <X

With respect to the j part

g(j)=NVk:j+l..n -t [k] =x)
we may decrease | by 1 if and only if

j>0andthent][j] =x

In spite of appearances, the symmetry between the conditions on i and j is perfect;
simply, because in the original postcondition [9.50] p involves Result and g involves
Result + 1, itisin fact a symmetry betweeni and j + 1.

The guards i <n and j >0 are in fact superfluous. the invariant includes
O<i <j<n,andi >] will hold as long as the exit condition is not satisfied; so
whenever the loop body is executed i +1 and j belong to the interval 1.. n. So we may
try as loop body:

if
tli+1<sx:i=i+1]]
tfjl=zx: j=7-1

end

Because symmetry is so strong in this problem, the solution uses the guarded conditional
(see [9.33], page 345). We must be careful, however: a guarded conditional will only
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execute properly if, in al possible cases, at least one of the guards is true. Fortunately,
here this is the case: because the array is sorted and i <j is a precondition for the loop
body, if the first guard is false, that isto say t [i + 1] > x, then the second guard, t [j] =
X, IS true.

The guarded conditional yields a non-deterministic instruction: if t [i +1] < x <

t [j ], then the instruction may execute either of its two branches. Using the standard
conditional instruction removes the non-determinism:

[9.51]
if t[i + 1] < xthen
i=i+1
else
i=i-1
end

Either form yields a smple and correct version of index:

index (x: T; t: array [1..n] of T): INTEGER is

-- Does x appear int?
require

[9.48] -- t is sorted

local
i, j: INTEGER
do
from
i:=0;j:=n
invariant
p@andg(j)and0<i<j<n
variant
j—i
until
i=j
loop
-- This could use the if ... then ... else form instead
if
tli+1<x:i=i+1[]
t[j]=zx: j=j-1
end
end
ensure

[9.50] -- (cf. page 378)
end
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As you will have noted, this is not the way most people usualy write sequential search.
The standard form will follow from an efficiency improvement that we should carry out
as systematically as the above development. The price to pay for this improvement is the
removal of the esthetically pleasant symmetry. Whenever the first guard is false, in other
words t [i + 1] > x, then assigning to j the value of i (rather than just | — 1) will still
preserve the invariant. This suggests rewriting the conditiona as

if t[i + 1] < xthen
=i+ 1
else
j =i
end

(Of course, the symmetric change would also work.) As a result we may dispense with
variable | altogether by noting that loop termination occurs when either i =n or
t [ +1] >x, yielding the more usual form for sequential search:

from
i:=0

invariant ... variant ...

until i = nor elset[i+1] > x loop
=i+l

end

Y ou should complete the invariant and variant clauses of this loop.

9.11.5 Binary search

Removing the symmetry between i and j—1 a best yielded a margina efficiency
improvement. A more promising avenue for improving the performance of sorted table
searching is based on the property that t is an array, meaning constant-time access to any
element whose index is known. This suggests “Bringing i and j closer” faster than by
increments of +1 or —1.

The idea of binary search is to am for the middle of the interval i..j. As Knuth
noted in the volume on searching of his Art of Computer Programming [Knuth 1973]:

Although the basic idea of binary search is comparatively straightforward, the
details can be somewhat tricky, and many good programmers have done it
wrong the first few times they tried.

If you doubt this, it should suffice to take a look at exercise 9.12, which shows four
innocent-looking versions — all wrong. For each version there is a case in which the
algorithm fails to terminate, exceeds the array bounds, or yields a wrong answer. Before
you read further, it is a good idea to try to come up with a correct version of binary
search by yourself.
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Both binary search and the above version of function index belong to a more general
class of solutions based on the same uncoupling of the postcondition, where the loop body
finds an element m ini..j and assigns the value of m (or a neighboring value) toi or j.

In the version seen above m is i +1 or j —1; for binary search it will be
approximately (i + j) div 2, so that we can expect a maximum number of iterations
roughly equal to log, n rather than n. (The operator div denotes integer division.)

This must be done carefully, however. In the general case we aim for a loop body of
the form

m:=“Somevaluein 1l..nsuchthati <m<j”;
if
t[m<x:i:=m[]
tm=x:j:=m-1
end

which, in ordinary programming languages, will be written deterministically:

m:=“Somevaluein1l..nsuchthati <m<j”;

if t [m] < x then
i:=m
else
ji=m=-1
end

Whether the conditional instruction is deterministic or not, it is essential to get al the
details right (and easy to get some wrong):

1 < The instruction must always decrease the variant j —i, by increasing i or
decreasing j . If the the definition of m specified just i < m rather thani < m, the
first branch would not meet this goal.

2 « This does not transpose directly to j: requiring i < m < j would lead to an
impossibility when j —i isequa to 1. So we accept m < j but then we must take
m — 1, not m, as the new value of j in the second branch.

3 ¢ The conditional’s guards are tests on t [m], so m must aways be in the interval
1..n. Thisfollows from the clause 0 < i < j < n which is part of the invariant.

4  « |f this clause is satisfied, then m < n and m — 1 > 0, so the conditional instruction
indeed leaves this clause invariant.

5 < You are invited to check that both branches of the conditional also preserve the
rest of the invariant, p (i) and q ().

Any policy for choosing m is acceptable if it conforms to the above scheme. Two ssimple
choicesarei + 1 and j; they lead to variants of the above sequential search algorithm.

For binary search, m will be roughly equal to the average of i and j,
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midpoint 2 (i +j) div 2

§9.11.5

The value of midpoint itself is not acceptable for m, however, because it might not
satisfy requirement 1 above. Choosing midpoint + 1 will, however, satisfy all the above

requirements.

This yields the following new version of index, using binary search:

index (x: T; t: array [1..n] of T): INTEGER is
-- Does x appear int?

require
[9.48] -- t is sorted
local
i, j, m INTEGER
do
from
i:=0;j:=n
invariant
p@andg(j)and0<i<j<n
variant
j—i
until
=]
loop
m = (i +j)div2+1;
if t [m] < xthen
i:=m
else
ji=m-1
end
end
ensure

end [9.50] -- cf. page 378

We can check that the loop will be executed at most | log, n| times by proving that
|log, (j —1)| is avariant. (| x| is the largest integer no greater than x.) For any real
numbers a and b, [log, (@) < |log, (b)| if a <b/2. Here, j —i isindeed at least
divided by 2 in both possible cases in the loop, since whenever i <j (i and j being

integers):

j— (i +j)div2+1) < (j —i)div 2

i —((i +j)div2 < (j -i)div 2
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(To check this, consider separately the casesi + | odd andi + j even).

Of course, the version of binary search obtained here is not the only possible one;
you may wish to obtain others through variants of the uncoupling strategy.

9.11.6 An assessment

Although they apply to well-known and relatively simple algorithms, the above examples
provide a good illustration of the constructive approach:

» The same framework served to derive two classes of algorithms (sequential and
binary search). In the sorted array case, it is only at the last step (choosing how to
“bring i and j closer”) that different design choices lead to different computing
methods.

» The heuristics used, constant relaxation and uncoupling, are quite general. One of
the exercises (9.24) asks you to apply uncoupling to a completely different
problem, sequence or array partitioning.

* We have built all versions so as to convince ourselves that they are correct and to
know why they are.

Given the human capacity for error and self-deception, it would be absurd to characterize
the methods illustrated here as sure recipes to obtain correct programs, or to clam that
they make other correctness techniques (such as testing) obsolete. Perfect or universal
they are not; more modestly, they constitute an important tool, among others, in the battle
for software reliability. This suffices to make them one of the most valuable application of
axiomatic semantics.

9.12 BIBLIOGRAPHICAL NOTES

The basis of the axiomatic method is mathematical logic, based on classical rhetoric but
made considerably more rigorous in this century as an attempt to solve the crisis of
mathematics that followed the development of set theory at the turn of the century. There
are many good introductions to mathematical logic, such as [Kleene 1967] or [Mendelson
1964]. [Copi 1973] presents the notions of truth, validity, proof, axiom, inference etc. in a
particularly clear fashion. [Manna 1985] is especially geared towards computer scientists.

Work presenting mathematical foundations for axiomatic theories is usually rooted in
denotational semantics; this is the area of *complementary semantics’, discussed in the
next chapter. See the bibliographical notes to that chapter.

The first article on program proving using techniques based on assertions was [Floyd
1967], with a suggestive title: “Assigning Meanings to Programs’. The paper aso
introduced the notion of loop invariant, called *“inductive assertion”.

Floyd's techniques were refined and improved in [Hoare 1969], which expressed
them as a system of axioms and inference rules associated with programming language
constructs. The approach was then applied to further language constructs such as routines
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[Hoare 1971] and jumps [Clint 1972], and to the specification of a large part of the Pascal
language [Hoare 1973b]. A comprehensive survey of Hoare semantics is given in
[Apt 1981].

The weakest precondition approach was developed by Dijkstra in an article [Dijkstra
1975] and a book [Dijkstra 1976].

These publications by Dijkstra also pioneered the *“constructive approach” to
software correctness (9.11). [Gries 1981] is a very readable presentation of this approach.
[Alagic 1978] and [Dromey 1983] apply similar ideas to teaching program design,
algorithms and data structures. [Jones 1986] also emphasizes the use of program proving
techniques for software development. See also work by the author [Meyer 1978, 1980]
and in collaboration [Bossavit 1981], the latter describing the systematic construction of
vector algorithms for supercomputers. For an account of how the spirit of the axiomatic
method may be applied to the construction and proofs of algorithms in the very difficult
area of concurrent programming, see the article on “on-thefly garbage collection”
[Dijkstra 1978].

The assertion mechanism of Anna is described in [Luckham 1985]. The assertion
mechanism of Eiffel and its application to the construction of reliable software
components are described in [Meyer 1988]. A further discussion of these topics, and the
theory of “Design by Contract”, may be found in [Meyer 1991b].

As mentioned on page 348, Dijkstra’s non-deterministic choice and loop instructions
have direct applications to concurrent programming. Hoare's CSP (Communicating
Sequential Processes) approach to parallelism is based in part on these ideas [Hoare 1978,
1985].

The axiomatic theory of expression typing in lambda calculus (9.3) comes from
[Cardelli 19844a], where it is applied to the more genera problem of inferring proper types
in a language (Milner's ML) where types, instead of being declared explicitly by
programmers, are determined by the system from the context and the types attached to
predefined identifiers. Cardelli’s system also handles genericity: in other words, some of
the types may include “free type identifiers’ standing for arbitrary types. For example,
the type of the identity function Id will bea — a, where a stands for an arbitrary type.

EXERCISES

9.1 Integers in mathematics and on computers

Write an axiomatic theory of integers, starting from the standard Peano axioms (see
[Suppes 1972], page 121, or any other text on axiomatic set theory). Then adapt the
theory to account for the size limits imposed by number representation on computers.
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9.2 Symmetric if instruction

Modify the abstract syntax and the denotational semantics of Graal, as given in chapter 5,
to replace the classical if...then...else... conditional instruction by the guarded conditional
(9.9.4).

9.3 Assignment and sequencing

Prove the following pre-post formula:
F {x=a and y=b}
ti=x;x:=x+y,y:=t

{x=a+ b and y= a}

9.4 Non-deter ministic conditional

Compute A wp Q, for any assertion Q, where A is the instruction
if
x<0: a==x[]
x=20: a:=x
end

9.5 Weakest precondition

Show that the value of guarded if wp Q (page 346) may also be expressed as.
guarded if wp R =

(c,orc,or..orc) and

2
(c, implies (A, wp R)) and
(c, implies (A, wp R)) and

(c, implies (A_ wp R))

9.6 Simple proofs

Prove that the following pre-post formulae, involving integer variables only and assuming
perfect integer arithmetic, are theorems.
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y-1

Y K} zi=z% x {z* x =K}

1 {z=*x

y y

K} yi=y-1;z:=z%x x {z*x x = K}

2 {z=*x

3 {yeven and z* X’ = K} yi=y / 2:x:=x2 {z* X = K}

4 {z=x* x = K}
if
yodd : y:=y—-1;z:=z% x []
yeven : yi=y / 2;x:=x2
end

{z = x = K}

9.7 Proving a loop

Let m and n be integers such that m > 0, n = 0. From the answers to exercise 9.6,
determine the result of the following program; prove your answer.
X, Y, Z INTEGER;
from
X=mjy:=n;z:=1
until y = 0 loop
if
yodd : y:=y—-1;z:=zx x []
yeven : yi=y / 2;x:=x2
end
end

9.8 Permutability of instructions

Applications such as paralel programming and the adaptation of programs to run on
parallel or vector processors (“parallelization” or *vectorization”), often require to
determine whether the order of two instructions may be reversed. This exercise
investigates such permutability criteria

Define two instructions A and B to be equivalent, and write

A=B
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if and only if for any assertion Q
Awp Q=BwpQ

Define that the instructions permute, written A perm B, if and only if
A;B = B; A

1 — Consider assignment instructions A and B:

* Aisx:=e

e Bisy:=f
where e, f are expressions (none of the expressions considered in this exercise may
contain function calls). Let V_ and V, be the sets of variables occurring in e and f
respectively. Give a sufficient condition on V, and V, for

Aperm B

to hold. Prove the result using the rules for assignment and sequence.
2 — Assume A is of the form

X=X® e
and B is of the form
X=X f

where e and f are expressions, none of which contains x, and & is an operation which is
both commutative and associative. Prove that it is true in this case that

A perm B

9.9 Another assignment rule

Can you imagine a “forward rule” for assignment (see page 325) ? (Hint: Introduce
explicitly the value that the variable being assigned to had before the assignment. The rule
uses an existential quantifier.)

9.10 Array assignment

Prove theorems [9.14] (page 328). Hint: Remember to treat the assignment as an
operation on the whole array.
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9.11 Simple loop construction from invariants

Write loops to compute the following values for any n by finding first the appropriate
invariants, using assertion-guided techniques (9.11).

1 f=n! (factoria of n)
2 F,, the n-th Fibonacci number, defined by
Fo =0
F,. =1
Fo=F_, +F_ fori>1

9.12 Binary search: failed attempts

The figure on the adjacent page shows four attempts at writing a program for binary
search. Each program should set Result to true if and only if the value x appears in the
real array t, assumed to be sorted in increasing order.

The programs use div for integer division. Variable found, where used, is of type
BOOLEAN.

Show that al of these programs are erroneous; it suffices for this to show that for each
purported solution there exist values of the array t and the element x that produce an
incorrect solution (Result being set to true athough x does not appear int or conversely)
or will result in abnormal behavior at execution (out-of-bounds memory reference or
infinite loop).

9.13 Indexed loops

Most languages provide a “do” or “for” loop structure in which the iteration is controlled
by an index ranging over a finite range (usually an arithmetic progression over the
integers, although it could be any finite set, such as a finite, sequential data structure like
alinear list). In the smplest case, looping over a contiguous integer interval, the loop will
be written as something like

for i: a..bloop Ai end

where AI is some instruction, usually dependent on the value of i.
Give a proof rule for such an instruction.
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Figure 9.7: Four (wrong) programs for binary search

(P1)

from
i:=1;j:=n

until i =] loop

m:=(i +j) div 2;

if t[m] <x then
i:=m

else

end;
Result := (x = t [i])

(P2)
from

i :=1;j:=n; found := false
until i =j and not found loop

m:= (i +j) div 2;
if t[m] <x then
i=m+1
elseif t [m] = x then
found := true
ese
ji=m-=1
end
end;

Result := found

(P3)

from
i:=0;j:=n
until i =] loop
m:=(G +j +1) div 2;
if t [m] < xthen
i=m+1
else
ji=m
end
end;
ifi=21andi<nthen
Result := (x = t [i])
else

Result := false
end

(P4)

from
i=0;j=n+1
until i =] loop
m:=(@( +]j) div 2;
if t [m] < x then

I=m+1

else
ji=m
end
end;
ifi=1andi <nthen
Result := (x = t [i])
ese

Result := false
end

391
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9.14 Repeat... until

Give a proof rule for the Pascal

repeat ... until ...

instruction. You may use the observation that such a loop is readily expressed in terms of
the while loop.

9.15 Equivalences between loops

Consider two loops of the following forms:
1. whilec loop

while cand ¢, loop A, end;
while c and ¢, loop A, end

end

2. while cloop

end

Prove that any invariant of loop 2 is also an invariant of loop 1.

Can you give an intuitive reason why an invariant of loop 1 might not be invariant for
loop 2?

9.16 Precise requirements on variants

Consider a loop with continuation condition ¢ and variant V (in the sense that the

antecedents of rule IT o Page 336, are satisfied). Show that

F V =0 implies not c

(Hint: Proof by contradiction).
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9.17 Weakest preconditions for loops

Define H,, the necessary and sufficient condition for loop | to yield postcondition Q after
at most i iterations (i = 0). You should first find independently an inductive definition of
H, in the manner of the definition of G, ([9.31], page 342), and then prove its consistency
with the definition of G,.

9.18 Keeping track of the clock

(Due to Paul Eggert.) Consider Graal extended with two notions. clock counter and non-
deterministic choice from integer intervals. This means two new instructions, with
possible concrete syntax

» clock t
e chooset by e
In both instructions t is an integer variable; in the second, e is an integer expression.

The clock instruction assigns to t the current value of the machine clock. The machine
clock is positive, never has the same value twice, and is always increasing.

The choose instruction assigns to t an integer value in the interva 0..|e-1]. The
implementation is free to use any value in that interval.

1 — Write axiomatic semantic definitions for these two instructions.
2 — Use your semantics to prove that the following loop aways terminates:
from
clock i
until i = 0 loop
clock j;
if i <jthen
choosei by i

end
end

9.19 Restrictions on routines

Express the restrictions on routines for rule 11
by defining aV

routine (9-10.4) as static semantic constraints

validity function (see 6.2).

Routine
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9.20 Composition of substitutions

Prove the rule for composing substitutions ([9.10], page 324), using the definition of
function subst. Hint: use structural induction on the structure of Q.

9.21 Simultaneous substitution

Define formally a function
simultaneous (Q: Expression ; €l : Expression* ; il : Identifier*)

which specifies multiple simultaneous substitution (page 354) in a manner similar to
function subst for single substitution ([9.9], page 323). Hint: it is not appropriate to use a
list over ... apply ... expression on € or il ; why?

9.22 In-out arguments

Extend rule 11 age 353) to deal explicitly with in-out arguments.

Routine (p

9.23 L oops as recursive procedures

A loop of the form

while ¢ loop a end

may also be written as

cal s

where s is a procedure with the following body:

if c then a; call send

Using this definition, prove the loop rule (9.7.6) from the recursive routine rule (9.10.6).

9.24 Partitioning a sequence

Various algorithms require partitioning a sequence. This operation is used in particular
for sorting arrays (next exercise) and for producing “order statistics’.

Partitioning is applicable if a total order relation exists on sequence elements. Partitioning
S means rearranging the order of its elements to put it in the form t +<p>++-u, where
any element of t is less than or equal to p, and any element of u is greater than or equal
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to p. Vaue p, the pivot, is a sequence element, chosen arbitrarily; for the purpose of
this exercise the pivot will be the element that initially appeared at the leftmost position.
The only two permitted operations are swap (i, j ), which exchanges the elements at
positions i and j, and thetest s (i) < s (j), which compares the values of the elements
at positionsi and j.

A general method for partitioning is to “burn the candle from both ends’, the candle
being the sequence deprived of its first element (the pivot). Maintain two integer cursors,
“left” and “right”, initialized to the leftmost and rightmost positions. At each step,
increase the left cursor until it is under an element greater than the pivot, and decrease the
right cursor until it is under an element lesser than the pivot. The two elements found are
out of order, so swap them; then start the next step. The process ends when the two
cursors meet; then you can swap the first sequence element (the pivot) with the element at
cursor position.

Starting from this informal description, derive a correct agorithm for sequence
partitioning, using the constructive methods described in 9.11.

Hint: The “candle-burning” process follows from the strategy of uncoupling, as discussed
in 9.11.4 and 9.11.5.

9.25 Quicksort

A well-known algorithm for sorting an array is Quicksort, for which a routine may be
written (in a simplified form applicable to sequences) as:
sorted (s X*): X* is
-- Produce a sorted permutation of s.
-- (There must be a total order relation on X.)

local
t, u; X*
do
if S.LENGTH < 1 then
Result :='s
else
<t, u> := partitioned (s);
t ;= sorted (t);
u := sorted (u);
Result ;= t+u
end
ensure

-- Result is sorted, in other words:
Vi:2..Result .LENGTH . Result (i —1) < Result (i)
end
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Here partitioned is a routine, derived from the previous exercise, which given a sequence
s of length 2 or more returns two non-empty sequences t and u such that t +u is a
permutation of s, and all elements of t are less than or equal to all elements of u.

After putting this routine in a form suitable for application of the recursive routine rule
(12rutine» PAOE 359), prove its correctness.

Hint: You may follow the example of the proof for routine Hanoi (9.10.9).

9.26 Inorder traversal of binary search trees

Prove rigorously the routine for printing the contents of a binary search tree in order
(page 361). You will need to adapt the routine so that it produces a list of values as
output.
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The consistency of semantic

definitions

The previous chapters have presented denotational and axiomatic semantics as separate
language specification techniques. Although from time to time you may have experienced
a feeling of déa vu when rediscovering from the axiomatic perspective some of the
language features that had previously been described denotationally, the precise
connections have not been drawn.

This chapter fills this need by showing how to treat the two theories as
complementary rather than competitive.

10.1 COMPARING THE TWO APPROACHES

The relationship is not symmetric. As aready pointed out, the axiomatic approach is more
abstract than its denotational counterpart. Denotational semantics is an interpretation of
programming languages constructs in terms of mathematical functions. Axiomatic
semantics is a theory, that is to say a set of rules for proving theorems. As any theory, it
may be studied and applied independently of any particular interpretation.

To show the consistency of the two approaches is to show that the rules of axiomatic
semantics hold under the denotational interpretation. Using the definitions of 9.2.8, this
means showing that the denotational interpretation is a model of the axiomatic theory.
Recall that a model associates a mathematical interpretation with every formula of the
theory, under which every axiom or inference rule is correct.
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The inverse effort would be meaningless: since the axiomatic rules are more general
than the denotational model (in the sense that we could substitute other models which
would still satisfy the axioms), there is no way to deduce the model from the axioms.

The rest of this chapter is devoted to showing that the denotational interpretation is
indeed a model for the axiomatic theory of Graal. This means showing that if we give
the well-formed formulae of the theory their denotational interpretations according to
chapter 6, then the axioms and inference rules, introduced in chapter 9 with no
justification other than intuitive, may now be proved as theorems about these denotations.

Chapter 6 only provided interpretations (denotations) for Graal constructs, through
meaning functions. To associate an interpretation with well-formed formulae, we must
also introduce meaning functions for assertions, pre-post formulae and wp-formulae. This
is done in 10.2 and 10.3. It is also necessary to express what it means for an axiom or
inference rule to be correct under this interpretation; this is done in 10.4 and leads to the
consistency proofs in 10.5.

The exercise serves several purposes. The most important is to reassure ourselves
that the two approaches studied are consistent; it would be rather unpleasant if they
produced incompatible views of programming languages. Another is to clarify both
approaches by shedding new light on each. Since, as discussed earlier, they are not
necessarily best suited to the same goals, proving their complementarity will show that
these differences of viewpoint do not imply actual incompatibilities.

10.2 INTERPRETING ASSERTIONS

To show that the rules of axiomatic semantics may be proved as theorems in the
denotational model, the first step is to express these rules within this model. In other
words, we must connect the metalanguage of the axiomatic theory with the metalanguage
of denotational semantics.

The properties of interest in the axiomatic theory were properties of formulae built
from assertions: pre-post formulae and wp-formulae. To reconcile the two metalanguages,
we need a denotational interpretation of assertions and associated constructs. This section
will successively introduce denotational interpretations for:

» The notion of assertion (for which the denotations will be sets of states).

» Formulae built using the basic operators on assertions, such as and (with set
operations as denotations).

» Formulae built with the implies operator, used in the rule of consequence (whose
denotations are boolean values).

* Pre-post rules of the form {P} i {Q} (also modeled by boolean values).
» Wp-formulae of the form i wp Q (each having a set of states as denotation).
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10.2.1 Modeling assertions

First, we need an interpretation for the notion of assertion.

Chapter 9 introduced assertions in close connection with boolean expressions, but the
discussion made it clear that the two notions must be kept separate. The corresponding
abstract syntax was:

Assertion 2 exp: Expression

Whenever there was no ambiguity, chapter 9 identified every assertion P with the
associated boolean expression P .exp, using concrete syntax if appropriate. An example of
assertion expressed in this way is:

[10.1]

X+y # x2

We may follow a similar line for denotations. Expressions were modeled (chapter 6) by
meaning functions of signature

MEXpron: Expresson — Sate — Value
where Value 2 Z 0O B O {unknown}; if e is a boolean expression, MExpron [e] isa
predicate, that is to say a function whose result is always in B.
We could take the denotation of an assertion P to be M (P .exp), a predicate

) - Expression .
on states. Rather than predicates, however, we will use subsets as denotations for

assertions.  The difference between “ predicate semantics’ and “ subset semantics’ is one
of convenience, not substance; a later section of this chapter (10.3) will clarify the
correspondence between the two views.

The meaning function for assertions will then have the following signature:

M yeertion - ASSertion — P (State)
Under this interpretation, the denotation of an assertion is smply the set of states in
which the assertion is satisfied. For example the denotation of assertion [10.1] above
should be the set

{o: Sate | o (x)+0(y) # (0 (X)3

M IS readily expressed in terms of M

Assertion Expression *

M psrtion [2: Assertion] & {o: Sate | Mg . [a.exp] (0)}
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10.2.2 Modeling assertion operators

Many results of axiomatic semantics involved boolean operators on assertions. As an
abuse of language (see 9.5.2), these were written using the standard boolean operators
andor, notin infix or prefix form. (A fourth operator,implies has a slightly different status
and will be discussed next.) We need to interpret these operators within the above
framework, in terms of operations on subsets of State.

Formally, these three operators are syntactical functions on assertions, each yielding
assertions as output. The signatures are:

infix "and", infix "or": Assertion x Assertion — Assertion

prefix "not": Assertion — Assertion

P and Q is the assertion satisfied by all states that satisfy both P and Q; P or Q isthe
assertion satisfied by all states that satisfy P or satisfy Q; not P is the assertion satisfied
by all states that do not satisfy P. This may be interpreted in terms of operations on the
corresponding state subsets, yielding the following meaning functions:

[10.2]
IVIAs's;ertion [P and Q] é MAssertion [P] n IVIAssertion [Q]
MA$efti0n [P or Q] é MAssertion [P] 0 MAssertion [Q]
M ertion LNOL P] A Sate ~ M, i [P]

-- The complement of M, .. [P]

10.2.3 Modeling the implication operator

The other operator on assertions, implies is different. If P and Q are assertions, P
implies Q is not itself an assertion but a property of P and Q, which may or may not
hold. It holds if and only if any state that satisfies P also satisfies Q. (This is the
property that you must establish when applying the rule of consequence, as seen in 4.6.2,
9.6.2 and 9.8.4.)

So implies must be understood as a semantic function, not as a syntactic one like
the previous assertion operators. The appropriate model is subset inclusion, yielding the
following formal definition of implies

[10.3]

P impliesQ 2 M O M

Assertion [P] Assertion [Q]

We can informally check that this definition makes sense by considering implication in
ordinary logic. In propositiona or predicate calculus, the implication operator —> may
be defined in terms of boolean “or”, “not” and “and” by
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p =9 & -pVvaq

This is consistent with the interpretations given here. From the preceding definitions we
can easily prove that P implies Q is true if and only if the assertion not P or Q holds
in every state (is a tautology). This is expressed as the theorem

P impliesQ = (M [not P or Q] = Sate)

Assertion
Proof: The right-hand side means that (Sate — MP) O MQ = Sate, where MP and MQ
stand for M, .., [P] and M, .. [Q]. Elementary set theory shows this property
(where al the sets considered are subsets of Sate) to be equivalent to
MP 0O MQ. O

10.2.4 Modeling pre-post rules

Next we need a model for correctness rules. First they must be assigned a suitable
abstract syntax. To describe pre-post rules of the form

{P} i{Q},
where P and Q are assertions and i is an instruction, we may use the construct

Pre_post & pre, post: Assertion; inst: Instruction

A pre-post rule such as the above is an expression of partial correctness of i with respect
to P and Q: if i, started in a state where P holds, terminates, it will yield a state in
which Q holds.

The denotation of a pre-post rule must express this property. It will be a boolean
value, depending only on P, i and Q — not on any particular state. The signature of the
meaning function is simply:

MPre_po « Pre_post — B

The value of this function is a formal trandation of the preceding explanation. The
denotation M, . ... [i] of aninstruction i is a (possibly partial) function from state to
state, or “state transformer”. The above pre-post rule means that this function, wherever
it is defined, maps states satisfying P into states satisfying Q. The image operator
provides a convenient way of expressing this: the image of P under the denotation of i
must be a subset of Q. Formally:
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[10.4]
M pre pogt [P Pre_post] a
given

Presst & M, ..., [pp.pre];
Postset & M, ... [pp.post];
A

transform 2 M, . .. [PP.inst]
then

transform ¢ Preset) [0 Postset
end

This interpretation is illustrated on figure 10.1, which shows the subsets Preset and
Postset associated with a precondition P and a postcondition Q and the function
transform which is the denotation of an instruction i. The interpretation of {P} i {Q}, as
shown by the figure, is that transform maps Preset into Postset .

\  Iransform

Figure 10.1: Subset interpretation of assertions and correctness rules

For example, if transform is the denotation of instruction i, then the denotation of
{P} 1 {Q}, where Q is assertion [10.1] above, is true if and only if P is an assertion
whose denotation is a subset Preset of State such that


meyer
Stamp
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YV o: Preset n dom transform «
given

o
then

o (X)+0 (y) # (@ (x))?

4 transform (o)

end

10.2.5 Modeling wp-rules

Finally we need an interpretation for wp-formulae of the form
i wp Q

It suffices to adapt the work done for pre-post formulae. We may view a wp-formula as
an element of the syntactic domain

Weakest & post: Assertion; inst: Instruction

A wp-formula describes a precondition, that is to say an assertion (the weakest
precondition for i to yield Q). Since the model for an assertion is a set of states, the
meaning function here must have the signature

Myeares - VVERKESt — P (Sate)

The denotation of a wp-formula of the above form is the set of states ¢ such that i,
started in o, will terminate and yield a state 0’ satisfying Q — that is to say, such that
o' OPostset, where Postset is the denotation of Q. Any such o, then, must be
obtainable from some element of Postset through the inverse of the transform associated
with i. The image operator is again convenient to express this:

[10.5]
M\ peneg [W: Weakest] &
given
A .

Postset 2 M, ion [W-POSL];
transform & M, . [w.inst]

then
transform ¢ Postset)

end

For example, if transform is the denotation of instruction i, then the denotation of
i wp Q, where Q is assertion [10.1] above, is the set
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{o: Sate | o Odom transform and then
given
o A transform (o)
then
o (x)+0 (y) # (0 (X))
end }

Compare carefully definition [10.5] with the previous one ([10.4]). The difference may be
narrowed down to the two properties

-1
Preset [ transform = ¢ Postset)

which expresses that transform will map every element of Preset into an element of
Postset (total correctness), and

transform ¢ Preset) [0 Postset

which expresses that transform, whenever it is applicable to an element of Preset, will
map it into an element of Postset (partial correctness). This nicely captures the difference
between the total and partial approaches to program correctness.

10.3 PREDICATE SEMANTICS

[Note: This section describes an alternative approach and its results are not used in the
rest of the presentation. On first reading you should skip directly to 10.4]

An aternative to the modeling technique of the previous section uses predicates rather
than sets. This approach leads to heavier notations but, as it is more commonly used in
the literature, it is interesting to discuss it briefly. The denotations will use the letter P

(8sin Py riion PPre_po &) rather than M.

The difference between subset and predicate semantics affects ease of expression, not
substance. The two forms may be shown to be equivalent; the proof is the subject of
exercises 10.1 and 10.2.

10.3.1 Definitions

In the predicate semantics, the denotation of an assertion is a predicate on states, satisfied
by any state in which the assertion holds. For example, the denotation of the example
assertion [10.1] should be the predicate

Ao Sate -0 (x)+o(y) £ (0(x)?

To define this semantics formally, it is convenient to introduce the semantic domain
Satepred (pred for predicate):

Satepred & Sate — B
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Then the denotation of an assertion is simply the denotation of the associated expression:

P . Assertion — Satepred

Assertion
. : A

P assertion &1 Assertion] 2 MEXpron [a.exp]
If the static constraint V, .. [a] is satisfied, a.exp is an expression of type boolean,
so that the function MExpron [a.exp] yields boolean results and so is an element of
Satepred.

Here is the semantics of pre-post formulae in this context:
[10.6]

PF,re_p0 4 Pre_post — B

P bre post [ PP Pre_post] a

given
transformAé M, sruction L PP .|n.st];
precond A M seertion L PP -Prel;
" postcond 2 P, . [pp.post]
en
Y 0. Sate -
(precond(oc) A o Odom transform)

=> postcond (transform (o))
end

For wp-formulae, the definition is the following:

[10.7]
Pleskes - Weakest — Satepred

Pueskest [w:Weakest] &
given
transform 2 M

Instruction [w.insi];
postcond & P

Assertion [W.pOSt]
then
A 0. Sate .
o Odom transform
and then postcond (transform (o))
end

For example, if Q is the example assertion [10.1] and transform is the denotation of an
instruction i, then the denotation of i wp Q is the predicate

A 0. Sate - o Odom transformand then o (x) +o(y) # (o (x))2
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10.3.2 Undefinedness

The above definitions give the values of total functions (PPre post and Pveak eﬂ) in terms
of possibly partial ones (transform, that isto say M, i [i] for some instruction i).
To make sure that they are meaningful, we must check that the right-hand sides of the

definitions are always defined.

First note that for any assertion a, P, .. [a] must be an element of Statepred,
that is to say a total function in State — B. This is indeed ensured by the definition of
assertions as boolean expressions: in Graal, the denotation of an expression is always a
total function.

Now consider the semantics of pre-post formulae ([10.6]). The signature is

PPre_post: Pre post - B

This function must be total: when you ask whether a program or program fragment is
(partially) correct, which is what a pre-post formula is about, you want to hear “yes’ or
“no”; “undefined” is not an acceptable answer.

Since the definition of P post ([10.6]) relies on a V' clause, this requirement will

be met if and only if the innermost condition of this clause, namely
(precond (o) A o Odom transform) => postcond (transform (o)
is itself always defined. However this clause is of the form
@nb =r

where b is 0 C0dom transform and r is a property on transform (o). By the definition
of the dom operator, transform (o) is not defined if b is false; by the standard strict
extensions of => and P, . -, the result of the implication is undefined and the
definition appears incorrect.

The problem disappears, however, if we take for => the semi-strict interpretation
implies_if_defined introduced in 8.7.9 through the semi-strict “or” by the identity

implies if defined & A p,q - or_ese(not (p), q)

Then implies if defined (p, ) has value true whenever p is false, even if q is undefined.

For the rest of this discussion, the => symbol denotes implies if defined. Then

PF,re_post as defined is total.

This interpretation reflects the intuitive meaning of “partial correctness’. The
property under scrutiny,

(precond (o) A o Odom transform) => postcond (transform (o))
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means “if the initia state o satisfies the precondition, and the instruction denoted by
transform terminates, then the resulting state satisfies the postcondition”. This property
should be considered as true (not undefined!) if the second assumption is not satisfied,
that is to say if the instruction does not terminate. This is precisely the meaning of partial
correctness.

Finally we must apply the same analysis to the semantic definition of wp-rules (10.2.5).
Here it is essentiad for any wp-formula w that P, . . [W], which is a predicate on
states, always be a total function: for any state o, we must be able to determine in finite
time whether o satisfies the weakest precondition. [10.7] defined the result of P, . . as

) est
the predicate

A o: Sate - ¢ [Ddom transform and then postcond (transform (o))

Here the problem was taken care of in advance thanks to the semi-strict operator and
then.

10.3.3 Assessment

The above discussion shows why subset semantics is preferable. The image operator
takes care of definedness problems in a ssimple fashion. Consider f OX - Y, x OX, A
0 X. The value of f (x) may or may not be defined; but f ¢ A) is always a well-defined
subset of Y. The image operator simply “forgets’ any elements outside the function's
domain.

Thanks to this property of images, subset semantics does not require the use of
semi-strict extensions of boolean operators or any other technique that would force you
constantly to worry about whether a partial function is defined.

The rest of this chapter uses subset semantics.

10.4 THE CONSISTENCY REQUIREMENT

10.4.1 Definition

With the above definitions, we may now express precisely what it means for an axiomatic
rule to be correct under the denotational interpretation. A pre-post axiom of the form

{P} i {Q}
is correct if and only if the following holds:

Mpre post [Pre_post (pre: P post: Q ;inst: i)]
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A pre-post inference rule of the form

where every F, is a pre-post rule or an implication, is correct if and only if the following
holds:

[10.8]
AM[F] = MI[F]

MIF] AMIF] A ...

where each M stands for M pre_post O Mlmplication depending on what F, is.

Finally, a wp-rule of the form

iwpQ =P
is correct if and only if the following holds:

[10.9]
Myyeakes [VVEBKES (pOSt: Q ;inst: i)] =M, . [P]

that is to say:
given
A
Preset 2 MAmtion
Postset é MAssertion
transform 2

then
transform ¢ Postset) = Preset

end

In most cases, the properties to be proved are theorem schemata; in other words, they
involve letters which stand for arbitrary assertions, such as Q in the pre-post axiom

scheme for assignment:
{Q[x « e]} Assignment (target: x ; source: e) {Q}

For such rules, the proof of correctness must be applicable to any instance of Q.
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10.4.2 Two lemmas on images

Because the subset version of the semantics relies on the notion of image, the consistency
proofs below will use a number of properties of the image operation. They are given here
in two lemmas; the first is relative to properties of the image operator applied to a finite
number of arguments, the second is its generalization to chains.

Lemma (Image Operations): Let X, Y and Z be arbitrary sets, r
and s relationsin X - Y, t ardationinY - Z, f and g functions
in X - Y with digoint domains, A and A’ subsets of X, B and
B’ subsets of Y. Then:

1 r(ADOA)=r (A O (A)

2 f¢BAB'Y)=f (B)nf ¢B')
3 (s;t) EA) =t £s (A))

4 (r ds)¢A)=r ¢A) O s tA)

5 rns)¢A) Or €AY n s(A)

6 (ADA) = (r(A) Or(A))

7 (f\A)EA)=f(A nA")

8 (fQ g)tA)=f(A) T g (A)

o (f4 g) (B)=f ¢B) O g (B
10 (f\A) ' ¢B)=f'(B) n A

The proof was the subject of exercise 2.6. As an example, let us prove clause 2. We call
Ilhs and rhs the two sides of the equality. Then |hs is the set of all members of X which
f maps into elements of B n B’ and rhs is the intersection of the set of members of X
which f maps into elements of B and of the set of those which f maps into elements of
B’ . Obviously, Ihs O rhs. To show the reverse inclusion, consider an object x : rhs.
Function f maps x both into a member of B and into an member of B’ . Because f isa
function, these two objects must be the same, and hence belongto B n B'. O

Note that clause 2 would not hold if f were an arbitrary relation. Also, the clauses
involving overriding union would not hold as given without the hypothesis that the
functions' domains are digoint.
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Lemma (Image Stability): Let X and Y be arbitrary sets, C and D
arbitrary subsets of X and Y respectively. The following
functionals are stable:

1 e«image.: (X Y) — P(Y)
image, & Af.f¢C)

2 e inverse imagey: (X » Y) — P (X)
inverse_image, & Af- f¢D)y

3 from_toc’D: X+Y) - B

fromto. . & Af-f¢C)OD

C,D
4 o to_fromD’C: X+HY) —1> B
AAf.f ¢D)OC

to_fromD, c

The proof of this lemma, which relies on simple properties of the union operator,
was the subject of exercise 8.4.

The four functions defined in the lemma are total functions taking partial functions
as arguments. For a function f, image. vyields the image of C under f and
inverse_image, Yyields the image of D under f °; from_to yields true if and only if f
maps every element of C into an element of D; to_from yields true if and only if every
element of D is the result of applying f to some element of C.

10.4.3 The rule of conjunction

The preceding definitions and the Image Operations lemma yield our first example of
consistency proof, addressing a language-independent rule: the rule of conjunction,
introduced in chapter 9 without formal justification. The rule was

F awp(QandQ’)=(awpQ)and(awpQ’)
According to the above interpretation [10.9], this may now be expressed as a theorem:

[10.10]
My [2 WP (Q and Q") =My (@ WP Q) 1 My [2 WP Q']

Proof: Calling lhs and rhs the two sides of this equality, and transform the function

Mlnsxruction [a]:
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Ihs = transform (M, iion [Q and Q' 1)

-- From the definition of M , page 403

Weakest

-1
= transform (MAssertion [Q] n IVIAssertion [Q'])
-- From the definition of and for assertions ([10.2], page 400).

-1 -1 ,
= transform = (M, ., [Q]) n transform = (M, . [Q"])
-- From the Image Operations lemma, clause 2

=rhs O

10.4.4 The rule of consequence

Another important language-independent rule is the rule of consequence (4.6.2 and
9.6.2). Here too the Image Operations lemma will yield it as a theorem. The proof uses
the pre-post form; the wp-form of the rule is the object of exercise 10.3.

Theruleis;
CONS

{P} a{Q}, P impliesP, Q impliesQ
{P} a{Q}

From the interpretations of implication ([10.3], page 400), pre-post formulae ([10.4], page
402) and inference rules (page 408), the property to be proved is:

given

A\ il
transform 2 Ivllnstruction [T

Preset’ & M sertion [P 15
Postset’ 4 Iless;ertion [Q’]
then
(transform ¢Preset) [0 Postset A Preset’ [0 Preset A Postset [ Postset’ )
=> (transform ¢ Preset’) [0 Postset’)
end

This property follows from clause 6 of the Image Operations lemma. O
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10.5 THE CONSISTENCY PROOFS

We have now established the proper framework for proving that the denotational
interpretation provides a model of the axiomatic theory.

The proof will begin with the more straightforward instructions (Skip, compound,
conditional) and continue with the more delicate cases (assignment, loop). Some parts
will use the pre-post form, others the wp-rules.

10.5.1 Skip

The weakest precondition rule for Skip is
Sip wp Q=Q
The theorem to prove is then:

given
A .
Postset 2 M, ... [QL

transform 2 M [Instruction (Skip)]

Instruction
then 1
transform = ¢ Postset?) = Postset

end

for an arbitrary assertion Q. From the semantics of Skip (6.5.2), transform is the
identity function on State; the theorem follows since the image of any subset under
identity is the subset itself.

10.5.2 Compound

The Compound instruction was characterized (9.8.10) by two wp-rules. The first
corresponds to the empty compound:

Compound (<>) wp Q= Q

and its proof, immediate, is similar to what has just been done for Skip. The more
interesting rule is the second:

(C+ <i>) wp Q = ¢ wp (i wpQ)

A comparison of this rule with the definition of the denotational meaning function for
compounds (6.5.4), which gives

[10.11]
M [c +<i>] =M

Compound

[c]; M

Compound Instruction [I ]
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shows a clear similarity; in both cases the mechanism is composition. The same
observation would apply if the pre-post rule (9.7.5) had been used. The following proof
establishes the correspondence rigorously.

The theorem to prove is the following, for any compound c, any instruction i and
any subset Postset of State (representing the denotation of the postcondition Q in the
above rule):

[10.12]
given
transform 2 M compound L€+ <i>];
c_transf M
M

A .
- Compound [C] ’
i_transf 4

Instruction [I ];

lhs & transform = ¢ Postset);
ths & ¢ transf (i transf ¢ Postset))
then

Ilhs = rhs
end

The left-hand side Ihs of the equality to be proved is the denotation of the wp-formula
(c + <i>) wp Q; the right-hand side rhs is the denotation of ¢ wp (i wp Q). Both
have been obtained by applying [10.5]. [10.11] yields:

lhs = (M " ( Postset)

compound (€15 Mingicion [11)
that is to say, with the above definitions:

lhs = (c_transf ; i_transf) "~ ¢ Postset)

= (i_trans ": c_transf ) ¢ Postset)

since for any two composable relations r and s, (r :s) " = (s :r ). Applying the
Image Operations lemma (page 409), clause 3, gives
lhs = ¢ transf © ¢i_transf ¢ Postset))
= rhs

which completes the proof of the wp-rule for compound instructions. O
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10.5.3 Conditional

Consider a conditional instruction

condinst & Conditional (thenbranch: tb ; elsebranch: eb ; test: c)
The weakest precondition rule for conditional instructions (9.8.11) gives:

[10.13]
condinst wp Q = ((tb wp Q) and c) or ((eb wp Q) and not c)

Let us prove that the denotations of the two sides are indeed equal. The theorem to
prove, for any instructions tb and eb, any boolean expression ¢ and any subset Postset

of Sate, is:
given
transform & M, syuction [condinst];
Ihs & transform = ¢ Postset);

rhs & M [((tb wp Q) and c) or ((eb wp Q) and not c)]

then
Ihs = rhs
end

Assertion

As before, Ihs and rhs have been obtained by direct application of [10.5]. The value of
transform (6.5.5) is

given
A :
where_true 2 Sate / MEXpr.on [c];

where false & Sate — where true;

then_transf M

A [tb];
glse transf & M

[eb]

Instruction

Instruction

then

(then_transf \ where true) [ (else_transf \ where false)
end

The Image Operations lemma (page 409), clause 9, is applicable since where true and
where_false have digoint domains; it yields

lhs = (then_transf \ where true) __11 ¢ Postset) O
(else_transf \ where false) = ¢ Postset)

To expand the internal expressions we may again apply the Image Operations lemma, this
time clause 10, giving
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Ihs = (then_transt "~ ¢ Postset) n where trug) [
(dse transf ~ ¢Postset) n where false)

Transforming now rhs, we get:

rhs = M [(tb wp Q) and c] U M, ... [(eb wp Q) and not c]
-- From [10.2], page 400

[th Wp Q] N Myion [01) O

[eb wp Q] n M, tion [NOL CI)
-- From the rule of conjunction [10.10], page 410

Assertion

= (|\/|
M

Weakest
Weakest

The equality |hs = rhs follows immediately by replacing the not in the last term by a
complement, according to [10.2] (page 400). O

10.5.4 Assignment

Next we look at assignments. For a specimen of the Assignment construct, of the form
assign & Assignment (source: e; target: X)

the wp-rule and denotation are respectively (9.8.8 and 6.5.3):
e assignwp Q = Q[X « €]
* Ao:Sate- (0 {<x e>})

The theorem to prove, for any variable x, any expression e and any assertion Q, is.
given

Assertion [Q]’

Postset 2 M
= M ssertion [Q [x « ell;

Preset

A .
transform 2 A o: Sate - 0 [ {<X, MExpron [e] (0)>}

then 1
transform = ¢ Postset) = Preset
end

The last equality is an equality between two sets of states. A state o belongs to the
second set, Preset, if and only if

0 IMprion [Q [X = €]

which means that the boolean expression associated with the assertion is true in state o,
that isto say M [Q.exp [x « e]] (0) istrue.

Expression
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A state o belongs to the first term of the equality if and only if it is mapped by
transform into an element of Postset, in other words

o Odom transform and then transform (o) [ Postset

Only the second operand of the and then matters, however, since transform is here a total
function defined for al states.

Developing the expressions for both sides of the equality shows that the property to
be proved for any state o is:

given
QE 2 Q.exp;
val 4 MExpron [e] (0);
lhs 2

MEXpron [QE] (0 U {<x, val>});
rhs & Mepresson [QE [X < €]l (0)
then

Ilhs = rhs
end

QE is the boolean expression associated with the assertion Q. Since the notion of
substitution, QE [x « e], was defined (9.7.2) by structural induction on expressions, the
proof will follow the same structure.

If QE is a boolean constant ¢, both Ihs and rhs are equal to c.value.
If QE is avariable, then

lhs= (o  {<x, val>}) (QE)
= (if x = QE then val else 0 (QE) end)

and in this case
QE [x <« e] = (if x= QE then e else QE end)
so that rhs may be expressed as:

if x= QE then M [e] (o) else M [QE] (o) end

Expression Expression

which is equal to Ihs.

The third and last possibility is for QE to be a binary expression, with operands t1,
t2 and operator oper. Then
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lhs =
given
o & ol {<x,va>};
IVIExpron [t1] (¢"):

IVIExpron [t2] (07)

vall &
val2 4
then

apply_binary (oper, vall, val2)
end
and by the definition of substitution in this case:
QE [X < e ] = Expression
(Binary (terml: t1[x — e];term2: t2 [Xx — e]; op: oper))
From the semantics of expressions (6.5):
Meypresson [QE [X < €]] (0) =
apply_binary (oper, Mg, oion [tLIX « €] (0), Mgy yenion [2[X €]l (0))

If we assume inductively that t1 and t2 satisfy the theorem, the equality follows in this
case too. O

10.5.5 Loops (pre-post semantics)

The last construct to examine is loops. This section studies the pre-post rule; the next
section will take the weakest precondition perspective.

The pre-post rule, given in 9.7.6, reads

! Loop

{l'and c} b {1}

{1} Loop (test: c; body: b) {I and not c}

To prove the correctness of this rule, we must prove (see [10.8], page 408) that
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given
premise & Pre post (pre: | and c;inst: bsempost: I);
loop_construct 2 Loop (test: ¢ ; body: b);
conclusion & Pre post (pre: | ; inst: loop_construct ; post: | and not c)
then

Mpre pog [PrEmise] => Mg [conclusion]

end

Development of the premise and the conclusion shows that the property to prove is:
given

IS & My rion 115 -- Invariant Set

¢S & M, o [C] -- C Set

loop_construct 2 Loop (test: ¢ ; body: b);

b transf 2 M

= "Ypstruction [b]:
|_transf 4

M, gruction |1OOP_construct]

then

(b_transf 1S n cS) O1S) => (I _transf ¢(1S) OIS - cS)
end

The n and set difference come from the interpretation of boolean operators and and not
on assertions ([10.2], page 400).

The property to be proved being an implication, we may use a conditional proof: we
assume

[10.14]
b transf ¢cS n IS) O IS

and must prove

[10.15]
| _transf €1S) O (IS — ¢S)
Denotational semantics gave the following recursive equation for |_transf (6.5.6):

[10.16]
|_transf = Id \ (State—cS) [ (b_transf ; |_transf) \ ¢S

As seen in chapter 8, the solution of such a recursive equation is a fixpoint:
|_transf & union |

where |, is the chain defined by
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[10.17]
|

o = U
ey & F (1)
with:

F A \f:Sate - Sate - Id\ (Sate—cS [ (b _transf ; f)\cS

>

We may express the goal [10.15] as p (I_transf), where p is the predicate

[10.18]
p A& ANf:Sate - Sate . f ¢(I1S) O (IS -cS)

The form of this property, where |_transf is the “union” of a chain, suggests a proof by
fixpoint induction (8.6.2). Such a proof assumes that p is a stable predicate; this is
indeed the case from the Image Stability lemma (page 410), clause 3. It consists of the
proofs of two separate properties:

*p (DState—b State) (Base step).

e Vf:Sate L Sate. p (f) = p (F (f)) (Induction step).

To prove the base step, we write the property p (O ) as

Sate — Sate
O ¢1S)y O (IS —cS)

This follows immediately from the definition of function O (by whose image any set

yields an empty subset).

For the induction step, assume that p (f) holds, we must prove that p (F (f))
holds. This means

F (f)¢lS) O (IS-cS)
that is to say
(Id \ (State —cS)  (b_transf;f)\cS) ¢1S) O (IS -cS)

Call Ihs the expression to the left of the [0 sign. Applying the Image Operations lemma
(page 409, clause 8, applicable here since the function domains are digoint) yields

lhs= (Id \ (State —cS)) ¢1S) O ((b_transf; f)\ cS) ¢IS)
Clause 7 of the same lemma shows that the first operand of the [ operator is equal to IS

n (Sate — cS), or IS — ¢S There remains to show that the second operand, say 1hs2, is a
subset of (IS — ¢S). We can rewrite |hs2 successively as follows:
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lhs2 = ((b_transf ; ) \ ¢S) ¢1S)

= (b_transf ; f) €cS n 1S)
-- From clause 7 of the Image Operations lemma

=f ¢b_transf ¢cS n 1SY))
-- From clause 3 of the Image Operations lemma
The premise of the theorem [10.14] was

b transf ¢cS n IS) O IS

which, with the help of clause 6 of the Image Operations lemma, yields:
lhs2 0O f €1S)

but the induction hypothesis, p (f), means precisely from the definition of p [10.18] that
f€1S) 0O (IS -cS)

which shows that 1hs2 is a subset of IS — ¢S, and finishes the proof. O

10.5.6 L oops (wp-semantics)

The preceding proof for loops, using the pre-post rule, only addressed partial correctness.
To cover total correctness, and to provide another perspective on the relationship between
denotational and axiomatic views, it is interesting to look also at the wp-rule.

Informally, the wp-rule is equivalent to the combination of the pre-post rule and the
variant rule (see 9.8.11); proving the variant rule separately is the object of exercise 10.5.

The wp-rule reads as follows, for a given loop | and assertion Q:

[10.19]
given
loop_construct 2 Loop (test: ¢ ; body: b);
G, & Q and not c;
G & cand(bwG_) - Fori >0
then
lwpQ=(Ei:N-G)
end
Define
[10.20]
M 2 M, ion (G) (for i ON)
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The notation (3 i: N - G, ) should be considered as meaning

or Gi
i:N

which, by an immediate generalization of the definition of or for assertions ([10.2], page
400) has the following subset denotation:

[ m
itN

So the property to be proved is the following:

[10.21]

given
lhs 2 M, .y [Weakest (inst: Instruction (1) ; post: Q)];
rhs & [] M,

i:N

then
lhs = rhs

end

The right-hand side rhs is expressed as an infinite union. To prove the equality, we will
rewrite the left-hand side Ihs aso as an infinite union of terms T., and show that there is
a simple correspondence between the M. and the T.. The transformation will use the
denotational interpretation of a loop as the union of a chain.

The value of Ths may be expressed as

[10.22]
lhs =

given
| transf & MLoop [loop_construct]
Postset & M, ... [Q]

then "
| _transf = ¢ Postset)

end

where, as seen in the discussion of pre-post semantics, |_transf is the union of the chain

[10.23]

A
I, & O

l.,, 8 1d\ (Sate—cS) O (b_transf; 1)\ cS
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giving for Ihs the value

[10.24] 1
lhs = (union ) = ¢ Postset)

Here the Image Stability lemma (page 410), clause 2, shows that the image operator may
be moved inside the union [10.24] being rewritten as:

[10.25] o
lhs = union | = ¢ Postset?)

-1, . . o1
where |~ is the chain whose i -th element, for every i, isl. . In other words:

[10.26] .
Ihs = [] 1" ¢ Postset)
i:N

Cal T, the term of index i in this infinite union. The form obtained for |, ([10.23])
yields for T, , after applying the Image Operations lemma again:

[10.27]
T,=10;

T, =(Postst —cS) O (¢S n b_transt (1. ¢Postset)))
= (Postset —=¢S) O (¢S n b_transf_l(Ti ))

We now have both of the terms to be proved equal, Ihs and rhs, expressed as unions:

lhs =[] T
i:N
rhs = [] M,

i:N

To conclude the proof, it suffices to show that for every i :

[10.28]

T = [] M,

j:0..i-1

This will be proved by induction on i. The base step is trivial, as T, is empty and a
union over an empty index set is empty. For the induction step, recall that M, is given for
every i by

A
Mi - MAssertion (Gi)
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where

G, & Q and not ¢

G 4 cand(bwG._) --Fori >0
Hence:
[10.29]

M, = Postset - ¢S
M.,, = ¢S n b_transf - €M)

Assume that [10.28] holds for some i ON. Then

O m=my0 0O M

j:0..i-1 jrloi
= (Postset —cS) 0[] (cS n b_transf * (M._,))
jrl.i
-- from [10.29]
= (Postset —¢S) 0 (¢S n [ b transf ¢ M. )
jrdoi
-- From the distributivity of n with respect to [
= (Postset - ¢S) O (¢S n b transt ¢ [ M, )
jrloi
-- From the Image Stability lemma, clause 2

= (Postset - ¢cS) O (¢S n b_transt  (T))
-- From the induction hypothesis [10.28]

=Tin

-- From the definition of T, [10.27]

This proves [10.28], hence the consistency of the wp-rule [10.19]. O

The last part of the proof would have been shorter if it had relied on another form of
the wp-rule for loops (see 9.8.11 and exercise 9.17). Instead of G,, that other form uses
H;, the weakest condition under which the loop will ensure the postcondition Q after at
most i iterations. As you may have noted, T, , is precisely, for any i, the denotation of

H..
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10.6 DISCUSSION

This chapter has defined and proved the consistency of the axiomatic and denotational
descriptions of Graal given in the previous chapters. The discussion only covered the
fundamental language constructs; proving the consistency of the specifications given for
recursive routines (see 7.6 and 9.10.3) requires more work, but may be done along the
same lines.

One distinctive feature of the techniques used is their use of subset semantics,
although for completeness the predicate semantics has also been sketched. The subset
interpretation makes the presentation simpler; this comes from the use of possibly partial
functions, as introduced in chapter 8, and the properties of the image operator.

This approach would also transpose well to an application not studied in this book in
any detail: non-deterministic or paralel systems, in which the denotations M of
instructions are not single-valued functions, but, in the general case, relations.

10.7 BIBLIOGRAPHICAL NOTES

The notion of complementary semantic definitions was introduced in [Hoare 1973a] and
developed in [Donahue 1976]. Recent treatises that build a proof theory on the basis of a
denotational specification are [De Bakker 1982] and [Loeckx 1984].

EXERCISES

10.1 Equivalence of models

Prove the equivalence between the subset-oriented and predicate-oriented definitions of
the assertion semantics: that is to say, prove that the definitions of M, e pos ([10.4]) and
Meskes ([10.5]) are equivalent from the predicate-oriented versions ([10.6] and [10.7]).
(Hint: Use the functions characteristic and the quotient operator, as introduced in 2.7.6.)

10.2 Boolean operations on assertions

Express and prove the properties of boolean operations on assertions, as in [10.2], but this
time using the predicate interpretation.
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10.3 The rule of consequence

Prove the wp-form of the rule of consequence (9.7.4), basing your proof on the one given
for the pre-post form (10.4.4).

10.4 The rule of conjunction

Prove the rule of conjunction (9.6.4).

10.5 The variant rule

Prove the variant rule for loops (8.5.7) directly (that is to say not as a consequence of the
wp-rule).

10.6 Consistency of the type theory for lambda calculus

(This exercise assumes that you have solved exercise 6.1 first.)

In 9.3, a theory was introduced for deriving the type of expressions in lambda calculus.
Prove the consistency of this theory with the definition of typed lambda calculus (5.10),
as formalized in exercise 6. 1.

Hint: Interpret bindings as finite functions, and the "+" operation on bindings as the
overriding union "[j".
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376, 394, 416, 417
simultaneous 354-357
Suppes, Patrick 386
Suzuki, Norihisa 226
Swift, Jonathan 83
syntactic domain 109
syntax-directed 5
syntax 5, 49-87
abstract, see abstract syntax
concrete, see concrete syntax
syntax highlighting 66
syntax tree
see abstract syntax tree
synthesized attribute 97-99



TAIL (operator on lists) 60
target set
of a relation or function 25
Tennent, Robert D. 12, 183
terminal 51, 53, 60
termination 335, 360
loop 335
routine 360
theorem 302
theory 300-396
form of a theory 301
grammar of a theory 301
top construct 51
total correctness 314
total function 28
Tower of Hanoi 363-368
translational semantics 100-104, 123
transparency, referential 7-8, 327
tree
see abstract syntax tree, binary tree
true 20
as postcondition in wp-semantics 339
tuple 23, 77
Turner, David A. 13, 43
two-tier specification of programming languages
103, 217, 220, 326
type
constraints in lambda calculus 149
in lambda calculus 146
rules in lambda calculus 147
type map 156
type value 156, 157, 158, 191, 195
uncoupling 377
union
infinite 21
of functions 32
of subsets 21
unknown value 166-171
until clause (Eiffel) 344
valid construct 65
validity
declaration list 155
expression 158
instruction 160
program 162
validity function 65
van Wijngaarden, Aad 123

variable
auxiliary 17
variant
loop 335-337, 344, 357, 370, 373, 375, 376,
377, 379, 383, 384, 392, 420, 425
recursion 360
variant clause (Eiffel) 344
VDL (Vienna Definition Language) 123
VDM (Vienna Development Method) 12, 35, 84
verification 3, 4, 91, 102, 108, 299, 300, 315,
329, 331, 336, 341, 358, 363, 369, 370, 385,
386, 388
Vienna, see VDL, VDM
Waite, William M. 84, 122
weaker than 319
Wegner, Peter 123
Welsh, Jim 75, 226
W-grammar 13, 123
Wittgenstein, Ludwig 341
wp-formula 339
wp-rule
modeling in denotational semantics 403-
404
wp-semantics 337-350
Ye Olde Axiomatic Shoppe 300
Z12
Z (set of integers) 20
as predefined syntactic construct
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